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ALGEBRA. 

CHAPTER I. 
Numerical Substitxttiov, ajtd Explanation or TEBiia 

1. The student has already had considerable practice 
in examples in easy unmerical sabstitation: he may now 
with adyantage give his attention to some which are less 
simple and involve the use of other symbols. 

2. It has been explained that the square root of any 
number is that number which when multiplied by itself 
produces the given number. The symbol J (which may 
have originally been the first letter of the word radix or 
rooi) is used to denote 'square root': thus 

1/25' signifies the square root of 25« i.e. 5, 

s/9^. 9aVfi, ie. 3aJ». 

Similarly the cube root of any number is that number 
which when multiplied into itself three times produces the 
given number: thus, 125=5 x 5x5, and therefore 5 is the 
cube root of 125; or again 

and therefore Ajd^s^ is the cube root of 64a^«* The 
symbol H is used to denote 'cube root', so that we can 
Iniefly write 

i/i25 = 5; i/6^^=4a?^^. 
D. A. 1 
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In the same way, the fourth, fifth, or any higher root 
of a number denotes the number which when multiplied 

into itself four, five, times produces the given number; 

and the symbols ij, i/, ijy are used to denote these 

roots: thus 

^625 = 5; 4^32ai*=2a2; ^729^=30?. 

3. The term potfier is the converse of root, and de- 
notes the number of times a quantity is multiplied into 
itself to make it equal to some other quantity : thus 

125 (or 6') is the third power of 5, 

81ii?*(or 3ii?)* fourth offer?, 

243a^o6^ (or Za^b^ fifth of Za^, 

G4aP (or 2ay sixth of2a2. 

4. The name expression is given to any collection of 
algebraical symbols: it generally consists of terms con- 
nected by the signs + or — ; if there be only one term in 
it, it is called a simple expression; if more than one, it is 
a compound expression: i\m!& 

20a^hx^ is a simple expression, 

2^2+6rt&— &c is a compound expression. 

A compound expression is said to be binomial if it consist 
of two terms, trinomial if of three terms, mtUtinomial or 
polynomial if it have four or more than four terms. 

5. The dimensions of any algebraical quantity are de- 
termined by taking the sum of the indices of all its letters; 
thus la^b^is of five dimensions, 16^^^** is of nine dimen- 
filona. 

Homogeneous is the designation ap^ied to any com- 
pound «xprestf.on wko^e terms are all of the same dimen- 
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BioDs: thus Sa^tf^—a^b^c-^ldbcde—Zb^ is homogeneous, 
because all its terms are of five dimensions. 

6. In any expression, like terms are those which differ 
only in their numerical coefficients ; unlike terms may differ 
either in their letters or in the indices of the same letter: 
thus a, 6x, -2x are like terms, but a;\ 2jr, xyy 2y are all 
unlike. 

7. The factors of any term are the quantities which 
compose it by multiplication ; thus in l&ccy the factors are 
15, Xf and y: in 7a(6— c)(c-<i) the £Eictors are 7, a, b-Cy 
andc— ^. 

When an expression contains brackets with no sign 
between them, the sign of multiplication is always under- 
stood. 

One or more of the factors of any term may be con* 
sidered as the coefficient of the rest, but this designation is 
in practice almost entirely restricted to the numerical 
factor of the term. 

8. Ex8. If a=6, 6=4, c=3, d-0, «=»-!, /=-2, find 
the numerical value of 

(i) ^M + 2^-ij¥%^+2\ 

(11) 6(a-6)(c» + 6d-e«)-2(a+e)«; 

(ill) 10 (<?/+ ad) - (26 - c)(a + e) + ijbf+ be + 2c». 

(i) ^3a+2?-4/6* + c-' + 2 

= ^18 + 18-^16 + 9+2=^/36- 4/27 
= 6-3 = 3. Ans. 

(ii) 6(a-6)(cH6d+c2)-2(a + «)9 
= 5(6-4)(9 + 0+l)-2(6-l)« 
= 5x2x10-2x26 = 100-50=50. Ans. 

1—2 
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(iii) 10(f/+a<i)-(26-c)(a+e)+4/lO/+6c+2^ 

= 6-5x5 + ^32 

= 6-25 + 2 

= -17. Ans. 

In an example like this, where the value of one of the 
letters is a decimal fraction, the decimal form may be retained, 
bat it is generally better to convert it at once into a vulgar 
fraction. 

Exercise I. 

If a = 0, 5 = 1, c=2, rf=3, a?=4, y=5, «r=6, find the 
numerical value of 

1. JW, 2. J4cd^, 3. J^(Py\ 

4. J'6cd'z, 5. ,JlQ^dyz, 6. Jvi<?dy\ 

'• ^/f ■ •• -JW:- »• -JW- 

10. JidT^xz, 11. pJi^ibK 12, Jl^J^-nhcK 
13. Kla^+<P+x\ 14, ,j3bi/ + 2dx-3b\ 

15. J^ax+5by^2cz. 10, ^^^^^, 

^^* V 3rf«~y« • ^^ V c3^-ft«rf • 

/ 300^+2^^ -^=6^ l^^cd^^Wc 

^^' V 2(2c'+4cflP-(fy2)' ^"' V ;^»-2y«+ar« ' 
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21. J-2c?. 22. t/icd^. 23. J^lSWy. 

24. i/-l2c!^dz. 25. !^ZayzH2(^-^4i^x. 

26. il^a^-Z^^lhy. 27. ^y^-cP. 

28. ^3<^2_^_553. 29. ^12^^-3a?»-2y*-9d'. 

30. ^d^-(^a^+l^dy, 31. (a+ft+c)(<f +a?). 

32. (5 + c)(<:?+d?+J^). 33. (.«r-y)(jr + c3?-c). 

34. 3 (a + <]?)(<? + y). 35. 7(^-y)(5-c4-(f). 

36. 2(c2 + ef2)(a« + &2). 37. 3(a + flO + (<?+y). 

38. 1{z'-y)-{b-c+d). 

39. 4(:c2-a2)-2(y2-c2)-3(^2_fi?2)^ 

40. 4(4?--a)a-2(y-c)'-3{;y-rf)«. 

41. (2& + c)2-2(& + c)'+2(62+c5!). 

42. (3;p-2y)2-3(2j?-y)2 + 2 (a-J-y*). 

43. (c+^+4(<:?-c)3-(4<f-3y)3. 

44. (;i?y - y^)2 - 3 (2dx - y^f, 

45. (a-5+c)*-3(&-c+^2+^(-j.. 2^4.^)2^ 

46. a{b + c'f-hh(c + df. 

47. a*(62 4.c«) + 62(a2+ c2)+c»(a2+62)^ 

48. s^{jx-yf-y'^{y'-zf-\-z\z-x^, 

49. (3a+5X3a2-&2)-(2ii?+y)(2^-y»). 

60. 4(&+c)(&-c)2-3(^+yX^-y)*. 

If a = 10, h~% c=0, k='4j ^=-5, find the numerical 
value of 

61. ak-\-hc-\-U, 52. Zhk-lcl-^abL 



ALGEBRA. 

. 56. >/"=^/. 56. j¥+h^-^k. 57. i/«^+^. 

68. a-{sJdbk-\-V^-\-'bJdb-l), 



69. 



60. 
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CHAPTER II. 
Feaotional and NEaATivE Indices. 

9. We have hitherto dealt with letters having only 
positive integers as their indices, but in exactly the same 
way they may have for their indices fractions or negative 
quantities. This subject will be more fully explained in 
Chapter xxiv ; at present it is sufficient to state that the 
interpretation of quantities with fractional or negative 
indices is determined subject to the condition that the 
rules for their multiplication and division are the same as 
when the indices are positive integers; viz. that in multi- 
plication we take the sum of the indices, and in division 
we take their difference : thus 

a^ X a^= a^ ; 2a^ x 6a' = lOa^ ; 

a?-6x2a?-i=2a?''«; 3a*6-2x6a-%-*=16a6-3. 

10. From the above condition it may be shewn that a 
fractional index indicates a root of the letter to which it is 

attached : thus x\ is the same as Jx; cfi is identical with 

l^a'y a^= ila\ A negative index indicates that the letter 
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to which it is attached is the denominator of a fraction; 
or if it be already in the denominator, that it is to be 
written in the numerator : thus 

« 1 -111 -» 1 1 1 ^ 



11. The student must carefully note that aP=l; this 
result may be obtained as follows : 

but again afxa!^'=iafx-— = lt 

3b 

hence 4^=1. 

12. Ex. 1. Multiply 4ic'+Sa;5+a;4 by a;^-2a;^. 

ajj* - 2a!» 






Ex. 2. Multiply 3aj-2+a;-i-2a5-« by a;+S + 2x-i. 

3a; -2 + a~i-2x-' 

a; +3 +2a;-i 

■ II ■ 

3ai'-.2a;+l -2x-i 

9x-6 +3x-i-6ic"-' 

6 -4a;-i+2ar»-4aj-» 

3«« + 7a; + l - Sos-^ - 4a;-« -4a5-». Ans. 
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Ex. 8. Multiply x^-^ + 2x-ty-' - ar^y-' by 2a;i - ix-^^\ 

2a;« - 4a!""«y-i 



2»y-i +42r« - ariy-8 



13. In DiTision, if the fractional indices of the same 
letter have different denomi^ators, the work will be sim- 
plified by first writing them with a common denominator : 
thus 

Ex. 4. Divide 64a;A - 27y by 4«A ~ 3yi 

64a;TV_48fl5A^yi 

48a6TByi-27yT 
48jj5Tiryi _ 36x^y^ 



SQxrvyi-.27y^ 
8&cAy*-27y^ 

Hence the qaotient is 16x^+12x^7^^+9^^. 

Ex. 6. Divide 12xyi + 6xiyi - 12«iy* + y + «-4yT _ 2x-iy* 
by 4x^-yi-2x-iy7. 
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-y^+«~»y^ 



12a*yl + 6«'y? - 12x^yi +y^ + aj-^yt - 2a5-5yT ( 3a;lyi + 2aj^yl 

12xlyi-3a;iyJ- 6«iy* 

8a;lyT- 6«^yi+y* 
Sx^y^- 2a;iyi-4yl 

- 4a;Tyi+6yi+arlyi 

- 4a!Ty*+ y* + 2a5~'»^y* 

.4 1 5 _ 9 « 

4yT - flc-ty* — 2a5"Ty^ 
4y* - af'^^yT - 2a5~*y* 

■■ ■■»■■■■ ■■■■■■ ■ ■■^^ 

Hence the quotient is 3a5»yT + 2a;Ty a - y* + x~^y. 

Ex. 6. Extract the square root of 

4xT - 12a;Ty-l + 29y-i - SOa;-Ty-t + 25aj-^y-*. 
4a;? - 12x?y-i + 29y-* - 30ar'y-i +26ar-*y-* ( 2*4 - 8y-i 

+ 6arTy-i 

4xi_3y-4 



4a;T 



-12a;*y-i + 29y-5 
-12a;?y-i+ 9y-7 



4«T-6y-4 + 6a:-^y-t 



20y-^ - 30aj-5y-^ + 25ar?y-i 
20y-^ - 30a;-'y-T+ 25a;-*y-^ 



The square root is 2a;T - 3y~a - 5x~*y~^. Ans. 
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EXEROISE II. 

Multiply 

1. x^ by x\ 2. 4x^ by x^^. 3. 2a*6^ by 7a*6TV. 

4. 4a8&* by 12^*6^ 6. 16a^6*c^ by 6a^i>^V. 

6. Zxy^ by 6.rV. 7, Aahc^ by Sa^ftM. 

8. a»V*^ by 20a?*y*A 9. 6a^& V^rf by ah'^cd^- 

10. Sa^ftAeff^ by 7aM(f*A 11. a-s ^y 2a-6 

12. 3a-^-' by 2a-2&-4. 13. 4^-1^-3 by a^^b^, 

14. 5a?- V;8f-7 by 3a?V"2^-^ 15. x^y-^z^h^ x'^z-K 

16. a~V* by a~*6H 17. 4a-i5-7^-f by a'd^ci 

18. 3a"*&^c"* by 2a"^6"V^. 

19. 3^^y"^^~* by ^oT^y^^z^. 

20. 7a"56*c"^er* by Zc^irh^dT^ 

21. 3a*+2a* by 4a*. 22. 9a* + 34-7a"* by a*. 

23. 9;u«-3-a?-2 by 2;i?*. 

24. 7a?* + Ac^x - aa?* by - 1 laT^x-K 

25. a?* + ai?^y* by a?*-2y^. 

26. 3a?^-2a?J-l by a?* + ^-\ 

27. 3a*-4a*6*+6aM by 6a*+8a&i 

28. 12a2&*-25+a-2&i by 2aV^+a"V*. 

29. 4a6-5^-3a*6-* + 5c"3 by 12a^6»+9a&»c-3. 
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30. 4«'y"^+8^V~^ + l€*V*+32d?'"*y* by 

31. 3a-*4-4a-*5-' + &-' by 4a-*+3a6-*-4a%-«. 

32. a?~^-&i?~^+3a?"^ by «* + 4a?5 + 2a?*. 

33. «*+J?^+a?*+a?"i+«"* by x^-x'X 

34. a*-2a*+4a^-8a* + 16-32o*i by a* + 8a"*. 
36. »^-4 + 4a?~' by ifi+A^+Ax"^. 

36. 2a-*-3a-'5*+35 by 3a-«-4a-*6*-26. 

37. o* + 2a^6^ + 4a*6* + 8a*6* by a* - 4&^ + 4a"*5i 

38. d?*-2^* + 3dr* by 2«i-3a?~*--ar\ 

39. 3a-'y'+2a'"%*-a-22/*-2a~^ by 4a-a*y"* + 2y~i. 

40. 9a + 3rt*6-i-6aV*+&-'+26-'(;~*+4<?"T by 

Divide 

41. «A by a?i 42. 12a*6^ by 4aV- 
43. 27a*6^c* by 9a^&*<?. 44. xiy^ by a?iy*5*. 

MM 9 15 

45. 16a?* y*^"* by bx^y^z', 46. a-'ft""* by a^'J^^ 

47. a"*6»c-7 by a-66-%-» 48. x-^'^z'^ hj xy-^:^. 

49. 12a^6-«c-Sc? by ^a-^h-^'^. 

60. ar^h-^c^ by a^b-^c'*cP. 

61. 9a'&""2c-^-16a2(r* by 3a~*6c-\ 
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53. SSiBV^'^-Sl^rV^^+Ty-VOby -Ix^z'^ 

54. 15a3&V-i + 30a-^c2^- loft-icP by - &a-^¥(^d^, 

55. 20^72/ "^Xf2 _ 4y2^ _ i2^-3y-i "by 4;c-3y- V. 

56. ^%x^yz"'^-^l^y^z-^-\2x'^y'^z'^hy 

57. 0:*+ 60?^ + 6a? by a?* + 3. 

58. 4a?*-3a?M-y by a?8-y4. 

59. 8a* - 6ai + c^ by 2aT^ - o^. 

60. 9a-' + 12a-i + 4 by 3a-i + 2. 

61. 12a*+35a + 25aiby4a*+5. 

62. Ax- 10j?*-6247*-30a?» by 2iF» + 5 

63. 6a« - 4a - 10 + 8a-i by 3a-i + 4a-». 

64. 3-16a*+28a-16a^by3-4ai. 

65. 4ax^^ - 14a*a?* - ^a^x^ + 36a*a?T by 2a» + Zz"^. 
^^, afip"^ + a?~y by ;ijy -^ + J?- V* 

67. x—y^+ x^y — 0?%^ ^y 4?^ — yi, 

68. a^-a2-4a*+6a-2aibya'-4ai + 2. 

69. 24a2-68a5 + 5a*-4a + 3a^+12a*-32by 

2a'-3ai-4. 

70. x^-4y+exzi+9zi by x+2y^+2z^. 

71. «^+a?V— ^^-y^ by ^+^V^+y. 
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72. 3a"^ - 23a-' - fia"^ + soo-* + 60a-* by 

a-i-6a-»-iaa-3. 

73. o^6-* - 49a^6~4 + 56aT - 166* by «' - 7a^&* + 4ft. 

74. sc^-'-zx by a?* + - (to 4 terms in tho quotient). 

75. «3'-y»»byaf-y». 

76. x^-x^ by x^-x'^. 
Find the square root of 

77. 16;i?^-24;p + 9;i?4. 

78. 49a-»- 66a"^&*+ 16a-^5. 

79. a?*-2a?4 + 3a?^-2aj*+l. 

80. 2&i?^-30a*J?+49flM-24aM + 16a. 

81 . 4d7* - 407^"* - 7^%"' + ^x^y^ + 4y-*. 

82. aV"' - 4a^y-* + 6ai^* - 4aV^ + a" V'« 

Find the fourth root of 

83. 16a'- 160aj?*+ 600^1?- lOOOa-^^i:^ 4. 625a--ir». 

84. 81a?*y- 108^* + 5ii?-* - 12j?"^y ** + x-^yK 
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CHAPTER III. 
Products of Factors. 

14. When an expression is composed of brackets un- 
connected by any sign, its value can always be found by 
multiplying together the quantities in the various brackets; 
but in many cases the student may learn after a little ex- 
perience to determine the result by inspection. 

15. I. (a + 5)(a-5)=a»-&«; 
for by actual multiplication 

a-hh 



a^+db 

we see therefore that if ^he terms in the two brackets are 
the same but connected by a different sign, their product 
is the difference of the squares of the terms : this is ex- 
pressed by the formula the product of the 9um and 
difference of two quantities is the difference of t/ieir 
squares. 

Exs. (a+S6)(a-36)=o«-96«. 

(5a« + 4x8) (5a« - 4«») = 25a* - 16ic«. 

(2a - 1) (2a + h) (4a« + 6«) = (4a« - &«) (4a^ + h^-) 

= 16a*-6*. 

16. II. (ai6)2=a2i2a& + &'; 

f jr by actual multiplication 
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a-f & 
rt + 6 








a2+2a6+6' 


a*-2a6 + 63 



hence the square of any binomial is found to be the %um 
of the squares qf its two terms, together with twice their 
product. 

Ex8. (3a + 2&)« = 9aS + 12ah + 46«. 

i5x - 2y«)« = 25a:» - 20xy« + 4y*. 

(a + 36)« (a - 36)« = (a« - 96«)« = a« - ISa'fts + 816*. 

17. III. (a±5)(a«TaZ>+&^=a'*6». 

The student can verify this by actual multiplication 
ad in the other cases: he must observe that when the 
result is the sum of the cubes (a^+l^), the smaller factor 
has also the + sign, and the larger factor has - before its 
second term; when the result is the difference of the 
cubes (c^—l^), the smaller factor has also the — sign, and 
the larger factor contains only positive signs. 

Exs. (a + 36)(o9-3a5 + 96«)=a» + 276». 

(2a;8 - y«) (4x* + 2a;V + y*) = 8a^ - f, 
6 (a« - 6«) (a^ + a«&« + 6*) = 5a« - 66«. 

18. IV. (ax+b){caj+d)=aca^+x{ad-k-bc) + bd. 

This may at once be verified by multiphcation, and with 
its help we can by inspection determine the product of any 
two binomials. Tho student will observe that in the result, 
the first term is the product of the first terms of the 
factors; the second term is found by multiplying the 
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first term of each factor by the last term of the other, and 
adding their products; the tliii'd term is the product of 
the last terms of the factors. 

Exs. (8a;+4) (2a;+7)=6ai»+29a5+28. 

In this example, the first term in the result is 
the product of 3a: and 2x ; to obtain the second 
term, multiply 805 by 7 (=21aj) and 2aj by 4 (=8aj), 
and add the results (=29x}; the third term is 
the product of 7 and 4. 

(4a:« + 3y) (jc* + 2y) := 4«4 + (8 + 3) ajSy + 6y« 

=4iB* + lla;V + 6y'. 

{%i!y + 2') {6xy + 4r*) = 10a;V + ISa^' + 42<. 

19. When the signs in the brackets are not both 
positive, a corresponding change is inyolved in the I'esult; 
the cases which may occur besides that we have considered 
are — (1) if both the signs are negative, the last term of 
the product will be positive, but the second term will be 
negative; (2) if one is positive and the other negative, the 
last term of the result will always be negative, but the 
sign of the second term will depend uxK>n the greater of the 
two products which compose it being positive or negative. 

Exs. (a!-7)(a;-2)=a52-9a;+14. 
(a; - 4) (a; - 15) = »« - 19a; + 60. 
(3a; + 5) (2a; - 7) = 6a?» - llx - 35. 
(4x4-3) (5a;-4)=20a;»-a;- 12. 
(2a;+7) (3a; -4) = 6x8+ 13a; -28. 
(6x - 3) (7x+ 6) =35x«+ 9x- 18. 

20. We shall here collect the results of this chapter 
for the sake of reference : 
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(a+6)(a-6)=a^-6' (1), 

(a*6)»=a«*2a6+5» (2), 

(a*5)(a»=Fa&+?0=a»±ft3 (3), 

(iM?+6)(c*+<^=ac«»+«(a€^+6c)-fW (4X 

EXSBOISX III. 

Simplify the followisg ezpressioiiB : 

l! (^+y)(^-y). 2. (a?+2yX«-2y). 

3. (2iB"+a)(2;c«~a). 4. (3««-4y»X3«"+4y«). 

5. (5^/-2r«)(5ajy+:»2). 6. (3a3-Jc«)(3a»+6c«). 

7. (^+y)(«-y)(^+I^. 8. (a + 26)(a-26)(a«+46«). 

9. (a«-c«)(a«+c2)(a*+c*). 10. (3a+2)(3a-2)(9a»+4). 

11. 2(«»-3a)(4;8+3a)(«*+9a^. 

12. 3(4aj»+26y*)(2a?+6y')(2a?-5yO. 

13. (*+y)'. 14. {k'\'Vf. 15. (3tf + 6)'. 
16. (4a-36)*. 17. (6a+7ft)'. la (9«*-2y)«. 
19. (12a5«+6c)«. 20. (^ix^z-^-1a')\ 21. (Zx-'lyJ, 
22. {la^-1z*f. 23. 6(2A;«-3/)». 24. 12(a^-3c»)l 
25. (3a?+y)2(3«-y)». 26. (2a + 7«)2(2a-7J?)*. 

27. 3(a?-y)2(4?+y)»(^+2^«)l 

28. 2(2a-c)"(2a+c)«(4a»+c«)*. 

29. 2(;c*-3jy«)*-(^-6;2f«)«. 

30. 4(7a+fl?X7«-^) + («-2a:)". 

31. {x+yix'-xy-^y^. • 32, (A;-/X*'+*'+^- 
D. A. 2 
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33. (a^+y')(a:*-^2+y*). 34 (^«-«*)(a:*+aj»^+;»*). 

35. .(a?+2)(a^*~2:i?+4). 36. (2ar + 3X4«2_6^+9), 

37. (4A;+60(16A?-20H+25/2). 

38. (2a3-5c)(4a*+2a^c + &2c5). 

39. (aS-8c3)(a3+8c«)-(a«-4c2)(a* + 4aV+16c*). 

40. 4 (3iB* + y*)(9a7* - 3j?*y2 + 2^) ^ (s^jB + 2yS)2. 



42. (;i?+7yX^ + 6y). 

44. (3a + 2&)(4a+7&). 

46. (;t?-8)(a?+2X 

4a {2^2_5y)(5^_3j,). 

60. (7a + 6«)(2<x-3a?). 

52. (2a - 7^X1 1« + 6;i:). 

54. 6(a?2-3yX3d7'-7y). 

56. 4(3aa?+2^(7<w?-22/*). 



41. (;i? + 3X^+2). 

43. (a + 5a?X«+10d?). 

46. (^-2y)(a?*-3y). 

47. (4a? -9X30? +2). 
49. (3a+2;i?Xa-6a7). 
61. (lla-12a?)(a+4^). 
63. 2{Zix^-yz)i^+Zyz). 
65. 7(a&-2c2)(3a&+4c'). 
67. (tf+&X^+y)+(a-&)(a?-y)* 
58. a(<M?-45y)-(a+25)*(a?-y). 

.59. ^(^ + l)(;i? + 2) + ^(4?-l)(« + 2)-2;i?(a?-l)(a?+l). 

GO. 3(a - 2jp)'» + 2(a - 2:fX« + 2^) + (3a?- a)(3a? + a) - (3;i? - a)'. 

CHAPTER IV. 
Rbsolution mro Factors. 
21. The Resolution of expressions into their elemen- 
tary factors is the converse of the work of the last chapter ; 
the formulae given in Art 20 will apply here also: e.g. 
from knowing that (a + h){a-h) ^^a^-h* we see at once that 
a^— ^ has for its elementary factors a + & and a-h. 
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22. It will be observed that the difference of two 
squares can always be resolved into real factors, but that 
the sum of two squares cannot be so resolved. 

Exs. 26x« - 9y« = (5a; + 3y) (5a; - 3y). 
4a* + 495^ has no real factors. 
o* - 166* = (a* + 468) (a« - 46») 

= (a» + 4J«) (a« + 26) (a« - 26). 

23. When an expression is proposed for resolution, 
the student must first examine it to see if there be any 
figure or letter contained in all its terms ; if there be, such 
figure or letter must first be taken out of the expression 
and written as a factor. 

Exs. 3a;* - 27y« = 3 (ic* - 9y») = 3 (a;** + 3y) (a;« - 3y). 
8a»a:«y - 60ay* = 2ay (4a««* - 26y*) 

= 2oy (2aa; + hy^ {2ax - 6y*). 

24. An expression of three terms is sometimes a per- 
fect square ; this can readily be determined by observing 
if the first and last terms are squares, and if the middle 
term is twice the product of the roots of the first and 
last. 

Exs. 4a^ + 12a;y +9y*= (2x + By)*, 
64o* - 16a«6 + b^= (8a« - 6)«. 
32aa;« - 112a5a; +98a«=2o(16a;» - 66a«x + 49a*) 

= 2a(4a;-7a«)«. 

25. A binomial expression consisting of the sura or 
difference of two cubes can always be resolved into factors- 
by the formula a* ± &3 = (^ ± j)(^2 :^ab+h'^; see the remarks 
in Art. 17. 

Exs. 3ifi + Sy^={x*^2y)(x^-2xh/ + iy^). 

64a» - 2768 = (4a - 36) (16a« + 12o6 + 96»). 
24aa:» + 81a* = 3a (8a;' + 27a') 

= 3a (2a; + 3a) (4a:» - 6aa; + 9a«). 

2—2 
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26. To learn how to resolve a trinomial expression which 
is not a perfect square, the student should first practise 
himself in those whose first terms have unity as their coeffi- 
cient, e.g. a^+7jc-^l2: he will observe that for such quan- 
tities, the last terms of the factors must be such that they 
will make the last term of the given expression by mul- 
iiplication, and the second term by addition or subtrac- 
Hon : thus in the above expression, the last term (12) 
might be formed of 12 and 1, or 6 and 2, or 4 and 3; but 
the first of these pairs would give 13 for the second term^ 
the second would give 8; the last alone gives 7; hence 4 
and 3 are the only figures which satisfy both conditions, 
and we have ii?^ + 7J7+12 = (a:+3)(^+4). 

Similarly ^- 7^+ 12 =(a?-3) (;C'-4). 

27. If the last term of the given expression be ne- 
gative, we know tb^t of the factors which compose it one 
must be positive and the other negative; hence the figures 
must be chosen so that their difference will give the coeffi- 
cient of the middle term ; thus in the expression 

a>*-6.i?-24, 

we see at once that the figures which would form the last 
term are 24 and 1> 12 and 2, 8 and 3, or 6 and 4, and of 
the pair selected one will be positive and the other ne- 
gative. Now of these sets 8 and 3 alone give the coeffi- 
cient 5, and we attach the — sign to 8 because the difference 
is negative, which shews that the greater of the two figures 
is also negative : we have then 

a?3«5a.-.24 = (iF--8)(*+3), 

and similarly «2 + 5^ - 24 = (a? + 8) (a? - 3). 
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28. When the student has had ample practice m these 
more simple examples, he will be able gradually to attain 
facility in resoWing those that are more difficult 

Exs, 3a5» + 7aj+2 = (3flj+l)(a5+2). 

10x« + 21a;+9 = (6a; + 3)(2x+8). 
12a;» + Say - 15y» = (6* - 6y) (2a; + 8y). 
6a:»+40a^-14ay9=2a;(aj+7y) (3a;-y). 
3a^ - 6ay - 2aj + 4y = 3a; (aj - 2y) - 2 (aj - 2y) 

= (3a;-2)(a;-2y). 

In this example the factor 2- 2y is multiplied by 
3a; and also by - 2 ; it is therefore multiplied by 
3x - 2, and this quantity is written as a factor in 
another bracket 

4a*-6»+(2a-6)«=(2a-6)(2a+5) + (2a-6)« 

= (2a-6)(2a + 6 + 2a-6) 

=4a(2a-6). 

(2a + 6)* -16 (a -6)4 

= {(2a + 6)» - 4 (a - 6)«} {(2a + &)« + 4 (a - 6)»} 

= {(2a+6)-2(a-6)}{(2a+6) + 2(a-6)}{(2a+6)«+4(a-6)«} 

= 36(4a - 6) (8a« - 4a6 + 66«). 

Exercise IV. 

Resolve the following expressions into their elemen- 
tary factors : 

1. i^-cP. 2. a«-25. 3. 4aj«-49. 

4. lOOa'-ft'^^. 6. \AAa^-y^2^. 6. 121a»-646*c». 

7. lea^d?-^^. 8. Z2a^-2if, 9. \2a?y-^lJ^. 

10. 28a*ft*-636<?*. 11. «*-&♦. 
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12. a7*-y8. 13. <«*-81y*. 14. l^a^-oe^^. 

16. 81y*-625^. 16. a^a^-a^, 17. ic^-^. 

18. 6aj7-96j?3y8. 19. 405aV-6aV'. 

20. 48a«&*^-243a<^6'*. 21. x^+^jey+yK 

22. a*+2a263+&8. 23. afi+2a:*i/^+a^p\ 

24. a'-2a5+2>3. 25. a«-2a?ft* + &8. 

26. a2-6a55 + 9aW 27. 36a?«-60a?V'+26a?V- 

28. lUa^afi + ieSa*x^ + 49a«a:8. 

29. 121iC*V- 132a:&y*^34. 362/«;^. 

30. 81a»a^-36a«a?y^+4aV^' 

31. 76ar*--120a:»y2+48y*. 32. 700a.^'*-140a»;B^+7a^r». 
33. a»+a^. 34. a« + a^. 35. a?--8J'. 

36. 27a?3+64. 37. 8a:3_y8. 39. i25;i;^+27y';^*. 

39. 64;i?"-8a:'/. 40. 2ixY-15a^z^. 

41. a;'+7^ + 6. 42. a?' + 13iF + 42. 

43. «3+ 12^ + 20. 44. a^+18;i? + 45. 

45. a:*-12a?+27. 46. a^-lSx + 30, 

47. ^■-39^+108. 48. ai^- 51X + 212, 

49. a?2_^_i2. 60. a^-3d?-70. 

61. a;>-15^-16. 62. a?«+2a?-35. 

63. «* + 7^-60. 64. aj»+12^-13. 

55. 24j8+7a?+3. 66. 3^^+lO.T+a 

67. 4;c»+16;r+15. 68. 12;r*+35a;* + 25. 

69. 15«»-17a;5+4. 60. 20a*-43a2;i?+21ar« 
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61. a^^-Sajy-lly*. 62. 9«<6»+33a«ft«-12M. 

63. 35a3+105a«aj«+70a»*. 64. 10&r*-5:cV-100j?*y^. 

65. ax-\-ay+hx-\-by. 66, €uc-'ay + hjp—b]/, 

67. oj^-ay^-ba^-^byl 68. ^cd-^f+cd-tf. 

69. 4cA:/+2cA^-4/i»-2ifcm. 

70. 2aV - 3&**y2 + 2a«i»V - 3ftV. 

71. a^ba^+db^ay+acda^ + hedy^-^ae/xz-^b^yz. 

72. €^-b^+a--b. 73. 3(«8-y*) + 6«+6y. 
74. «*-4y*+a72 + 2y'. 75. a?*--i^+(a?-y)* 
76. (a+&)2-(a-&)«. 77. (2;i:+y)«-4(j7+y:». 
78. (^+3y)*-(a?-3y)*. 79. (a+&)S-(a-&)s. 

80. 4a«&*-(a"+&»-c7. 

81. (a«+4«6+3ft»)«-(a2-4a6 + 3&')*. 
82» (3ar"-4^V+2ajy*)'-4;B*(d?+y)*. 

83. (a+&)«-ll<j(a+6)+30c2. 

84. (a + &)2(a-6)-(a-&)2(a + &). 

CHAPTER V. 

Involution. 

29. We have shewn in Chapter m. how io determmo 
by inspection the square of any binomial expression; 
similar rules may be gireu for an expansion to any 
power; but after the fifth power the coefficients become 
so large that it is better to defer expansions to tiie sixth 
and higher powers until the student learns how to obtain 
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them by the rule known as the Binomial Theorem. Wo 
shall first state some formulse for the lower powers which 
will apply to any binomial : — 

(a+&)»=a»+3a^+3a&2+&3 (i), 

(a-ft)s=a»-3a'ft+3a6^-63 (ii), 

(a+ft)*=a*+4a»&+6a268+4a&8+M. (iii), 

(a-6)*=a*-4a3j + ea*&2_4a5»+6* (iv), 

(a + 6)5=a^+6a«6+10a3&»+10a'&5+5a«r*+6* (y), 

(a-&)«=a«-6a*& + 10a3ft2-10a%3+6aM-5»....(vi). 

These results are all obtained by actual multiplication, 
but the following remarks may help the student to re- 
member them : 

a. When the terms of the binomial are connected by a 
negative sign, its expansion consists of terms alternately 
positive and negative. 

0. The first and last terms always have for their index 
the power of the expansion ; and each of the intermediate 
terms increases or decreases its indices by unity : thus in 
(vi) we find in the first and last terms a^ and l/^ because 
the given quantity is (a +5)^, and the intermediate terms 
have a% a^d*,... 

y. The coefficients are the same in terms equidistant 
from each end; also for the first term the coefficient is 
unity, and for the second term it is always the same as the 
power of the expansion : thus in the value of (a+&)*, the 
second term is 4a'5, and the second term from the end 
4aft*/ 

Ex. 1. (a5+2y)»=a^+8a5«(2y) + 3a;(2y)*+(2y)» 

s=aj«+ 6a!V+ 12a5y" +83^. 



INVOLUTION. F. 25 

This example depends npon (i) ; in it x takes the place of a, 
and 2y takes that of b; henoe in finding the yalne, we first 
place 2ymA bracket with the index attached to 6 in the for- 
mala, and afterwards simplify each term. 

Ex. 2. (5«»-2y)»=(5a;')»-3(5ai^«(2y) + 3(5««)(2y)«-(2y)« 

= 125a^-8x25aB^x2y+8x5«*x4y*-8y' 
= 125aB' - 160xV + 60xy - 8y>. 

In this case we nse (ii), and for a write 5a^ in a bracket, 
and for h write 2y in another bracket. 

Ex. 3. (3i-2Z«)3=(3I;)»-6(3i)*(2Z«) + 10(3I;)»(2P)« 

- 10 (3*)«(2P)> + 5 (8I;)(2n* - (2Z«)» 
= 2431;' - SlOife*? + lOQOm* - 720Pl« + 240^8 - 32P». 

30. Hitherto the expressions which wo have expanded 
haye consisted of only two terms; there is however no 
difficulty in determining a rule for finding the square of an 
expression of three or any number of terms. By actual 
mnltiplication we find that 

(a + &+<;)«=a«+6*+c8+2aft+2flk;+2ft<?, 

So again (a+&+(?+rf)'=fl^+i^+c*+d' 

+ 2ab + 2ac+ 2ad+ 2hc + 2hd + 2cdy 

'=o^+lf^+{^+(P-¥2a{b+e+d) + 2h(c-^d)+2cd; - 

and we should obtain a similar value however many terms 
we had in the expression* 

From these results we deduce the following rule : — The 
sqtiare qfany mulHnomieU u found by taking the equare 
of each qf its terms together toith twice the product of 
each term and all the terms that foUow it. In practice 
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the student will find it easiest first to write down the sqtiare 
of the first term followed by twice the product of it and all 
the rest ; then the square of tiie second term followed by 
twice the product of it and all the terms after it; and so 
on, till he comes to the square of the last term. He must 
afterwards remove the brackets and simplify the ex- 
pression. 

Ex. 4 (a; + 2y-32:)«=aj' + 2aj(2y-3z) 

+V+4y(-3z) 

=a^ + 4icy-6a52+4y«-12yz+9z'. Ans. 

Ex. 5. (a« + 4aj'-3aj-2)»=aj» + 2x'(4a;«-3a;-2) 

+ 16{B*+8««(-3a;-2) 
+ 9aj«-6a;(-2) 
+4 . 
= jc« + 8aj6 - 6aj* - 4ar» + 16x* - 24a;8 - 16x* 

+ 9a« + 12a;+4: 
=a5«+.8a;5 + l0a;4-283c8«7a.2^.i2aj+4. Ans. 

31. When the cube or higher power of a trinomial 
or multinomial expression is required, two or more of 
the terms must be connected by a vinculum and treated 
as one term, and the expression can then be expanded 
as a binomial : afterwards the terms which have been 
temporarily formed into one term must also be expanded, 
and the whole expression will be ready for simplification. 

Ex. 6. Expand (a:* + 2a; +3)8. 

We must treat 2x4-3 as one term ; thus we haye by Art. 29 

(«»+2a;+3)»=(a:?+2^+3)» 

= (a;«)8+ S(aj«)2(2a! + 3) + 3«a(2a; + 3)2 + (2a;+ 3)» 
=a^+3aj*(2a5+3) + 3a»(4iB^+12«+9) 

+ (Sflc* + 36«^ + 54aj + 27) 
=aJ«+6«» + 21a*+44a3+63»«+64a:+27. Ans. 
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Ex. 7. («»-3a+4)>=(a«-3a+4)» 

=a«-8a^ (8a+4) +3a»(3o+4)«- (3a+4)« 
=a« - 8a*(3a + 4) + 3a«(9a« + 24a + 16) 

- (27a» + 108a» + 144a + 64) 
=o«-9a" + 16a* + 45o*-60a*-144a-64. Ans. ' 

32. If the prodnct of Bome power of two or more 
expressions be required (the power being the same for 
all the expressions), first find the product of the simple 
expressions and then expand this result 

Ex. 8. (a»-x)V + «)'(«*+«*)'=(«*-«')V+J»')' 
= (a* - ««)» = a«* - 9a^^ + SaSse? - as^. Ans. 

EXEBCISB y. 

Expand the following expressions : 

1. {x^yy. 2. {a*+hy. 3. {k-l^. 

4. (2j?-y)3. 6. {4ai^+yzy\ 6. {5a- 41^. 

7. (ex^ + 5yz^j^ 8. (a +6)*. 9. {c-d)\ 

10. (a + 2d)\ 11. (6a-c2)*. 12. (4aj«+y;?»)*. 

13. (2^-6y^50*. 14. (3d?-4y)* 15. (x+af. 

16. (a-c)s. 17. {20^ -yj. 18. (A;+30*. 

19. <2a-3«>«)«. 20. (aS-2W)«. 21. (;r+y +;?)•. 

22. {x^+y^+z'y. 23. (jy'+a^+y'O*. 24. (a»-62+c»)*. 

25. (a-3ft-2c)2. 26. (a2-4a5- 35^)2. 

27. (a^-4aj«y+y8)«. 28. (p+g+r+*)*. 

29. (a + 2& + 3c + rf)2. 30. (a-26-3c + ^)«. 

31. («3-a^+a? + l)«. 32. (l-2a?+3a?«-aj3)2 

33. (l-3a?+4a?»-2^«. 34. (iC*+a;34-a?2-iP-l)2. 
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35. {a*-2a56-4a2Z^-2a63+ft*)« 36. (air*-3:iJ*-x+l)'. 

37. (a+6+c)3. 38. (a^-y + ^r)^. 39. {a^^x-^Vf. 

40. (3«»+2a;y+y^8. 41. (4dj*- 2^^+1)3. 

42. (l-^ + 2^ + (l+a? + 2a?»)'. 

43. (a*+ Zah:+Zaa^'^a^-{a^-Za^x + ZaaP-o^. 

44. (a+4:i?)3(a-4a?)s. 45. {a-x)\a+aif(a*-\'a'^>P' 
46. (a-ar)*(a2+2aa?+4aj«)3. 47. (a?+y*)*(4J«-a?y«+y*)* 
48. (;i?-4)2(;i? + 3)*. 49. (2;i?- 6)3(^+3)5. 

CHAPTER Vr. 

Habdeb Examples in Elementaby Eules. 

33. Ik tbo exercise at the end of this chapter the 
stadent will find examples in Addition, Subtraction, &c. 
in which the coefficients are fractional, or involve brackets. 
The following examples will suggest to him the methods 
by which ho should proceed. 

Ex. 1. Find the sum of 

2^2 The coefficients are added in the same 

3 *+ ^ - 5 vay as when they are whole nmnbers ; thus 

for X we have • 

6 8' 3 6 6 

- . so for y, 

Q P 4 8 8 * 

and for 2, 

-X- -2z. Ans. « -i_-=-_2. 

o 6 5 
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Ex. 2. Diyide 
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34. When expressions which have the same factors in 
brackets are to be taken together, the brackets should be 
retained, as the work is thereby greatly simplified* 

Ex. 3. From 4a;(a« - &*) + 3flj«(a + 6) - a,'(a« + 5») 
subtract 4a;(a«-aJ)-a'(2a-36)+2a'a6. 

4a;(a« - 6«) + 3ai«(a + &) - a^(a« + 5«) 
4a:(o» - ab) - a^(2a - 3d) + 2a^a6 



4ir(o6 - 6«) + a:»(6a) - {B?(a« + 6« + 2a6) 
-which may be written 

46ar(a-6) + 6aai»-a«(a + 6)'. Ana. 
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Ex. 4. Divide a^o + 2aa^ + o V + (4a - 1)ib* + o» 

by a5«+(a+l)a;*-(a~l)x2 + a. 
aJ»+(a+l)x*-(a-l)a;2+a^a;W+2aa;34.o%«+(4o-l)x*+a2(^ic4+(a-l)a;'+a 

a;'^® + (a + l)ic®-(a-l)a:' + ajc* Ans. 

(a- l)iB8+ (as + a_ l)a;«+(3a- l)«*+o« 
(a -l)a^+ (a2-l)ic6-(a«- 2a+l)x*+(a«-o)«« 

aa:* + (a^ + a)x* - (a* - a)a? -J- o'* 
aa^+ (a8 + a)a^- (a9- o)x2 + a« 

■■ ■■ ■■ ' ' W ■■' ■■■—■ I ■■! 

35. There are certain results in Division which can 
bo obtained without any work by simple inspection; the 
student need not at present be troubled with the proqf 
of the general rule^ but he may with advantage have the 
rule put before him and be shewn how to apply it. 

When n is an odd number 

a?*+y" is always divisible hj x+y, and its quotient has 
its terms alternately + and — . 

^—y" is always divisible by ^r— y, and its quotient has 
all its terms + . 

When n is an even number 

a?* + y" is not divisible either \yj.x^y or x^y. 

af—i/'is divisible by both ^r + y and x—y, the quotient 
following the same rule as to signs as when n is odd. 

Thus, we can determine at once that x^+y'^ is divisible 
by ^ + ^, and its quotient has alternately + and — signs. 

iB®-^ is divisible hy x-y, and the quotient has only + 



signs. 



aj*'+^ is not divisible either hj x+y or x—y, 
afi-f^iB divisible by both x+y and x-y. 
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The application of tho above results is rendered easier 
by observing that what is true for anj small odd index is 
true also for a lai^e one ; and similarly for small and large 
oven indices; hence if an expression with a large index is 
proposed we need only consider one much smaller, taking 
care however that both shall be odd or both even ; thus we 
conclude that a^-y"^ is divisible by both a?+y and a?-j/, 
because a^-y^ is so divisible; again x^+y^ is divisible 
by a? +y and not by w- y, because this is true of ^+y. 

Ex. 5. (ix^^y^)-^{x+y)=a^-xy+y\ 

Ex. 6. (a:»-y«)~-(aj-y)=a5*+a59y + ajy + jcy*+y*. 

Ex. 7. (a^-j^)-^(a; + y)=«^-a:V + «y*-y'' 
Ex. 8. {9i^-y*)-T-{x-y)=a?-\-a^ + xy*+y», 

Ex. 9. (1 - 81«*)-r (1 - 3»)={1 - (3a!)^}-^{l - 3a;} 

= l+3af + 9a:*+27a?. 
Ex, 10, (a» + 32Ji»)^(a + 26«) = {a4-(26»)8}-r-{a+2i2} 

= l-26*-f4i4-85« + 16i8. 

36« In proving the identity of two given expressions, 
it is generally best to simplify the more complicated of 
the two and deducjs the other from it ; but if both are 
very long, it is sufficient to reduce them to the same simple 
quantity. 

37. A very important method of simplifying an alge- 
braical expression may be given here; it depends upon 
the following theorem which we shall first prove: — "Any 
algebraical expression which can be reduced to zero by 
supposing any letter or quantity in it to be zero, contains 
that letter or quantity as a factor." 

Let St, represent an algebraical expression containing a 
or powers of a, such that it is reduced to zero when a is 
put equal to ; now suppose that when a is divided into S, 
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it gi?es a quotient k and if possible a remainder /, then 

this being true for all values of Oy let a=0, then 
but by the hypothesis 
i.e. there is no remainder; 

and a is a factor of the given expression. 

38. We will now apply this to the following example : — 

Shew that (a+6 + c)*-(6+c)*-(c+o)^-(a+6)*+a*+J*+c* 

= 12a5c(a+6+c). 

In the given expression let a=0, and it becomes zero; 
hence a is a factor. 

Similarly by making b=0, and e=:0, we find that h and c 
are factors. 

Next let a + 5+c=0, and in this case also the expression 
becomes zero. 

Hence we have ahe (a+5+c) as a factor in the value of the 
expression ; and since this is of the same dimensions as the 
original expression, it is evident that there can be no other 
letters in the required value. It remains to see if there be any 
numericcd coefficient; to determine this, let the expression 
= Nabe {a+h+c) where ^ is an unknown number. Now since 
this is true for all values of a, &, and e, suppose that a=&=c=l, 
and we obtain 8*-2*^2*-2*+l + l + l=3A^; 

.-. 82^=86, or 2V-12. 

Hence the given expression =12a(c(a+&+c). 
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ExsBOiSB YL 



Find the sum of 



1 1 J., o 5a 1. 1 ,2 2, . 3 

1. -a+5+2c, y + 3* + 4<?>and-a + -6 + jtf. 

2. 4^+3^-2, i^-i^2+i^, and l^-|a^-ia; + ?. 

3. ^-.5..^, J.«^^|,and^(a^.«53). 

4. -a — d + -c, -a — -6-" -c, and -a + -& + -<;, 
2 3 6' 4 6 3*342 

5. 3a:(a + 6)-2y(<J+<f), x{fl-¥h)-^lQy{c+d)^ 

and7(« + 2>)dr. 

6. (^-yX«+&) + 2«(«-&>, ^^^-2y(a-6), 

and 5(a?+2y)(a + 6). 

7. (a-2&)';r--5V> {a-h)*y+4abXf and a(2ft-a)(af-y). 
Subtract , 

8. a + -6 + -<?+2c?from 2a--ft + -c + -fl?. 

00 o z . 

* ,a!3 24;2 a? 1 - , . 5;c2 40? 2 

,^ 7tf* a^ « *_ «^ «^ «' 3a 

10. _-^+2afrom2a*-3- + --~. 

11. 4a(x+y)-2b(a!'^y) from 5a(^+y)-35(a?-y). 

12. 3aj*-^(«-y) + ii1^fi:om3a:(a?+y)--(a?-2y) + y(« + l). 
p. A. 3 
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■ r 

13. 7(a«-&«)-|(a + &) + c*from 10a(a+5)-flk?-^. 

14. 2(a-&)a?-3(a-2&)yfrom 2(;»-y)a-3(«-2y)6. 
Find the product of 

15. --,:randa + — . 16: -s+db-^- md 2a- 5b. 

17. ?+i+y and?-! -».??. 

y « y « 

}r y y X 

,^ 156« 7ft* ^65^ ,85« 3&* 
cfi or a^ a^ a 

20. (a + &)(4:+|f)-(a-5)(a?-y)and(a-&)(47+y) 

4-(a4-&)(;p-y). 

21. The product of two algebraical expressions is 

4ft« - 1 lajs - 4a«5a + 6a^ - 6a*, 
and one of them is 2{a^+2b^-'Zdb; find the other. 

Divide 

22. 4«*+6-35^+58a?*-70«'-23a?by6dJ»-6a?+2-7ar^ 

23. a:*-— a2a?" + -T-+7rby «'-2aa? + -r . 

24. a2+l+l bya-l+i. 

25. rt8_2+-iby i--l+f. 

a* ' 2a 2 

26. ('«-y)'-«* by «-y + 5r. 

27. (a^+6«)«-8c2d*-4c*-4rf*bya«+63.2(c8+d»). 
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28. a*+2ma*4-wV+(4i»-l)a*+m2bja*+(m-l)a + m. 

29. (3ajy'-2;cV-2«8+y»)a? by y-x, 

30. a^-y*-z*+2yz-^x-^-y-z by y-z-^-x. 

31. «2(a?+«f)+y(^--4f*)-y4f(a?+y)by;c2_y^^ 

32. «*+(«4-&)*a;»+2a&(a + &)j?-a2&«byfl:«-(a + 5)4?+ad. 

33. a'(iB'+«V)+2a&(«V+^+&'(^^+y^byaa?+6y. 

34. (a*-aa?+aj*)(a'-«')by a*+a*;i?«+af*. 

35. (a«-2a&+62-c2)(a+5+c)bya-&-c. 

36. (l-d^(l+ir*+«*)(l+aJ«+aj»2+a?M)by 

37. (a*-2a5+3^ + (aa+2a& + 35»)«by2a2+66a. 

38. (5+c)3+(c+a)3+(a+5)5-3(5 + c)(c+a)(a+&) by 

Write down the quotient of 

39. a^-^j^ diyided by «+y. 40. o^^^syS divided by ;c-2y. 

4kl,a?-y' x-y. 42. 1 + 27j?' l + 3;i?. 

4a«*-81y* «-3y. 44.«*-j^ ^r+y. 

45. 81«*-16y* 3;c+2y. 46. d^-y* o^+yK 

47. ^- 125y» s^-^y^. 4a «»«-y« ^-y, 

49. Which of the following expressions are divisible by 
4f + aora?— a? 

aP^-a^l a«i+a»ij ir«+a*«; a^-a»3. 

3—2 
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50. WMoh of the quantities 

will divide bya?+l or t—\% Write down the last three 
terms in the quotients of those that will divide. 

Prove the equality of the following expressions: — 

52. c^-n^^i^-n^Ar^^mn-cib) 

= (a+m— 5-«)(a+n— 6-i»). 

53. a«-a& + 2(62_a5) + 3(a2-62)_4(^_2,)2 . 

= 5{a2-.a6-(a-6)«}. 
64. a5{6-(a-c)}-&c{c-(a + 6)} + 6(a-c)2=262(a+c). 
55. {(a-6)2+&2}{(a+6)2+&2}=a*+46*. 

58. (a+&)2-(c+rf)2+(a+c)2-.(& + <^ 

=2(a-^(a+5+c+rf). 

59. 4(a6 + c«?)2-(a2+2»2-c?-(^ 

60. (a-!>)3-(a4-&)(a2-&2) + 3a5(a-6) = (a+2&)(a5-&2). 

61. (a+&+c)(&c+(»+a&)-(& + c)(c+a)(a+5)=aft{?, 

62. 4(a + 6)(a-6)4-6(a-&)2-2(a + &)2=8a(a-2&). 

63. (a-&)(6— c)(<?-a)=a&(6-a)4-&c(c-&)+ca(a-c). 

64. (&+c-a-d)*(&-c)(a-<;?) + (c+a-&-<^(<?-a)(&-rf) 

+ (a+6-c-d)*(a-&)(c-d)-0. 
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65. (a+d+c)(a2+5'+c?+ftc4-ca + a&)-(&+c)3-(c + a)' . 

-(a+6}3+(a + 6+c)(a24-&«+c2)=3a5<.. 

66. (2a-6-c)»+(2&-c-a)'+(2c-a-&)3 

=3(2a-&-c)(25-c-a)(2(j-a-5). 

67. If *=a+ 6 + c, proTe that 
(a*4-&c)(6*+ca)(c*4-a&) = (6+c)'(<?+a)*C« + &)* 

68. If 3* = a + & + <?, prove that 
(*-a)*+(*-&)*+(«-c)*=2{(«-5)2(*-<j)«+(«-c)«(«-a)* 

CHAPTER VIL 

Least Common Multiple^ 

39. We have previously given the rule for determining 
the L.O.M. of any two or more expressions by first finding 
their o.cm. It may however be more readily determined 
by resolving the expressions into their factors. When the 
expressions consist of only one term, the result can be 
obtained by inspection; for example, suppose we require 
the L.O.M. of c^b^ cR^c and o^&c^; it is clear that all the 
powers of a, are contained in a^ ; siniilarly those of h are 
contained in &^; and those of c in c^; hence a^}^c^ will con- 
tain all the given expressions, i.e. it is their l.c.m. The 
same method will apply to any set of expressions with 
only one term ; hence to find the l.o.m. we must take the 
product of M the letters, each being written with the 
highest index it has in any of the expressions. If there 
ako be numerical coefficients, their l o.m, is determined as 
in Arithmetia 

40. When the expressions contain more terms than 
one, each of them must be resolved into its elementary 
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factors^ and the l.o.m. will be the product of these foctora^ 
each raised to the highest power that occurs in any of the 
expressions. 

Ex. 1. Find the l.c.m. of 

6a8y««, lOiB^yS 16fl;yV. 

The nmnerioal coefficients are all contained in 30 ; also the 
highest power of x is as^, which therefore contains all the other 
powers of x\ similarly ^ and ^ contain all given powers of y 
and z : hence the l.o.m. is SOxV^* 

Ex. 2. Find the l.o.m. of 

4a»+4a6, 2a6-26*, 8a«-36«. 

The expressions may be written ia{a + h), 2&(a~&), and 
3(a'-^&^). Now the factors outside the brackets are all con- 
tained in 12a&; and a^-h^ is the product of a+& and a- 6: 
hence the l.c.m. is 12a&(a'-&^). 

Ex. 8. Find the L.aH. of 

2aj»-2^«, (x?y+y^, and 8a^+6fljy+3y^ 

Besolving into factors, we have 

2(a;+y)(»-y), y(aj+y)(ai«-ay+y»), 8(«+y)*. 

It is evident that the last quantity (a;+y)' contains the 
first bracket of each of the other expressions ; hence they are 
all contained in 

6y(a5+y)«(«-y)(a^-»y+y')=6y(«^-y*)(a?+y»). Ans. 

Ex. 4. Find the l.c.h. of 
2«« + 7a:y+5y», 4iB' + 8a;«y+4fl5y», 4a^+8a!y«-6y*. 

The expressions may be written 

(2aJ+6y)(«+y), 4a;(«+y)*, y (2a5+5y)(2«-y); 
.•. thei..o.M. =4ajy(2a;+6y)(«+y)«(2a;-y). Ans. 
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VII. 
I'adJfteLXLM.of 

1. a^, aWc, aV. 2. 2a*«>ajV, 3a«&y, 66i»V. 

3. 12ajV^, 18^4r, 20y*;2r'. 4. fi*P«», 4Jl*«^, lO^Sory^. 

6. 6a&c3«*, 4£^lr^Xy 6a9c«3. 

6. ISft^c^iF^r, 9a6;i^4i3, 20a^y». 

7. 2a6, 3a («+&). 8. 4a6c, 2a(?(a-&), 3&(a-6;^ 

11. Zxy{x+z), 4xz{x-^y\ O*"^. 

12. (a+&)2, «-&, a*-6«. 

13. 4a»(a»+6»), 8t«(a«-&2), 3(a*-&^). 

14. 8«"(a+&), 3a?(tf + &)2, 12(a+6)». 

15. a^+a&, «&-&», a^.ja^ 

16. ^+J(P, 5kH-6l^, Zk^l+ZkP. 

17. t^-*rxy->ty^^ x-y, si^-y*, 

18. &i?(a?2-;c+i), 2a^{a!-^l), 4^3 + 4. 

19. a(a34-8), 2a2(a"-2a+4), (a + 2)a^ 

20. aJ*+3a:', 2a?*-6a?8+l&»2, a^-^27xl 

21. 8a^ - 27y*, 4a?V^ + CxY +9i/*, 2a^- Zxy. 

22. €^c+2abc^-^¥(^, Z{a^-k-h^(^\ ^ia^-a^b^c^). 

23. «5-2d^j2r«+^^, 2(a?V-y*^), arV^+^V*'-*-^*^*. 

24. «2+3^, xy-Zy\ a^-9j/^, o^ + dyK 

25. «2+7^4.g^ ;^+11^4.30. 

26. «*-«-20, ;u3-9;c + 20. 
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27. 2a^ + 20x-l, 2^a + 17a? + 21, ac*-6a?-12. 

28. 2a^^lx-^, 20a;" + 2^-6, 6^^ + 23^?+ 12. 

29. 6^-24^2^ 3aj2+6a?i/-22/*, Aa?y + ^xy^-Sy^, 

30. 12a*6c3^ 16a2(&2+^)s^ a«&«(aft + ac+crf+&c:?). 

31. ajo+hx-^ay+ly, 3(a2^&^), {x+yf, 

32. 2a^ + .tr-6, rt.i: + 2a-a?-2, 3a(a^+4iC* + 4a?), 

CHAPTER VIII. 
Addition and Subtraction of Fractions. 

41. Fractions are added or subtracted in Algebra oh 
the same principle as in Arithmetic; yiz. first find the 
L.CD. of the denominators, then express all the fractions 
Yvith this denominator, and add or subtract the numerators. 

Ex. 1. Find the value of 

2x + y 8x-2y ag + 3y 

nr~'*'~'6 '■ 8 • 

The L.C.D. is 24; hence the expression becomes 

12a; + 6y + 12a;--8y~3g-9v _ 21a;- lly . 

24 "" 24~"- ^^ 

The student mU observe that the sign in the numerator of 
the last fraction is changed because of the - sign which pre- 
cedes it. 

42. When the numerator or denominator of any frac- 
tion is itself fractional, the fraction must be simplified 
before it is combined with the others. 

Ex. 2. Find the value of 

4^_y «_y 

3 6 «-2y 4 6 

3J "*" 104 • ■ 
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In the first fraction the l.c.d. of the tenns in the nume- 
rator is 6 ; we therefore multiply both numerator and denomi- 

nator by 6, and obtain — g" - . 

In the Beoond fraction the denominator has itself a de- 
nominator 2, and the fraction becomes — ^^-^. 

7 

In the third fraction the x..c.i>. of the fractions in the 
numerator and denominator is 20, and the fraction is equal to 
5ag-4y 

210 ; 

« 

Hence the expression becomes 

8a8-y 2ap-4y 6*— 4y 
"~S0~ " 7 "** ~2icr 

_ 56a;-7y-60g; + 120y+«5a;~4y ag+109y . 

210 " 210 • 



43. When the denominators of the fractions inyolye 
letters, the l.o.d. must be fonnd by Chapter til, the 
nomerators raised to it, and added or subtracted as before. 

Ex. 3. Add together 

2a 3aN-6* , 5 

The L.C.D. is a* - 6* ; to form the numerator we divide a' - &■ 
by a +5, and multiply the quotient a- 6 by 2a; the second nu- 
merator is not changed as its denominator is a' - i' ; for the 
third fraction we divide a* -6* by a -6, and multiply the 
quotient a+5 by 6. Thus the expression becomes 

2a«-2aft + 3a« + 5' + a5 + 6» 6a«-oi^4-2y ^^ 
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Ex. 4. Find the valae of 



The expression 

_ 6a:^+8ay-3ig»-8gy+3y» _ 8a:»+8y» 

(3a;-^y)(3x+4y) " (3je-y)(3a:+^ ' 

In an example like this, where a s^sairro sign eonneetB the 
fractions, the student smat be eaxeM to multiply the second 
B MJBBwdo r Tdthont reference to the sign before it, and after- 
wards change all the signs of the producU 

9 

44. If one or more of the denominators contain factors, 
they must be written with a bracket before the addition is 
begun, as in the following example. 

Ex. 5. Find the value of 

2 3ic 2a 

3<wj+3a« 2ar»+2a»"^«»-x»o+aa«* 

The expression may be written 

2 do; . 2a 



3a (x+a) 2 (aj*+a') x (ac* -xa+a^ 

_ 4aiy~4g^a+4a»»~fte^a-t-12a»»+12a» 
" Qxa{a? + a^) 

4g»--13a;«a4-16a»' + 12a» 
~ esBalx'+a') * 

45. Ex. 6. Add together 

2 1 and » 



(a+d)(a+c)* (a+c)(6+c) (a+6)(6+c) * 

The required snm 

26+2c+a+6+8a+3c 



(a+6)(o+c)(6+tf) 
4a+3& + 5c 



(a+fc)(a+c)(6 + c)' 



Ans. 
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Ex. 7. Find the value of 

2a 3c 26 

(a-6)(o-c) "*■ (c-a) (6-c) - («j-6) (6-a) ' 

The letters in the factors must in this ease be transposed ; 

thus (c-c^ is the same as -(a-c), and therefore the second 

Sc 
fraction may be written - .— t — , ,. « . ; in the third fraction 

^ (o - c) (o - c) 

both factors are to be transposed, and as they hoth thereby 
beeome aegatiTe, the re^t is not changed; the expressioo 
may Ihen be writtm 

2a Sc 25 



(a-h){a-c) {a-c){h-c) (6-c)(a-6) 

2a5 - 2ac - 3a(;+35c~ 2a&+2&c 
(a-6)(a-.c)(6-c) 

__ -6ac+66(? - 5c (a - 5) 

-(a-6)(a-c)(6^)"'(a-J)(a-c)(6-c) 

- 6c 6c . 

Ans. 



(a-c)(6-c) {C''a)fJ)^c)' 

The student will obserre that the result is here simplified 
by the cancelling of the factor a - 5 ; this will suggest to him 
that he should always examine his result to see if any common 
factor is contained in the numerator and denominator : also, 
if the numerator in the result is a negative quantity, he should 
if possible change some iactor of the denominator (as in this 
case a - c is changed into c - a) so as to remove the - sign from 
the numerator. 

Ex. 8. Simplify 

2aj 8 2 



a:»-7« + 12 a?-aj-12 ^x«-9' 
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This expression (when its denominators are resolted into 
factors) becomes 

. 2x 8 2 

(a;-4)(a5-3) "* (x-4) (aj + S)"*" (a;-3)(x+3) 

_ 2g« + 6a;--8ag+24 + 2a;-8 
(x-4)(a;-3)(a;+3) 

2ai« + 16 



(«-4)(a:a-9)' 



Ans. 
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Find the yalue of 

3a?+y 2a?+3j^ „ 4^— 2g , ga?+7a 

^- 2 "^ 3 • 6 ■*■ 16 • 

a-f2&+3c 2a~3& 8a-36+<? 2a «+c 

^' 4 "*■ 6 • *• ^10 ■^25'^ 5 • 

r ^^-^y 2^~3y 
•*• 4 6^- 

0, = — «— — » r + 



7. 



12 6 8 

2a- X 3a— 4^ a?+3y 



6ii?-« ic 1 zp+3 

8. :i4 2"^3"^~f 

7;p-2y-5 2(a?-2) . 3y-5 
^*. 10 ~"1 16 ' 

2(a?-l) 2a?- 3y 3a?-6y-4 
^"- 3 4 6 

a . 2a - 3a 6a 
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a 2a H — 

IJ. — — +— ^ J—. 

,, 8^-a 3 *^ 4 6 

3y 3a? 2a? . ^ . 

15. —5 T-^-T- 

3a-4j? Y"^ 3 6 3 4 
^^' 6 10 1 



2a , 6 <5 2a . 

^^- "T^ 2 ^ 3 • 

^ « 3a? 5 

h^ 5a?__4~^___2jj 
^®- 6 2 ""T" t) 

19. _ + -—— ^ . 

aU-% 26(«+|) , 

21. _J_+^. - 22. ^ " 



x^-y x—y' x-y x + y 

ah ^. ^ * 

a + 6 a-6 * + ^ ^ * 
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2o. 


X 2a 


^^ a-36 a + 3l>" 


x-i-2a a?— 2a' 


27. 


3 2 


«' «■ 


-^- a='-a?« «•-*+««• 


29. 


^1^ 2P 


30 7a?» 6y3 


31. 


a x a^ 




a+x a—x a^—a^' 




32. 


X y a^+y« 
x-y x+y x^-\^* 


2a 3a a' 


a-6 a+t rt«-6«" 


34. 


3 2 10 
a-2 a + 2 a*--4' 




35. 


y» a^» 2(d?*+y*) 
«^+y3 «8-|^» «*-y* • 




36. 


2 1 4 
«»-3 il?=' + 3 a?*-9' 




37. 


2a 3:1? ;c*-2a" 
a^'+a a^-a afi—a^ * 


38 « _ «■ 


«-3a« ««-9a*" 


39. 


2 ;c3 


10 2a* a« 
• a*-96» a«+3fc' 


x^+'Za a;*~4aa' 


41. 

Ad 


0? a ;»• a' 

x-a x+a ^— a* ;r^+a* 

1 1 x-hl 


• 


42. 


x-'Z x^-4 ar^+4' 




43. 


a b h^ a* 




a-b a-¥b a^-fta a'* + (^' 




44. 


a 1 3 

a«-9 a + 3 a^+d' 
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.. ^ , y* ^ y* 

6 4a; 2 



2a:-3 2a? + 3 4a!"+9* 

'• 2(a+«) 2(a-;c)"*'2(a8-«2)- • 

a y xy 

^' 2{x+y) "^ 3(/-y) "^ 6(^-.y^* 

1 1 Ila-7J:« 

49. -itt::^ 57- »/o.- . ^. •<- 



50. 



6 (3a-«*) 2 (3a +4;*) 10 (9a«-a?*) ' 

X 2a a^+iegg 

2 (a:-4a) a? 4-4a "" 3 («»- 16a«) ' 



_j^ a?' ^ 2^V 

x+y^ a^-xy-^y^ x^+y^* 

-2 2ayyg y^ ^ y 

■^ * ^ + y' al^—xy-^y^ x+y' 

X x^ Zx^ 

53. + 



x-y aj2+a?y+y* x^-y^' . 
h a* a'+fts 



54. -^»4- 

55. 

56. 



2x^ a^ afi-Za^y ^ 

a^-^y^ x^-a^+y* afi+ 

€fi a^ ¥ 



_ h a*-fy ■ cfi 

58. 



a-x^ a^ + ax'^x^ a'-afi' 
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2 a?-3 14 



69. 



a?+2 ar»-2a- + 4 ^c^ + g' 



18a 1 2g-3 

^ 8a3-27 2a-3 4a2+6a+9* 

61. -Ar + --^. 62. *• 



ar+2"^a?-4' • a-26 3rt+&* 

e3. -^-..-L,. 64. ^2 






66. 



^ 2a 



3a? (a? - 4a) 6a ips — 4a) * 



e7. -A-4-A^. 68. ^« '' 



3 1 2& 3a 

®^* 4(a^ + 3;ri^) 6(3y24.;c2^)- ^"- ^a.^J 2^-a6' 

71 3 2 a4-3& 2a-6 

' a^-a^ f^-xy* ' a«-3a6 36«~a^^ 

73. -i^ + ^--i,. 74. -^-A-+ '^ 



a?4-l x + 2 a? + 3' ar + y ^-2y a? + 2y 

a 2a 7a -H 5 

'^* 2a + & 3a-6 6a4-6" 

2 1__ ^ 

6a-& 2a-36"*"a + &* 



77. 
78. 



a? y 



2(a7 + 2y) 3(a! + y) 6(a;-j^)* 

3 1 4 

a (a— a?) ;i; (a+ 2a?) a« ' 



79. 
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10 15 8 



x{x-^y) "lyix-^y) *6xy' 



80. -^ ^+ ' 



81. 



82. 



a h 



{a-bjia-c) "*" {a'-c){b^c) "*" {a-b){b-cy 
1 2 3a- 2& 



(a-&)(&-(;) (a-c)(6-c) (a-&)(a-c)(6-(;)' 



83. ^ 



{x-y){y-z) x-z {x-z){y-zY 
^, ^ 3m . 4/ 

o4. /T Tm r — n m r •♦ 



85. 

86. 

87. 

8a 



{Jc-l)(Jc-m) {k-m){l'-m) {k-l)sl-my 

3 2_ 1 

{b-c){c-a) {a-c)ia-b) {b-a){c-b)' 

2 13 



{y-z){Z'-x) {x-z){x-y) {y-x){z-yy 

2y 3y 6z 

(X''y){z-y) iy-z){z'-x) (af'-z){x-y)' 

a 2& 3g 

(a-&)(a-c) {p-c)(p-a) {c-a){b-cy 



X-hl x + 2 

89. o J ^ -f 



90. 



91. 



92. 



x^-{-3x + 2 x^ + 5x + 6' 

3 2 

iB»+7a?+12 ;c2 + 2j7^8' 

a? + 2 ^ 

a? 1^ 

;b2-7^-18 a;2+7^+io' 

p. A. 
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2x 4a? + 2 



93. 



95. 



98. 



2a^'\-x-15 4x^ + 4a!-Z5' 



94. .. ., . , 4- 



'dit^-^x + d ea^-rsx + s' 

2 1 1 



x^ + dx+2 a^ + 5x-h4i ai^+ex + S' 
3 



Qfi 6^ , 2 4;t' 

*'^' x'-i^x'-3x + 2 x'-x-2' 

97 ^ ^^ 1 ^- 

'• 4a;2_9 2ar^-13^+16 ^2aj2 + lla:+12' 



2 X 

3 2 3 

(a?-4)(2;c+l) a^ + a? - 20 "" 2ar*-9J?-6 * 



^^- a?^4^ar^-3a? 4^+12' 

4 3^ 7 4 

100. ^ o - + -o— : ^-— :^ + 



2;i:2-6a? a^ + 3a?-10 a?-2 a?+6 



CHAPTER IX. 

MULTIPLIOATIOK AND DlYISION OP FbAOTIONS. 

46. In Multiplication of Fractions a factor of any 
numerator may be cancelled with the same factor in its 
own or any other denominator; when such factors (if any) 
liaye all been removed, the required result is obtained by 
multiplying together all the numerators for a new nume- 
rator, and all the denominators for a new denominator. 
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Ex. 1. Simplify 

3a«6 6ocd* I4cd? 

ae- 36 

We first cancel the first nnmerator into the last denomi- 
nator ; we then remove 2cd from the first denominator and last 
numerator; then we cancel the rest of the first denominator 
into the second numerator; and lastly, the numerical factors 
destroy each other. 

47. When one of the given fractions is a divisor, it 
must be inverted, and then treated as in Multiplication. 

Ex. 2. Simplify 

4a5* 12xy . Ba^ 



The expression 



%^ 7z^ ' 35^2* • 



4x* 12ay 36y2« 



3y« 7a^ 8x3 
= 10, Ans. 

48. If any numerator or denominator involve more 
terms than one, the student must be very careful not to 
remove any letter or figure unless it be a factor of the 
whole numerator or denominator; for example, if x^-hy^ 
be a numerator, and x^+xy sl denominator, we cannot 
remove x from any of the terms, because there is one term 
in which it is not a factor; for the same reason y cannot 
be removed: but if we have x^-i-xy aa a numerator, and 
^+ y^ as a denominator, although we cannot remove x or 
y separately, we can remove x + y^ because it is a factor of 
the whole of both expressions. 

4—2 
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49. Whenever it is possible, it is generally advisable to 
write the expressions with their factors in brackets. 

Ex. 3. Find the value of 

g^-y" a;(a; + 2y) 3y» 
2xy xy+y^ x^-xy' 

The expression 

205 

In this example it is easily seen that x-hy and x-^y in 
the denominators destroy the first numerator; similarly tlie 
simple factors are removed, and the result is readily obtained 
by taking the product of the remaining factors. 

Ex. 4. Simplify 

x'^ + Qxy + 9y^ 4a^-22a^y + 28a;y« _^ 2ar>-18ay« 
2a^ - 5xy - 7y« ^ Ox^y + 33aa/2 + 18i/» * So^y + 2 V • 

The expression 

(a; + ?y)« ^ 2a5j2a;- 7y) (a;j-22/) ^ a;.?/ (3a; + 2?/) 
(2a: - 7y) {x + y) By (3a; + 2y) {x + '6y) 2x (a;^ - 92/*) 

^_x{x-^2y)__ ^g 
3(a; + 2/)(aj-32/)' 

Es. 5. Find the value of 

\ a-x) x\ O') ' \ xj ' 

In examples like this, the terms in the brackets mast be 
simplified before the multiplication is commenced. 

a-x+2x a+x 



The first term 



a—x a—x 



The second term = - x = 

X a ux 
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The third term = ^^^^ . 
Hence the expression becomes 

X X 



X 

=- . Ans. 
a 



EXERCISB IX. 

Find the value of 

o^ 6c^ ^ 4a52 i5c«^ 6fir^ 

"• "'^ZZ Q~ X T7. — o — X i • ». - — s X • _ . -; — • X 



- ^- ^ xy a-b b (a + b Y 

x^ (x-{-yf' a a + b ab ' 

^ X .. •" 



«y y{2x + y) {2x-y)*' 

4ag-9&g 2a(ff-ffi) ^3^2 

ab ^b (2a+ 36) "^ 4 (a^- 52) • 

Ixfx + y) 6}/z ^^ 4a?2-3f?y^ ^^ y(.^ + .v) 



12. 



3i/2 a^ x' + 2xy + y^ S5x{x-h3y)' 

a^+y^ x^+2xh/^ + y^ 2xy 

X {X^ + 2/2) ^2 (^_^y 4. 2^2) (-J, ^. 2^)2 ' 



13 ^-y^ ^ x*'-2xY + j/* ^ 6x1/ 
2y{x^ + y^ x^{a^ + xy + y^) x^—y^' 

4a*--&* 4a^-2a6+^ 3ag6 
^ 'Sa' + fts"^ a6(a + 6) ^2a2 + 62- 
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^S4v^ 3(a?* + 2:ggyg4.y*) o^-xy^^y^ 



17. 
18. 



«« (a? +3y)« a?*-8Iy* ^ 2a?Sy-lR:gyg 

a^ + 64a3 2^+16^a4-32a:'a» . a/^ - 4j^a + Ua^ 
(«2 + 4a)«^ 6a;*a2^.6^a4 -^ SaH^ + o*) ' 

2j .-cg4-4a? + 3 a^ + 7^+10 

^^ + 9;p-l-20 ai^-Sx-2 

2x^+1x->-3 9^:^+12^+4 3j^-^- 2 
3a^^ + 8iC + 4^ a^+2a?-3 ^2;i?^-a:--r 

„^ 2;»*+13.r-7 2«2 + 3a?~9 9ar»-65? 
24. --r— 5 — X X -r-i; — = ^ X 



2a^+ex 6«^-7a? + 2 4a;^-8a? + 3* 

aH>+2a^--63a:y' si^-2x^ ^ x^—^xy-ly ^ 

a^y-6xy^+8y^ ^ 2x^-{-22xy-hZey^ ' a^ + 4xy-^4i,^' 

^^ 2(X"2af «8 + 8a3 a?*~4flw^ + 4a»a:" 

^* a7(ip'- + 4a2) 3a(a?2-4a«) * ar*+6aV+4a* ' 

12a?(a:S + l) Sx* + ea!^+S ^ 24(a?* + a?)» 

a?*+9j^-36j^' a?*~4a?'+3 aV + 2a« 
^^- a?V-10a?a2 + 9a2^a?*-7a^-18^ a?*+aj3 ' 
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a. .(;,-Q.«>(^tj.t5)+«.(i-^). 

flj^ + 2a?y + y2 — ;2f' . a? + y + ;2f 



37. 



38. 



39. 



4a«~«)2-c2-2&c ^ 2a+6 + c* 
a^-l6y^-9z^ + 24yz _^ ^;^ 16y '~9;g'-8;ry 

a2_ 16-26 (a-4) 



40 A, Sab+7 \ a^- 16-26 (a-4: 

*"• V"^a2-4a6 +462-167 a2^9 + 26(a-3) 



56 ALGEBRA, 



CHAPTER X. 

MiSOELLANEOUS FbACTIOKS. 

50. We shall now give various examples of the simpli- 
fication of Fractions which do not fall under any of the 
rules in the two previous chapters. 

61. When an expression consists of an integral quan- 
tity and a fraction, it may be reduced to an improper 
fraction by multiplying the integral part by the denomi- 
nator and adding the numerator to this product ; this will 
form the new numerator: the denominator remains un- 
changed. It will be observed that this is the same rule as 

72 
in Arithmetic; thus to obtain lOf =— we multiply 10 by 

7 and add 2, and so form the numerator 72 ; the denomi- 
nator is 7 as before. 

Ex. 1. Express as improper fractions 

(i) 2>^L^ (U) ^+%y.ts^. 

a ' " x-y 

In (i) to form the numerator we multiply 2 by a, and add 

2a + 86 

36 : whence we obtain 2a + 36 : thus the result is , 

* a 

In (ii) we multiply x+2y by x-y (=x^ + xy-2y^); hence 
the expression becomes 

a;» + gy-2?/-a;« + 2y» ^ xy ^^ 

x-y x-y' 

62. The reverse process of expressing an improper 
fraction as a mixed quantity is performed by dividing the 
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numerator by the denominator; the quotient forms the 
integral part of the result, the remainder becomes the 
numerator of the fraction, and the denominator remains 
unaltered. 

This also is the same process as in Arithmetic, the only 

difference being in the form of the result: the + sign 

which is understood in Arithmetic is expressed in Algebra ; 

2 
thus 11 +q may be written llf without fear of confusion, 

2 2 

but 2a + ^ cannot be written 2a -r- because this form would 



lead to confusion between multiplication and addition. 
Ex. 2. Express as mixed quantities 

^^ T' ^' x + 2^' ' 

In (i) the quotient is 9^;, and the remainder Zx ; hence the 

3a; 
result is 9a; + -^. Ans. 



In (ii) the quotient is a; + y and the remainder - y' ; hence 

we obtain a;+y ^-tt- . Ans. 

, ^ x\-2y 



53. A complex fraction is one in which either the 
numerator or denominator (or both) contains fractional 
quantities. To find the value of a complex fraction, reduce 
both numerator and denominator to their simplest form, 
and multiply the numerator by the denominator inverted. 

Ex. 3. Simplify 

a + 2a; a 



g - 2a; a ~ 4a; 
a-2x d 



a + 2x a + ix 
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The nnmerator 

_ a»-2aa;-8ac'-a» + 2aa! -8a;« 

(a -2a;) (a -4a;) ""(a-ga;} (a-4a;) * 

The denominator 

__ a'' + 2aa;-8a;»-g»- 2ga; -8a;' 

(a + 2a;) (a + 4«;) "■(a + 2a;) (a + 4«;) ' 

Hence the fraction 

(a - 2a;) (a-ix) - 8a;« 

_ (a+2a;)(a-f4a;) 
(a-2«)(a-4a;) 

a«+6aa;+8a;« 



a^-Cox+Sx'* 



Ans. 



64. To simplify a continuous fraction, the work must 
be commenced at the lowest part of the denominator; 
when that is reduced to its simplest form, substitute it 
in the fraction and combine it with the next part of the 
denominator, and so on, until the complete fraction is sim- 
plified. 



Ex. 4. Beduoe to its simplest form 

1 



1 + 



2-1 



X 



We begin with the lowest part of the denominator 

1 _ 1 ^ a; 
2 + i ^^'^^ 2a; + l* 

X X 
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Sabstitating this in the given fraction, we have 

Q « "~ 4x-k-2-x 
"ac+l 2a;+l 

^ 2aj+l 5a5 + 3 

^3a; + 2 8a; + 2 ^^ 

EXEBOIBE X. 

Express as improper fhu;tions : 
1. 1+?. 2. 3 + -^. 3. 6- ^ 



a' x—a x + 2y' 

^ a« - flf'-ft* - - x(x+y) 

a+x a+2b x-y 

a-b ^ a^-xy + y^ 

Express as mixed numbers : 

12ar 26a SSa^ 217a 
9. -y-. lu. ^^. 11. ^^. 1^ -^. 

lo <^ + ^^ 1^ x^ + xy^p^ 6a?2-2y2 

lo» • !♦. — • ID. zr . 

a X sx 

,_ 4a^-5ab .^ a^+ah + b^ _. afl-2xy-h2y* 

lo. j: • 17« -~x. • lo» . 

2a a+b x—y 

4aSx 2a—b-c 

^^' 4a + 3x' "• 2a + c ' 

Simplify the following complex fractions: 
1 1 

21. ill. 

a b 
b a 



22. 


1 2a? 
l+2a? ' l~2a? 


1 2a? 




l-2a? 1+20? 
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xA-y x-y 1 X 



23. ^~y ^+y 24 i±£-J-:£ 

xA-y ^a^-y' 1 l~a ?' 

^-y ^ + y 1-a? a: 

\ ^J \ xj y X \y x) 



Tl. 



28. 



1- ^^ fl-?^^^ 

oAc 3— a — 6 + c 



29. 



30. 



J_ J 1_ a + 6-c 

6c ca a6 

1 \ X y 

a-x a-^y (a-xf'~ {a^yy 

1 1 

(a-'y){a'-xf {a-x){a-y)^ 

Tl+^Vo'+a+lXa'-a+l) 



31. Divide 1+-,,-^, by 2^^) x^. 

a^-ab + b^ ^ a^ + b^ 3a6 



14- ^^ 



32. Shew that — ^""f^'^^ = l4 "^^ 
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Find the value of 

' ^ 34 1 ^ 35. 2+ ^ 



oo« 


1-K -. 

x—2, 


36. 


iP + a 


38. 


a 


^ A 

2 '^^ 
'Zx+a' 


40. 


3 1 


2-«. 


42. 


1 1 





l+_-^. 1 " 



2a?— 3* 4? + a 

2a 



37. 2a- 



x_ 3« 



39- 2a?- 



^ + 3a 
4a? 



3- ^ 



41. 2 + 



a? + 2y' 
1 



3-^ 



4a 3- 



1-?. 

y 
1 



2- ^ 



1-^ 2^-i 



bx 



44. 3 ?^ — 7- 45. 2-f ^ 



« 1 o 1 

2 r 2- 



i__i i_ 1 



2+^^ 2 L 



7a? 
2+ ' 



3-60?' 2^ 6a? 



a— 3a?* 
Simplify 






62 ALGEBRA. 



3 

2 — iB X S 



1 3^ 7 

49 .. ^ ^ I ^ ... 

2F-3JT1 e^B^-ic-i 1T2J-3P 



60. 



i a—b—(ab-l)x \i 
\ab-l-{a-b)x\ 



51. 



'^{l-ab){l + ab-h{a+b)x}-(a-b){a+b+{ab-{-l)x}' 

Prove the following equalities: 

11 11 



a(a— 5)(a— c) 5(6-a)(6— c) c(c— a)(c-&) a&c' 



-• -{^^^^ 



_ {x+y+z){x+f/—z) {x+z-y)(p+z-'as) 

4^ 



53. r ■! r ; : — \=1« 

1 y 

y+- 



-=- + z:X+l 

7 7 
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CHAPTER XI. 

Simple Equations. 

55. The Eqnations which we have hitherto considered 
have had only plain figures in their denominators: we shall 
now proceed to some in which the denominator contains 
the unknown quantity either with or without another term ; 
in both cases the l.c.i>. must be found as in Chapter vii. 
"We can then remove the fractions from the equation by 
multiplying both sides of it by the l.o.d. 



Ex. 1. Solve the equation 



8 



ba; "*" 2a; 2a; "*" 9 ' 

The L.C.D. is I&e; then multiplying both sides by 18x, we 
obtain 

24 + 45= 27 + 14a;; 

14a;=42, 

.'. a;=3. Ans. 
Ex. 2. Solve 



2(a; + 3) a;+4 a; + 3* 

The L.C.D. is 2 (iC+3) (a;+4); henoe the equation becomes 

3(a;+4)-2(a;+3)=2(«+4), 

3aj+12-2a;-6=2aj + 8; 

.'. a;= -2. Ans. 

Ez. 3. Solve 

2 3 ^ 11 

4ai"-l""l-2a;~l + 2aj* 
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We mnst first transpose the terms in the denominators so 
as to have the plain figure last in all; thas the equation 
becomes 

2 8 11 

+ 



4a;«-l ' 2a;- 1 2a;+l' 

The L. CD. is 4a5' - 1, and we obtain 

2 + 3(2a;+l) = ll(2a;-l), 

2 + 6aj + 3 = 22a;-ll; 

16flj=16; 

.% x=\. Ans. 

The student should carefully observe the transposition 
performed in the above example; he should never begin the 
solution of an equation of this kind until he has arranged 
the terms with and without x in the same relative order 
in all the denominators. 

Ex. 4. Solve 

4 1 oj + S 

T 



3a;-6 6-2a; 3(42-36a;+7aj«) ' 
Kearranging the terms, we have 

4 1 g + S 

8(a;-2) 2(«-3)""21 (a:»-6aj+6) * 

The L.O.D. is 42 (aj-2) (aj-3) ; 

hence 66(a;-3)-21(aj-2)=2(a;+3), 

66a; -168-2135+42=205+6, 
d3a;=182, 

05 = 4. 

56. When the equation contains fractions in which the 
first term of the denominator will divide exactly into the 
first term of the numerator, the work is much abbreviated 
by expressing the fractions as mixed quantities. 
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Bx. 5. Solye 

fiag~ 8 6a; _ 4fl^+9 
a;-2' ''2a; + 3~2»«-a!-6' 

The equation may be wxiiteB 

2 /„ 9 \ « . 2a;+21 



^+S^-0-^s)=^+i 



2»*-a;-6' 
2 . 9 22;+21 



aj-2 2a; + 3~2ai«-a5-6 * 
4fl;+6+9x>18=2a;+21, 
11«»83, 
s=d. Ans. 

♦^ « o 1 «-3 . «+4 05-6 «+6 
Ex. 6. Solve — k+-ro = — ^+-^» 

05-6 jc+2 »-7 «+4 

2 . , 2 . 2 , 2 
se-6 05+2 «-7 «+4 

1111 

+ 



05-6 05+2 05-7 aj+4* 

05+2+a;-6 _ a ;+4+a;-7 
(aj-6)(aj+2)""(flB^(«+4) *" 

2fl5-8 _ 2a;-a 
OB^-3a;-10~fl5^-3«-28* 

Since 2a5- 8 is the numerator of eaoh fraction, it Ib evident 
tbat the equation will be satipfied by haying 2a5 - 8=:0 (for this 
^will make both fractions vanish) ; hence 

2a;-8=0, 
2*= 8, 

05=14. Ans. 
D. A. 5 
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57. When decimal fractions appear in the equation, 
the coefficients of the unknown letter may be placed in a 
bracket, and simplified by addition or subtraction: or, if 
the coefficients be complex quantities, the decimals may 
be at once expressed as yulgar fractions, and the eqaation 
solved in the usual manner, 

Ex. 7. Solve 

•25aj + •125a; + 10 =? •2a; + -76 + I'lflB, 
The equation may be written 

a;(-26 + -125 - -2 - 1-1) = - 10 + 76, 
•925aj=9-26, 
as =10. Ans. 

Ex. a Solve 

•6a;- 2 '23; -'6 



•76a;- 


.2^26x=. ^ - .01 • 




6a; ^ 2a; 6 


76a: 


226aj 10 10 10 


100 


100 " 2 i ' 




10 100 


8a; 

4 " 


9a; 6aj-20 ,.,. -. 
-4- = — 2 — -10(2a;-6), 


So;- 


- 9a;=10a;- 40 - 80a5+200, 




64a;=160, 




x=2i, Ans. 



58. Some equations involving roots may be solved as 
simple equations : they frequently have in them two roots 
of expressions containing a; in such cases the roots must 
be placed on opposite sides of the equation, and both sides 
squared. 
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Ex. 9, Solye 

jy4x+5 + 2,yx-l»9. 
Tranaposixig, we haye 

4a;+5s81-86i^a;*l+4a;-4, 
86V«^=72, 

«-l=4, 

«=0. Ans. 

EZIKOISE XI. 

Solve the following equations: 

X 2x 2 X bx ^ 



3. 


?-i*«- 


4. 


9 4 ^g 
x'3x~^^' 


5. 


3 5 1 
2a; 3^ 6' 


6. 


8 9 U 
3a; 2a; 12' 


7. 


7 U 1 
07 3^9 3* 


8. 


£*«-!-». 


9. 


X 2x 3x 3* 


10. 


a; + 2a;-^ + 4ar- 


11. 


4 1 16 

a?+1^3~3(a? + l)' 


12. 


6 3_ 33 

a? + 2 4 ~4(a? + 2)' 


13. 


1 2 1 

5(;i? + 3) U"« + 3 • 


14. 


3 2 9 


2a?+7 6~5(2a;+7)* 


15. 


5 1 


16. 


1 2 
— - . « • 



Of a;-4* X x + 3' 

5-^2 



6S AL,QXBBA. 



x + 3 a? + 6' 2«-l «-r 

x-l X «— 1 a?+l 



25. 



a?+l"^^-l"ic«^l' «2-4 a?+2 a?-2' 

12 2 _ 1 

4«^-9 2d; +3 2a?-- 3' 



,6. 2 ^ »-. 1 



a?+4 a:*- 16 4—4?* 

9aj+4 81d?*— 16 

«o 4 11 3 

28. zi 7 = :r7^ •— ^ + 



29. 
30. 
31. 



6a?-l 360^-1 6a? + l' 
3 2 19 



;r4-3 4-d? (a? + 3)(af-4)* 
3 6 6 



;f-4 2;»-7 (a?-4)(2^-7) • 
4 7 8 



2.r+l 3a: + 2 (2;i?+1)(3j?+2) ' 



2 9 1 

^^' 4a?-6 ■* (4a?-6)(2a?- 1) ^ 1-24? ' 

4 3 11 

33. :z r + 



2iF-6 (7-3a?)(6-2a?) 3a?-7' 



12 16 

34. — r = s:7.-=.+ 



a? + 4 2a?-7 (7-2a?)(4 + a?)' 
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a?+4 fl?-2 fl?-2 2a^— 6 

97 3a? 4-8 C«+13_ ^ 2a? + 20 «JK4_ 
"^^^ ar+S^Saj+T^ «-f7 "'aJ+l-'^- 
a?+2 2a?-6 fl?-2 x+1 

3ar-9 2a?-l _,, 12a? -^4 9-3j r . 

a?-6 2a?-ll 3a?-2 4-a? 

41 1 . 3 _17 .. 1 ^ 3 ^ 1 ^ 



46. 
46. 
47. 
48. 
49. 
50. 
61. 



3jp^2*-4 6a?' ''^' a?+8"^10a? 6a? 

1 1 _ 11 

2a?+5""3a?. 3{2a?+6)' 

' 2 1 ^ 1 

3a?+4""6a? 2(3a;+4)' 

3 1 ^ 5 
2«-2"'5 6a?-6* 

6 1 7 



2J7-6 a^— 3 4a?- 16* 

5 1^ 6 

3a?-6 2a?+4 4a?-8' 

2 6 1 



3a;+9 4a?+16 12a?+4S * 
2a?-10 a?+6 2a?+10' 



^^' 2a?+12''"3a?+6'*"6a?+12 ^' 



63. 



1 46 4 



2a? + 6'*"l2a?2-75 4a?-10 * 
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54 


2 1 7 


x-4: 2a?-9 ^2^-17^+36' 


55. 


1 2 1 


2(3a? + 7) 3jp^+22a?+35 2a?+10 


56. 


1 6a? + 16_ 1 


4a?a+10^ ^ 6a? + 15~ Ox' 


a*? 


ar-l fl?-2 a?-7 «-8 



68. 



59. 



= a 



;i?-2 a?-3 a?-8 ;i?-9* 

_5 a?-l a?— 10 a?— 11 

^1 af-2""fl?-ll a?-12' 

i? + 4 d?4-3 a?+6 a?-f5 

a? + 3 fl? + 2"~a?+5 iC+4' 



iSA a?+6^iP+7 ay + 4 . a?+8 

bU. 7 + ;: = — + =" . 

a?+4 ar+6 a?4-3 a?+7 

- K-5)-!(f-5)-K?-)*A- 

- f.(-l)*i(?-)-T-fs(B-»«)- 

«. f('.*H)-|(?-«)=l<'-«*1(T"»)- 

^- 6 . 4 3 6 29 

^* 2 3 2i 30' 



4^ ^ 2« 1 ,1 
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66. 2_ + i = i li. 

2 6 1 * 

3 6 

- 1 -. 13 3 11 



68. 



2«-3 3«-2~6(«-l)' 



69. -£-_J?-__2. 
a?+l a?+2 

70. -^+£Z1 = 2+ ^+^ 



a?-l^-2"" 2««-6a;+4* 
71. •2d?-376jp=l-3&». 72. '0;r+*2&p--4'5s'376«. 

73. •2d?-*6^+*l«=-26a7-9. 

74. -625^- -26^? + '20?= '6 (a? + 2) - *4. 

.. ^26* •C4>-2-8 •3jP+'34 1*2 
-3 ~ 2-6 ~ 76 "*'T* 

7S 3'3jr+-l •2ay+-5 

79. ^^.-g-TSf^-STS^+'ge, 

4 4 

*6j;— •'4 

80. ij^^Y— 3(1-4 --2^?)= -64? +1-3. 
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81. (^-2)(a?-l)+2(iP+4)=(ay-3)(a;+2)+16. 

82. (24J+6)(ar-7)-3(«-5)=0P-3)(^-^4).+d:(a?-9). 

83. (a?-4)a-3(2a?-7)=(^+2)(;i?-7)-f . 

84. 3(ar+3)(a?-2)=3(j?-4)-(2a?-l)«+d?(a?-3). 

85. (^-^)(a;+|)-(^-«(a?+3) = 23i. 

86. /s/5+7 + N/i=7. 67. ^/25"-^/2a?-ll = l. 
88. J^'^JZx-b^\. 89. ^/3^+4+^/3^F^=9. 
90. «y4^+9 + 2N/JT6 = 15. 91. ^/7^+2=>/7a?-6 + l. 
92. 1^90^ + 7-2 = 3^/^-1. 98, Jxl^-^JJ^^A^ 
94. ^5^+10-is/55=2. 95. jJ^c^-2^/x=\, 
96. n/^p+8-V^+3=\/4^T9. 

97 1 2 - fl 

a^-13a^+42 «»-6a?-7 «*-54?~6' 

98 _« H _ 1 

a5*-2a?-15 «*+2a?-35 «*+ 10^+21' 

99 ^^+-i^ =-??- + -^ 

' ;p + 20 flT+5 a?+10 a?+15' 

100. (3a?-l)2+(4a?-2)2=(64?-3)«. 
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CHAPTER XII. 

Probusms. 

59. We haye already expltoned the method by which 
problems are solved^ and have proposed some easy ex- 
amples: we shall now give the solution of sqme wliich 
present rather more dijfficolty. 

Ex. 1. The lengtii of a rectangle exceeds its breadtii by 
4 feet ; if the breadth be diminished by a foot and the length 
be increased by 2 feet, its area is not altered : find its length 
Biid breadth* 

liet X represent the breadth of the rectangle in feet, then 
9;+4 is the length. 

Since the area is obtained by taking the product of the 
length and breadth, we haye a; (a; +4) to represent the number 
of sq. feet in the rectangle. 

^o, vfi the new rectangle, the area will be expressed by 

(x-l) {»+%). 

gf+4x=pQ!^+fhp-Bf 

The length and breadth ^xe therefore 10 feet and 6 feet. Ans. 

Ex. 2. A farmer bought 22 cows at a certain price : had he 
paid 8 per cent, less he wopld haye purchase4 pnfi more eow^ 
and would have had £21 to spare ; find the price of each cow. 

Let X be the price of one cow, in £s ; then the price of all 
the cows was 22a; : now, if the price had been 8 per cent, less, 

the cost of each in £s would haye been as- ^|rpr [ =-ne'] » <^d in 

this case there would haye been 23 cows : 
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henoe we hare 

22aj=23x^+21, 

550a;=529x+525, 
21a;=525, 
«=25. 
The price of each cow was £25. Ans. 

Ex. S. Find at what times between 7 and 6 o'dook the 
hour and minute-hands of a watch are at right angles to each 
other. 

The method by which all questions of this Mnd are solyed 
is to determine the space traversed by the minute-hand since 
it left the figure XII, and (as it travels twelve times as fast 
as the hour-hand) to form the equation by writing this space 
equal to 12 times that traversed by the hour-hand in the same 
time. 

Let X be the number of minute spaces traversed by the 
hour-hand since 7 o'clock ; then as the hour-hand was at that 
time 85 minute spaces in advance of the minute-hand, and is 
now only 15 minute spaces from it, the latter will have 
traversed either (35 + x - 15) or (35 + a; + 15) spaces, according as 
it is after or before the honr-hand. In the former case we have 

85+as-15=sl2a^ 

llaj=20, 

so that the hour-hand has moved l^r spftocs, and the minute* 
hand 21^ spaces; i.e. the time is 7 • 21^\. 

In the latter case we have 

85+»+15=12a^ 
1Ie=60, 
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80 that the minute-hand hu moved Si^ qpMee, Lei the time 
ifl 7 . 64,^. 

Henoe 7 . 21^ and 7 . 54^ are the zeqnired times. 

EXXBOIBB XII. 

1. Find the number whose double exceeds its fifth 
part by 36. 

2. What is the number of which the twenty-fifth part 
is lai^er by 8 than the thirty-fifth part ? 

3. Divide 120 into two parts such that the less may 
be three-fifths of the greater. 

4. Divide 52 into two parts, such that the first may 
exceed twice the second by 4. 

5. Divide the number 72 into two parts, such that 
one part increased by 9 may be equal to twice the other. 

6. ;£500 was divided between A and B^ so that one- 
fifth of ^'s share was equal to one-third of B'b : how 
much did B receive ? 

7. Divide a guinea into two parts such that three times 
one of them shall exceed five times the other by a shilling. 

8. A and B have M, 16«. between them, and half 
of ^'s money exceeds one- third of ^'s by half a guinea: 
how much has B'\ 

9. A has twice as much money as ^ ; if ^ give A £5, 
A will have three times as much as Bi find what A has. 

10. A and B have equal sums of money, A spends 
I2s. and B 5s., and now B has twice as much as A. How 
much had each at first ? 
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11. Find two numbera, one of ivbi^ is Unx^WhB of 

the other, and whose difference is 13. 

12. A daughter is half the age of her mothor and 
eleven years ago she was two-fifths of her age : how old 
was her mother then ? 

13. A and B have eqnal sums of money : A spends 
£750, and B £100, after which B has half as mudi again 
as A : how much had each at first ? 

14. Diride £1800 among A, B, and (7, giving B lialf 
as much as A, and C £260 less than B, 

16. Ay By and C gave £1576 to a charity : B gave 
£125 more than 6> and A gave twice as much as B : 
how much did A ^y% ? 

16. A and B have £100 between them; A and C 
£125 ; B and C £185 : how mueh has each ? 

17. Divide 150 into two parts, such that their sum 
when divided by tiieir difference shall be ^25. 

18. There is a fraction whose denominator exceeds 
its numerator by 4 ; also if the numerator be diminished 
by 1, and the denominator increased by 1, the fraction 

boGomes equal to ^ ; find it 

19. Find two numbers whose difference is 25, such 
that the second divided by the first gives 4 as quotient 
9nd 4 as remainder. 

20. A farmer has oxen worth £12. 109. each, and sftieep 
worth £2. 5i». eaeh, the iimnber of oxen and sheep heiing 
35, and their value £191. 10«. Find the number he has 
of each. 
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21. A man rows 6 mileB an hour in still water. How 
far can he row up stBeam and- back in. 2 hours, tfae stveam 
flowing a mile an hour ? 

22. A person boo^^t 4 horses; ftir the seoonld he 
g&re: half as much again as for the fint; for the third 
haM as much again> aa fo? the second ; and for the fburth 
as much as for the first and third together ; he paid j08OO 
for them alL What wag the cost of the foinrth horse ? 

23. A miD bought some sheep for ^94^ and harHng 
lost seven of them sold a quarter of ti^e remainder at 
prime cost for £20 ; how many did he buy ? 

24. A Company of sddiers is formed into a solid 
square, and the formation is tlien changed to a hollow 
square, two deep ; it is obserted that by this change the 
fix)nt is increased by (»yy 2 men : how many men were 
there in the company ? 

25. A quadrangle whose leiigi^ iis S yards more than 
its breadth, is reduced by a covered walk 6 yards wide 
along two of its adjacent sidei^ add its area is now found 
to be 590 sq. yds. less than it wasb^re : find the original 
lengtl\ of the quadrangle. 

26. Ai what time between' 4 and 5 o'clock are the 
hands of a watch in a straight line ? 

27* At what time between 2 and 3 o'clock is the 
minute-hand of a watch directly over the hour-hand? 

28. At what times between 6 and 7 o'clock are the 
hands of a watch at right ^angles ta each other ? ^ 

29. How many n&intes after 3 o'clock i» it when the 
mimite-hand ai a* watch i» exactly 2& miaute spaces before 
the hour-hand ? 
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30. At what time between 7 and 8 o'clock is the 
minute-hand of a watch exactly twenty minntes behind 
the other? 

31. The length of a certain rectangle is double its 
breadth : if the length be diminished by 6 feet, and the 
breadth increased by 4 feet» the area remains unchanged : 
find the original length. 

32. The perimeter of a rectangle is 28 yards: if 
2 yards be taken from its length and added to its breadth, 
its area is increased by 12 square yards. Find its original 
breadth. 

33. Find two numbers such that the difference of 
their squares is four times the difference of the numbers, 
one of the numbers being three times the other. 

34. Two trains approach one another with a velocity of 
100 miles an hour: and if going in the same direction 
would separate by 5 miles in half an hour. Find their 
actual yelocities. 

35. A and B start to walk from Cambridge to Ely, at 
the rate of Z^ and 4 miles an hour respectively. After B 
has gone two-thirds of the way, he waits for 36 minutes, 
which just allows A to catch him up; they then start 
off simultaneously each at the same pace as before. How 
far is it from Cambridge to Ely, and how long will B 
arrive at Ely before A 1 

36. A has a certain number of sovereigns, B the 
same number of half-crowns. A pays B £9, and receives 
back 28, 6d, and then finds that his money is less than 
^8 by 5f. How much had each at first ? 

37. The difference of the squares of two consecutive 
numbers is 91 : find them. 
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38. A sets out for a day's walk ; after walking 60 
minutes he increases his rate by one-fourth and keeps this 
up for 2 hours. After a rest he starts again at eight- 
ninths of his last rate and walks for 6 hours, when he finds 
he is 35 miles from where he started. What was his rate 
at first f 

39. A man can scull 9 miles an hour with the stream 
and 3 against it ; how far down may he go so as to be 
back in 6 hours ? 

40. A and B enter for a mOe race : A, who can ran 
the distance in 4\ minutes^ giyes B a start of 20 yards 
and reaches the winning post four seconds before him : 
at how many yards from the starting-point will A oyer- 
take^f 

41. Find a number such that whether it is divided 
into two or three equal parts, the continued product of 
the parts shajl be the same. 

42. A man walks along a line of railway at the rate of 
4 miles an hour. A goods train travelling 30 miles an hour 
overtakes him. If the train be 208 yards long, how long 
will it take in passing the man ? 

43. The first digit of a number exceeds the second by 
5, and if the digits be inverted the new number will be 
three-eighths of the original number ; find the number. 

44. A person bought 25 yards of carpet ; find the 
price per yard he paid for it when a reduction of 10 per 
cent, would have given him two yards more of the carpet, 
and 5«. 3d over. 

45. A furniture dealer bonght 12 chairs, and after- 
wards 4 tables for the same sum ; if the price of the chairs 
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had been 25 -per cent, higher^ and the price of the tables 
50 per cent, lower, 9 tables wonld have cost him ;^1. 10#. 
less than 12 chairs. Find what be x>aid for each chair. 

46. A bill is paid by a number of half-croWns, and 
twice the same number of shillings. If the bill had been 
lai^er by 3 half-crowns, it would have been defrayed by 
paying as niany half-crowns- as there were shillings before, 
and as many shillings as* there were half-crowns : find the 
amount of the bill. 

47. A runs round a field in a minutes, B runs a mile 
in h minutes : in a race of distance c yards, A wins by 
d yards. Find the length round the field supposing the 
speed of the runners constant; 

48. Divide £900 into two parts such that the' simple 
interest on the first part> at 4^ per o^nt. may' exceed that 
on the second part at 3^ per cent by 10«. 



1*5k-23^=2; v 



&. 1. Solve l'6w - 2y = 2 ; 

X 

•4 2 

Change the decimal into vulgar fractions, and simplify ; then 
from the first equAtien we obtain- 

15«-20y=r20 (l)j 



I 



CHAPTER XIII. 

SiMTTtiTANEOUS EqUATIOKS. I 

60. Simultaneous Equations which contain decimal | 
fractions are readily solved by changing the decimals into i 
vulgar fraotaone and proceeding by the ordinary method. 
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the second equation becomes 

iac-10y-*6xsl8*8, 

W«-l(%=188 (2). 

H nliiply (1) l>y 5 and sabtraet the resnlt from (2), thus 

94b- 100^=188, 
75a;-100yr=100, 
19«s88, 

Substitate in (1) ; then 

30-20y=20, 

20y=10, 
1 . 

Hence the ralnes are 2 and *5. 

61. When equations are given, in which the unknown 
letters appear as plain quantities in the denominators only, 
they must be solyed without removing the letters fh>m the 

denominators, the reciprocals of the letters (- , -A being 
treated as the unknown quantities. 

Ex.2. Solve ---=2; ---=1. 

X y X y 

Leaving x and y in the denominators, multiply the first 
equation by 5, and the second by 6, so as to make the coefQ- 
cients of « the same in both; thns 

80 20 ,^ 

=10, 

X y 

80 86 ^ 

=6; . 

X y 

D. A. 6 
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then bj subtraction 



— =4: .'.-= y andy=4. Ans. 
y y 4 ' 

and bj substitntion 

--1=2; .'.-5=^ Midaj=2. Ans. 

Ex.3. Solve 10a;+y=4icy; a;4-| = -g^, 

Eqnatlons of this kind may be reduced to the form in the 

la&t example by dividing both sides of the equation by xy; thus 

we have 

10^1 . 1^ 1 6 
— + -=4; - + o- = K. 
y X y 2x o 

Multiplying the second equation by 10, we obtain 



whence by subtraction 



y « 



- = 8, ora;=2. 
and by substitution we find y=5. 

It will be observed that when the equations are given in the 
form of this example, they are also satisfied by having each of 
the letters equal to 0. 

62. The methods In the last two sections may be 
applied in exactly the same Way to equations with three 
unknown letters. 

63. Equations are sometimes proposed containing more 
than three unknown quantities; the first step in solving 
them is to eliminate one of the letters from all the equa- 
tions which contain it; this will also make the number of 
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the equations one less: the same process of removing a 
letter must be repeated with those that are left; and so on, 
until there remain onlj one equation and one unknown 

letter. 

Ex. 4. Solve 

2i0+dx-2y-2=l (1). 

6M> + 10x-19y-12z=-72 (2). 

2aj+y+4z=13 (3). 

to+4a;-2y 1 (4). 

Since 10 appears in only 3 equations, we remove it first : 
Multiply (4) by 2 and combine with (1), 

2t(; + 8a5-4y=2, 
2w + 3a5-2y-2=l, 
.'. 6x-2y + z=l (5). 

Multiply (4) by 5 and combine with (2), 

6w+ 2005 -10^=5, 
6w7 + 10a; - 19y - 12? = - 72, 

.•. 10a;+9y+122=77 (6). 

We thus have 3 equations (3), (5), (6) with only 3 unknown 
letters; from these we shall eliminate y : 

Multiply (3) by 2 and combine with (5). 

4flB + 2y + 82=26, 
5a!-2y+«=l, 
.'. 9a;+92=27, 
or aj+«=3 (7). 

Multiply (3) by 9 and combine with (6), 

18x+9y+36s:=117, 
10a5+9y+122=77, 
.•.8a; +24^=40, 

or a;+32=5 (8). 

6—2 
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Now take together (7) and (8), and we find 22=2, or t=l, 
and by Bubstitntion in (7), a; =2. 

Substitute in (5) these values of oc and z\ then 

10-2y+l = l, 

.-. 2y = 10, ory=6. 

Substitute in (4) these Talues of x and y ; then 

w + 8-10=l, 

.'. tr = 3. 

Hence the answers are 3, 2, 6, 1. 

Exercise XIII. 
Solve the following equations : 

^' 2'*'2i-^*' 11 "1|~14' 
2. •6a?+*2y=l-l; •2&» + *6y=206. 

^ 12 2 , 4 3 ^, 
5. = 1; - +-=21. 

6. «-i=.4; 11-1=1. 
ay ' w 2y 

7. 3;p+4y-10a?y; 2a?-3y=«y. 

8. ^+8j,=i^; 3.'-2y=^. 



«• f-^=^' f«(-|)=«-- 
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10. = ^; 3J?-y=^. 

X y 2t '^ 20 

11. 3a?+2y+;2r=lO; 4?+y+3-2f=12; 4?+j8r=2y. 

I'Z •ac+-75y+;2f=9; •2*+ly=*164r; a?+y=l*2^. 

13. 2a?--8y = -2; •ai? + -5^=ll; -3761/ -'125^? = 125. 

14. •25;i?+*5y=*75a? + 5r=y-*2^=2. 

,-lll/.2.3 2,„3 2 6^ 

15. -+- + - = 6; - + - 4-- = 15; - + = 7. 

X y z X y z x y z 

2 15 

16. 5jis-3y=2xy; yz-h2zx-^Sxy=9xyz*,. --h - = — . 



X z 



3 4 1 

17. - + -+-=4; yz-\-zX'^xy=^ 

X y Z 9 a 



18. 



^Z'\-^yz=2xy, 

fr+a?+y+4f=12, 

2tt?+3;i? + 2y-;8r=23, 

3tr— 2a?+4y= 6, 

5w—x-3y =12. 



11 ) 



19. 2«?— a?-y=7, 
2;r— y— 4f=4, 
2y-2f— tr=— 2, 
2z—io+x=—Z. 



20. 



4y + 32f = 2y;2r, ^ 
2z + 4w=SztD, 
ito-^Bx=6wXy 

y X 



21, 3w + '2x=2wx, 

Sy^^zily-T,), 
Sxz=3x+4zy 
4xy + 2yw-^wa=Zwxy. ^ 
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CHAPTER XIV. 

P&OBLEMS PRODUCING SIMULTANEOUS EQUATIONS. 

64. Ex. 1. Find a fraction such that ii its denominator be 

increased by 1, it becomes ^ ; but ii its numerator be increased 

o 

by 1, and its denominator diminished by 1, it becomes - . 
Let - represent the fraction. 

y 

then -^ =1 (1), 

and — =- = J (2). 

These equations become 6a(; - ^ = 1, 

4a;-y=-5, 

whence 2«= 6; ora;=3; andy=17. 

3 

Therefore y= is the required fraction. Ans. 

Ex. 2. There is a number of 3 digits, the middle digit of 
which is equal to the sum of the other two ; also if the first 
and last digits be transposed, the number is increased by 99, 
but if the second and last are transposed the number is 
diminished by 86: find the number. 

Let », y, and % be the digits, 

then the number is lOOa; + lOy + z \ 

and we have the equations 

y=«+2 (1). 

X00»+10y+a;=10ax+10y+«+99 (2). 

100»+10z+y=100a;+10y+«-86 (3). 
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Simplifying, we obtain 

whence jc=4, y=9, «f=5, 

and the required number is 495. Ans, 

EXEBOISE XIV. 

1. A and B have together £570 : if A\ money were 
three times what it is, and ^'s money five times what it is, 
the sum would be £2Z60 : what is the money of each ? 

2. Find a fraction such that if 1 be added to its nume- 
rator, it becomes - ; but if 1 be added to its denominator, 

3 

it becomes = • 

3. A and B in rifle shooting each scored 19 ; ^ by 3 
bulls' eyes and 2 outers, ^ by 1 bull's eye and 7 outers ; 
how much is a bull's eye worth? 

4. Find the fraction which becomes - when 1 is added 

4 

to its numerator, but becomes - if 1 be added to its de« 



nominator. 

5. Find two numbers which whether the less be 
subtracted from the greater, or the greater be divided 
by the less, have the same result 7. 
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6. A certain fraction becomes ^ when its numerator 

is doubled and its denominator increased by 1, but if its 
numerator is increaised by 1 and its denominator di- 
minished by 1, it becomes - : find the fraction. 

«5 

7. A and B bought some nuts : if A had bought 5 
more, he would have had half as many again as B^ and 
if B had bought 15 less he would have had half what A 
had ; how many did each buy ? 

8. The sum of two digits is 9, and six times one of the 
numbers they form is equal to five times the other : find 
the numbers. 

9. Find the number consisting of two digits whose 
sum is 9, such that if the order of the digits be reyersed 
the number so obtained : the original number :: 7 : 4. 

10. Find two numbers in the ratio of 3 to 4, such that 
if the first be increased by 7 and the second be doubled, 
they may be in the ratio of 2 to 3. 

11. A certain fraction would be doubled by adding 14 
to its numerator and 6 to its denominator, and it would 
be trebled by adding 7 to its numerator and taking 4 from 
its denominator : find the fraction. 

12. A bill of 25 guineas was paid with crowns and 
half-guineas, and twice the number of half-guineas ex- 
ceeded three times that of the crowns by 17 : how many 
were there of each ? 

13. A pound of tea and 3 pounds of sugar cost 4«. 6dL, 
but if tea were to rise 20 per cent, in price, and sugar 25 
per cent., the cost would be 5«. 6ii. : find the price per 
pound of each. 
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14. The fore-wheel of a carriage makes 6 reyolutions 
more than the hind-wheel in going 120 yards; if the 
drcnmference of the fore-wheel be increased by a fourth of 
its present length, and that of the hind-wheel by a fifth of 
its present length, the fbre- wheel will make 4 revolutions 
more than the hind-wheel in going 120 yards : find the 
circumferences of the two wheels. 

15. A number consists of three digits whose sum is 
10 ; the middle digit is equal to the sum of the other two ; 
also if 99 be added to the number^ the digits are reversed : 
find the number. 

» 

16. A greyhound courses a hare ; the greyhound takes 
2 strides per second and the hare 2^; the greyhound starts 
at a distance equal to 4 of his own strides behind the hare, 
and catches it in 2 minutes and 40 seconds ; find the ratio 
of the lengths of strides of the two. 

17. Find the length and breadth of a rectangle such 
that if 3 feet were taken from the length and added to 
the breadth its area would be increased by 6 square feet, 
but if 3 feet were taken from its breadth and 4 feet added 
to its length its area would be diminished by 20 square 
feet. 

18. Find a number of four digits whose sum is 16 and 
such that either of the two middle digits is the difference 
between the first and last; also if the second digit be 
transposed with the last^ the number is increased by 297. 

19. Determine two pairs of consecutive numbers such 
that the product of the greatest and least is less by 14 
than the product of the other two, and that the quotient of 
the greatest divided by the least is 4 with a remainder 3. 
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20. A number of posts are placed at equal interrals 
along a road ; if the intervals had each been 2 feet less, 
two more posts would have been required, but if they had 
been 4 feet less, it would have taken five more posts : find 
the number of posts and the distance between the extreme 
posts. 

21. A man bought 7 photographs and 12 prints for 
£50 ; if he had paid £1 more, he might have had 7 prints 
and 15 photographs. Find the price of a print. 

22. Two mixtures of wine and water contain respec- 

1 2 

tiyely ^ and ^ wine. How much of each must be taken to 

form 22 gallons of a mixture in which the wine is to the 
water as 5 to 6 T 

23. A miller has two kinds of wheat, one worth 7 
shillings, And the other Q shillings a bushel; he wishes to 
make a mixture worth 6ir. ^, per bushel: how must he 
doit? 

24. At a certain time between 10 and li o'clock the 
hour and minute hands of a watch have the same places 
which the minute and hour hands had at a certain time 
after 6 o'clock : find the two times. 

25. A boat's crew row 9 miles with the tide in j of an 
hour, and when the tide is flowing at half its former rate 
the same crew row 9 miles against the tide in an hour and 
a half. Required the rate of the stronger tide and the 
rate at which the crew wiU row in still water. 

26. A plantation of trees is arranged in rows, some 
containing one tree less and others four less than the 
longest rows ; and the number of complete rows exceeds by 
5 those that have one less and by 10 those that have four 
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less. There are 220 trees more in the longest rows than 
in the shortest rows, and the total number of trees in 
the plantation is exactly three times the number iu the 
rows of middle length. How many trees are there in 
the plantation ? 

27. ^'s income is half as much again as ^'s while his 
expenditure is twice as great as i?'s expenditure; A spends 
;£ 60 more than his income, and B £60 less than his : find 
their incomes. 

28. A inyested some money so as to produce 6 per 
cent., while B inyested at 4 per cent a sum sufficient to 
produce the same return as A got. If A had invested 
^420 more than he did, his interest would have been 
exactly one-tenth of ^'s inyestment. What did each 
inyest ? 

29. A purchased a certain number of shares for £2500 ; 
afterwards when the price had risen 60 per cent., he bought 
some more shares for ;£4500 : if at the time of his first 
purchase the price had been 20 per cent more than it was, 
the sum he would haye paid for each share would have 
been the same as the number of shares he afterwards 
bought : how many shares did he buy each time 1 

30. A certain crew who row 40 strokes per minute 
start at a distance equivalent to four of their own strokes 
behind another crew who row 45 strokes to the minute; 
in 8 minutes the former succeed in bumping the latter : 
find the ratio between the lengths of the strokes in the 
two boats. 

31. A tradesman buys eggs at a distance at the rate 
of 5 for 3d. ; some are broken in the transit, and haying 
sold the rest at a penny a piece, he finds he has gained 
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on the whole transaction just the price of the broken ^gs. 
Had all the eggs come safe, he might have sold them at 
the rate of 5 for ^d., and gained thereby 10^. more than 
he did gain. How many eggs were broken ? 

32. A person walking along a road in a thick fog, 
meets one waggon, and overtakes another which is trayel- 
ling at the same rate as the former : shew that if a be the 
greatest distance to which he can see, and &, h' be the 
distances which he walks between the times of his first 
seeing and passing the waggons, then 

a b V' 



CHAPTER XV. 
Equations with Literal Coefficients. 

65. Equations sometimes involve not only the un- 
known letters (x, y, z,,,) but also the letters (a, &, c,...); 
the required value of the unknown letters will then gene- 
rally be in terms of these other letters. 

The same methods of solution apply to these equations 
as have been employed in those with numerical coefficients ; 
after removing Hie fractions (if any), we place all terms 
involving the unknown letter on the left side of the equa« 
tion, and the others on the right side; the unknown letter 
must then be written outside a bracket, vnth its various 
coefficients in the bracket; and the required value is 
obtained by dividing the expression on the right hand by 
the coefficient of the unknown letter. 

Ex. 1. Solye the equation 

a«(a;-l)-6»(a5+l)=2a6(l-a:)-a;(a« + 6*). 
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BemoYe the brackets and we haye 

ahu^a^-Vx-J^^^ab-Ubx-ahi-hhi, 

2a»(a+6) = (o + 6)«, 





*"2a 


ia+h)- 


2a • 


Ans. 


Ex.2. 


Solye 










x+Aa 


»-2a" 


«+4a 
'sc+Sa 


x-a 


The equation may 


be written 






aE+5a 


x+4a 


s 


x-a 




ac+4a 


"a5+8a~ 


«-a 


x-2a' 




- 


a* 




-a« 



(a;+4a) (aj+3a) "" (aj- a) (aj-2a) ' 
(as + 4a) (ac + 8a) = (aj - o) (ac - 2a), 
a;*+ 7aaj+ 12a»=a" - 8a«+ 2a«, 
10aa8=-10a«, 
x=-a, Ans. 

66. When simnltaneotiB equations with literal co- 
efficients are proposed for solution, the method is the 
same as for ordinary simultaneous equations, except that 
in equalising the coefficients we have generally to multiply 
the equations by letters instead of numbers, 

Ex. 3. Solve the equations 

a-b a a+6 a 

Bemoving the iraotions, we have 

hx+{a-h)y={a + 9b){a-h) (1), 

(a+6)«-ay=(a-2J)(a + 6) .....(2). 
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Multiply (1) by a+ 6 and (2) by 6 ; then 

By subtraction (a" + aJ - 6*) y = a' + 2a'6 - 6', 
Substitute in the 2nd equation, and we have 

^-1=1-??, 

a a 

*_Q 25 _ 2g - 2& 
a a a 

a!=2(a-6). 

Hence the values are fl;=2 (a - &) ; ^= a + &• 

Ex. 4. Solve 

In equations like these, where the unknown letters appear j 

only in the denominators and are of the first power, it is | 

generally best to leave them as fractions, considering the 
reciprocals as the unknown quantities instead of the letters 
themselves (see Art, 61). 

In this case, take together the 2nd and 3rd equations, 
multiplying the second by a : thus we have 

---^—^ (2). 

!?+5=2 :(8). 

X y 

whence by addition - + - = i- (4). 

•^ y z a-^b 
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Now combine the first equation with (4), so as to eliminate z ; 

(g-f 6)g (g - 6) g _ g* 
"^y ~z "'ft'' 

{a -}>)}> . (g - 6) g 



y 

Hence by addition 



2g-5. 



(g+6)g^(g-5)6^g«^2^^ 
g« + 2g6-6« aS + 2a6-6» 

— xs ^ . 

y & 

11 

- = 5- ot y=6. 

y h ^ 

Substitnting in (1), we have —r ^^-^ = % ; 

z o 

whence = 1, or z=a^h, 

z 

Substituting in (3), we have -+1=2, 

X 

whence x=a. 

Hence the values are a, b, a -5. Ans. 

EXBKOISK XV. 

Solve the following equations : 

1. {a+b)je-a^=bl 2. {a-b)a! + 2ab=(a+by. 

3. €ug+bx+b'^=a'^. 4. aa?— 6a?— 6*=a^. 

5. aa?-a2=2(6a:-2&2). 6. cx—d*=dX''2cd+c\ 

8. a(x—a)={b-c)a!—b\ 

9. iB{a-b) + c^=cx+(a-b)\ 
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10. 2a?(a+&)-3a5=a(2a?-&)-&«. 

XX XX 

a ah 

-.n . r . fl^Cic— o) ^ ,. x—c x—a 1 ,, » 

13. x-^b-h—^ — ^=0. 14. !:—=-(&-<?)• 

a a^ 

15. (a?-a)«-(a?-5)2=(a-&)2. 

16. 2a(a?-c) + (a?-a)2=(a?-c)2. 
17 {x-^ (a-hf a^ 

la ^(^-a)(^-5)=|(^-a)«+i(^-&)«. 
20. 



X'-a-¥h x+a—b x-a-b' 



22. x{x-a)-^2{x-a)(x-b)-'Z{X'-b){X''C)=0. 
x—a a?— 2a ^— 7a x—Sa 



23. 



^-2a a?— 3a a?— 8a ^— 9a 



x+a . a?— 8a a?— a . x-^Ga 
a?-a a:— 10a a?— 3a a?-8a' 

26. ^-— = aa-6«. 26. &a?-f =a+i-a?-?>. 

bx ax b a 



27. 


X X _a b 
a 6 6 a 


2a 


a«-6 . x+ae 

ha— ^ • 

c e 


29. 


a? , « _ a 
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^^ x-a . x—h X a^b^e 

30. -x— + = - + . 

c a c 

31. Jx-^3a^—Jx=<i. 32. Jx'-a^Jx-b^tJh^iJa, 

33. iyaiT-2a6+jy<M?+6«=2a+&. 

34. Jx+a=l'htJx—(B. 

25 <^^~g 5-g a+5-2c 
2&+a? 2a+«*a+6+^* 

3$. (M;+5^=a5;;9+y=a. 37. a«-5y=a5; «-8r=&. 
3a aa?+^=c'; a?-y=c. 39. »-y«a; aa?+5y=0. 

42. - + ^=1; x-y=e-d. 
c a 

43. ^ +^-a+&, 3^ + ^-3. 

44 (a+d)d:-(a-6)y=2ft; x+y~Z 

.-111111 

45. -+- = -: = -. 

a y a* X y b 

46. - + -=2; =— :nr- 

X y X y aib 

X y » y 

48. ax-cy=<?\ ? + ??=2. 

49, a?+y+24r=B3«; 2«-y+j8f=e6; 34?+2y-;2r=6a. 

60. tf+22^=a; 2d?+4;8f-3a; 4y+54r=s5iR 

D. A. 7 
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61. ax + bp=ab; iby+Zcz-2ac; 4eZ'h6ax = l0bc, 

62. lx-\-my-hnz=:mn-¥nl+lmA 

{m-n)x-\-{n-T)U'^i}'-'m)z=0.] 



CHAPTER XVI. 

Quadratic Equations, 

67. W^EN a quadratic equatioQ is to be solved in the 
ordinary manner, it mast be simplified until it has for its 
first term the square of the unknown quantity with a 
positive sign and with unity as its coefficient \ and in the 
second place the term involving the first power of the 
unknown quantity : on the other side of the equation miut 
be the plain tenn. Then complete the equation by squaring 
half the coefficient of the s^ond term, and adding this 
square to both sides of the equation. Now take the square 
root of both sides and solve the equation thus obtained as 
in simple equations. (See Part I. Chap. XVII.) 

Ex. 1. Solve the equation 

gg+l ar-S _ 9+flg 

3(a;-3) 6+aj-aj«"2(a;+2)' 

First, arrange the terms so as to have descending powers 
of 0? in each expression : 

3 (a:-3)"aia-«-6" 2(35+2)* 
The L. c. n. is 6(a; - 3) (ar f 2). 

Hence the equation becomes 

2(a5+2)(«+l)-6(«-6)=8(a5-8)(«+9), 

2aJ» + 6a;+4-6a; + 80=8«*+18«-81, 
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a^+iai;=115, 
a^+18xr|-81=:196, 

S + 9=;kl4, 

0^=5. or -,%%^ Ans. 

68. When an equation has been reduced to its simplest 
form, it may be solved more quickly by writing all the 
agnificant terms on one side (with zero on the other), and 
resolying this expresrion into its factors: since the product 
of the factors is zero, the equation must be satisfied by 
either factor being made equal to zero, and thus we shall 
at once obtain the required yalues, 

Ex.2. flolTe 5Z2+ * =8. 

»+2 2as+3 1^ 

The equation may be reduced to the form 

29a!»-41«- 138=0. 

Besolve into factors and we obtain 

(a -8) (29a; + 46) =0. 

Hence we may haTC either 

aj-8=0, or 29a;+46=0; 

46 
.% x=3, or -^. Ans. 

69. The student will find that there are many artifices, 
which will assist him in the solution of quadratics, but 
familiarity with them can only be obtained by considerable 
practice: the following examples will suggest to him some 
of those most frequently employed. 



Ex.8. 


Solve 




Ax' 


X 








Since 2 


is a 


factor 


in all the terms, 


we 


divide by 2, 


and 


thus haye 

« 


• 




2^- 


-5=8. 

X 




7-2 
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Now multiply by x ; 2as* - 5 = 8a», 

2«»-3a;-6=0, 
(2«-6)(as + l)«0; 
•**«=^, or -1. Ans. 

Beduoing the fractions to mixed qoantitiesi we haye 

9 8 18 

«-2"*"2(»+l)'" 4* 

86(»+l) + 6(0-2)«:18(«-2)(x+l), 
42fl;+24==lda^-18«-26, 
,13a«-65«-50=0. 
(18a;+10)(«-6)=0; 

- 10 . 

.•.0=5, or -=^. Aiur. 

Ex.5. Solve 2aB*+2a;+iy4aB*-20x+25s8x-hl. 

In any equation inyolving a root as this does, the student 
must first ekamine the root to see if the expressicm under it \b 
a perfect square ; if it be so, he must take its square root, and 
proceed to simplify the equation in the usual manner. In 
this example we have 

2«'+2fle+2ii:-5tt8x-(-l» 
2««-4a5-6-0, 

«»-2«-3=0, 
(a;-8)(«+l)=0, 

xs=3, or-1. Ans. 
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Ex.6. Solve 4x*-10a;-86-2,ya^-7«+14=:4(«+50). 
By traoBpofiition we haye 

4aB^ - 14aj - 2^/2a!^-7a5+U= 236, 

2a^ - 7« - ^/2a«-7aj+14=118. 
The termB at the heginning of the equation mtist now be 
made the same as those nnder the root ; we therefore add 14 
to both sides of the equation, 

2a^-7aJ+14-V2a!^-7«+14=132. 
Let 2flB^ - 7»+ 14=2*, and the equation becomes 

««-2«132,. 
fromwhidh «=12. 

Henee, 2fl«-7a:+14(»i8>)»14^ 

3^-.7s*180a0, 
(^*lO)(a0+ld)=sO, 

aeslO, or -6). 

Ex. 7. Solve fJ^rpf+J^nT=7. 

In this equation we might square both sides just as they 
stand, but when there are only two roots, it is generally better 
to separate them by removing one of them to the other side. 

Thus ^3»+7■=7-^/2fl5+3. 

Square both sides; 8a;+7'49-14j^2a;+3+2fl;+3, 
transpose so as to leave the root alone on one side, 

«-45s=-14,J'S+8, 
again square t^ -90x +2025^196 (2x^B) 

=392i+588, 
«*-482dB+1437>^0, 
(»-8)(«-479)*0, 
/. «a8, or 479» 
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U these valnes be substituted in the original equatioa, it 
will be found that the latter yalue requires that the negative 
sign be given to the second root : hence we give as the solution 

ar=8. 

Ex.8. Solte ^2x«+ 7a; + 3 - iJ2x*+ 5x- 2 = 1. 

^his equation may be solved in the same manner as the 
last, but it is better to proceed as follows : 

we know that 2»*+7a;+3-(2a5«+6a5-2)=2a;+5, 

now divide each side of this equality by the corresponding 
expression of the given equation : then 

add this to the given equation, and we have 

2^2x>+7aj+3=2a5+6, 
^2a;*+7flJ+3=aj+3, 
2»« + 7a;+3=ac»+6«+9, 

»3+aj-6=0, .- . 

(a;+3)(a;-2)=0i .^ , 

a;=~3, or 2, 

The negative value vdll be found inadmissible, and wd 
have Of = 2. Ans. 

Ex. 9. Solve - . — - ^f^ = ^. ^ — - . 

^x+5 + ^Jx ^2aj+l+2 

The solution of this depends upon the proposition, that if 

a c ., a+h e+d 
ys=3, then — £= — :^; 
b d' 0-6 c-d 

or in other words, if two fractions are equal to each other, we 
may form a new equation by taking Hie sum of the numerator 
and denominator on each side for new numerators, and taking 
their difference for new denominators^ 
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Thus we obtain -^^^r- = -r — , 



. ae + 6 2a;-f 1 

4a;+20=2a;^+ac, 

2a^-3«-20=0, 

whence x^A* Ana. 

16 
Ei. 10. Solye a5*=^+6. 

BemoYe fractions and transpose; then 

Since the first term is the sqoare of the unknown quantity' 
in the second, we can proceed by the ordinaiy method of 
solying a quadratic, ^ being treated as the unknown quantity ; 

aJ»-6«» + 9=26, 
a?-3=±5, 
.'. a^=Sf or -2. 

Hence the only real yalue of as = ^8 = 2. Ans. 
Ex, 11. Solve 2a5« --!=«*. 



Multiply by xi; then 2a;*- 1=05^ 



5 



5 (C? 1 . 

Let 05^=2;, then 'xi=z*, 

hence *'"a~2* 

whence 2=1, 

• ,'. «4=Br, and «=!. Ans. 
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Ex. 12. Solve 8»+«~9*+486 Jo, 

9»»=(3«)«=3««. 
By substituting these values, we have 

9.3*-3»*:5:-486, 

3»-9.3*=486. 
Let 3«= « ; then «« - 9j2 = 486, 

whence . 2=27 or -18, 

.-. 3* =27, 
but we Imow that 3'=27 ; . 

.-. 3*= 38, 
.*. «is3, Ans. 

EXEEGISE XVL 

Solve the following quadratic equations ; 
1. 3«2-18d?=48. 2. 2af2=36^-90. 

a i»2=,3^+iQ^ 4^ ^-f=84. 

6 

« 

5. 60^2-3^+1=0. 6. 12a^-2a?=10. 

5 

4^ 6 

7. a?+-=4. 8. 3^=- + 104. 

10 R 

9. a?---3=0. 10. a?-94=-. 



8 ,0 20 

op—Z ar — 6 
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ar-4 2«-7 

1& 3«-2-^+a?+7. 16. 5^=a^-7. 

17. (2ar+l)(a?+8)=:27. 18. 3(2ar+l)(3ar-2}»4. 

19. 2(;i?+4)(4i?-9)=7«. 20. 2a?(«?+2)=(3«-2)», 

21. 2a?(a?+4)-(a?+2)(«+3)=2(3a?+2), 

22. 3(a?+4)«-2(a?-l)(a?+3)=s2(24!»+l), 

^ «+l"'"^^«+2' 
^ 2^33+531*5- 

^^- i+2fl; r:2i~ ^- 

2 2 

'2- 6;;^+2^^=H. 



28. 






25. 


16 1 
2aj * a?-3* 




27. 


«-3 a?+4 




29. 


a?+4 2«-7 '" 




31. 


8 10 1 
3a;+6 2jr-l 6 


• 


33. 


3^3-sh- 


0. 


35. 


^ I ^-31 




2(a-+l) * 2a?~'^*' 




37. 


6 8 


2 


6(a?-l) 6(a?+l)' 


"3- 


3a 


6 7 


I 


6(a:-2) 3(a?+l) 


■4* 


39. 


^1^1 = 

a?-7 3(4?~9) 


=0. 



«j4* 



5 3 1 



&0+2 «+l 2* 



^^- 3^:iT)~2S=^*- 
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__2 6__ 1 

^' 3(a?-4)"'4(a?-2)'^i' 

.. 2g! + l . 4a?+2 6d? + 5 2jy+5 _ 

^^- 5:^*2^::5=^^- *^- 3JT4+ra-^- 

a?— 1 a;— 3 ^-3 a?+6 

• > 

ag-7 2^ _A. Ao a?+2 __^j:4 _g 

*^' 2a?-5 ^-7 ""15* .3^+7 4a?+9 .6* 

2a?~3 _ l-5d? B ^ 5a?+2 1 ^ ag+5 

*^' S^^2a?+3"" ®' 2;c + 5 20 3(a?+2) ' 

2j?--1 2 5 „ 4^ ^-5 _ 4a? + 7 

^^' .35+T'^a?-6""7' 9'*"iC+3 19 • 

63. aj2-6a;+12+ ^/a:« + 6il?^-9=6. 



64. 2aj*-9- /v/4^+4^+T=3a?-7. 

65. 3aj2-7-2N/^^^6S+9 = 3+9ir. 

66. 1a^-a-6s/x^+4x-\-4:=4x + 1. 
67.* a?2+6a?-- 10 + 2^^^ + 6^+2 = 12. 

68. ^•-4i»+2/s/^^^+7 = l. 

69. «2_4,.+e+4N/ii?*^-7ir+ll=3iF. 

60. 2:B8-2a?+6s/ii^-.a?+7=22. 

61. 3a?-2>/^?+3^T9 = 26-«l 

62. 2«8+7a?-31=a?+^/^+3a?+7. 

63. «*-3^/a;"-3a?+6=3d?-2. 
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64. ,2«2-a:+14-llN/2d?'-3^+16 4-30=2(a?-l). 

65. V3aj«-7a?+9 + 3(«*+3) = 7(a?+8). 

ft 

66. Jx^+8x=3, 67. n/4^+9 + 4«='21.' 
68. a»-3,/F^"8=26. 69. J^p+Z-^Jx^^Z. 
70. ^/a?+2+^/3a? + 4=a . 71, Jx+i'^J^=*I. 
72. ^/2;c-3 + ^/4a?+l=^/6a? + 2a 

73 ^/2a?»+l-^//g'~3 _l ^ 3^+2^^^ ^ 

• . . . _ ' ■ 

6^-3V2a:»+9 a+^2ax-a^ »-« 

80. V2a:*+7-N/2a?2-«+l = l. . . 

a. N/4«2+6ii?-9-2^/a;a-a?-4 = 3, 

82. ^/^+3i+^/^+^+2=^. 

83. 3^/a^»+5-^/9a?»+4il?+5=2. 

84. a?*+7«'=44. 85. «8-66=a?3, 
86. a:5=9ir*-8. 87. 3:r=4a?4+15. 
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88^ ^i-J5^ + l=0. 89. e«-«=5«ri»l. 

90. ar-i+S-i*-*. 91. «-«+8=9«~l. 

"''' 3a— &> 4 tnx+a nx+a pai+a 

96. ^*'-2^«=32. 97. 3*'-2x3"'^>+81=0, 

98. 4«-3x2«+»+80=0. 99. 3"+i+9*=81d. 

a?+3 6a?— 3 ^, 
100. 9--3-*i=63ia 101. ^-5 + ^j-^=7i. 

102. <4ay-3)(6«+7H41(a?-2)=(3a?+2)(7«+12)-97. 

^c'+l a^— 1 ^ 

103. aj»+«8=4«+4. 104 ^Ifx+^Tl'^^* 

a:+2 4-a? «, ,«^ /^TTT^q./^^ ?i 



^e-l 2;v 



'=2i. 106. ^2a?+l+2V«=-^=j. 



3 2 _ 1 

^^'^^ ar'-2a?+3"'«*-2ii;+2''W 

lOa «8+8«^-9a?=0. 109. ^-8=4(«-2)(«+7X 

110. ^•-6«'+10«"-3a?=i^ 
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CHAPTER XVU. 

ThXOBT of QVAD&AXIO EQ(7ATtO>8. 

70. To ihem that a quadratic eptoHan eanmci have 
mare than two roots. 

Let aa^+&i?+c=0 be a quadratio eqvatioiiy and if 
possible let it have three roots a, p, y. 

Then sabstitnting these Tallies for x^ we have 

oc^ +60 +c=0 ..••(!)> 

a/3*+ftp+c=0 (2), 

ay*+&y+c=0 (3). 

By subtracting (2) from (1), 

a(a»-j3«)+ft(a-/3)=0, 

and diyiding by a— (which by the supposition is not zero), 

a(o+/3)+&=:0 (4). 

Similarly by subtracting (3) from (1) and diyiding 
by o-y, 

a(o+y) + ft=0 (5). 

Now subtract (5) from (4% and we obtain 

aiP-y)=0. 

But a is by supposition not zero; hence we have 

/3-y=0, or /3=y, 
i.e. the equation has not three roots. 

71. When the roots of an equation are given, the 
equation itself may be formed as foUows : suppose a and b 
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are giyen as the values of a; in an equation; then x=a 

or ft; 

,% jp-a=0, or d?-ft.=0, 

if then wq vrite (^— a)(^— ft)=0 we evidently have a 
quadratic equation which is satisfied either by having 
a^a—Oora—h^O, ie, a!=a,oraf=bi hence the required 
equation is 

or s^—aaf-bx+ab^O, 

Ex. 1. Fopn. the equation whose roots are 6 and -7. 
We have a5=6 and a5=-7; 

,«. »-6=0 and a;+7=0. 

Hence the required equation is (a; - 6) (as + 7) = 0, 

or «'+a;-42=0. 

Ex. 2. Form the equation whose roots are 

6, - 1} o } and 0. 

We have a;=6, x=-l, x=j:, ora;=0, 

hence the equation must be 

. .?.(?-6)(x+l)(2x-l)=0, 

2»* - 22«' _ 14a?+ 12a;=0. Ana. 

72. In any quadratic equation x' + px + q = ^A^ mm 
^ifjths roots is equal to — p, and their product i> eatud 
to\. 

The equation may be written 

s^-^px^ — q, 
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Let a and ^ be the roots, then 

' * * * 

and „^=£'-E!=i2=,: 

' ■ * 

73. A quadratic equation x2+ px + q = p toill have two 
real and unequal roots, two real pid equal roots, or two 
impossible roots according as]^is >, =,or <4q. 

If a and fi be the roots, we have by the last section 

hence if p^>4q the quantity under the root is positiTe, 
and the values of a and fi are real and unequal : 

ifpa=4^, thena=:-|, andi8 = ^|, . 

i. e. the roots ore real but equal : 
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if jo^<4gy the quantity under the root is negatiyOy and 
both roots areimpoBsible. 

The above shews that if one root of a qaadratie equa- 
tion is real, the other mnst also be reaL 

EXEROISB XYIL 

Form equations with the following roots : 
1. 2; 4. 2. 7; 9. 3. S; ^. 

4. j;100. 6. -2; -7. 6. -1; -8. 

7. -2; |. a -i; -15. 9. 3; 4; 1. 

o o 

10. 2; -2; 3. 11. 7; -1; |. 12. 0;|;|. 

13. -2;0;4. 14. |;*-|;-6. 16. 0; 2;-2;4. 

16. 7; 0; 1; -1. 

17. Determine the som and product of the roots of 
the equation oj^ —l^x^ ka\ 

18. If k and I are the roots of the equation 

&i?«-12»+2=0, 
find the value of A^'^- ^, and of k—l 

19. If a and /3 are the roots of aa^+^+c>=o, find the 
value of a"+/3«, and o'+p'. 

20. If a and J3 are the roots of cu^-^bm+c^O, form 
the equation whose roots are - and ^ . 
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21. If a and ^ be the roots of the equation 

form the equation whose roots are af-rP^ and — (a-^)'. 

22. If a and/3 be the roots of aa?^+ft;i?+c=0, prove 

that the equation whose roots are -§ and - will be 

P a 

a^+ a?+l=0. 

ac 



CHAPTER XVIIL 
Simultaneous Equations involyino the second power 

OF THE unknown LETTEBS, 

74. There are various methods for the solution of 
simultaneous equations of an order higher than the first ; 
definite rules may be given for some of them, but there 
are others which require a combination of methods, and 
the student can only learn to solve them after considerable 
experience. 

75. I. If one of the given equations is of two dimen- 
sions and can be divided by the other, the now equation 
thus obtained must be combined with the more simple of 
the original equations ; the solution will then be effected 
as m simple equations. 

D. A, 8 
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Ex.1. Solve aj«-4y*=33;«+2y=ll. 

Divide the first eqaation by the second, and we obtain 

a;-2yx3y 

but a5+2y=ll, 

. •. by addition 2a! = 14, 

x=lt and y«2. Ans. 

76. II. If tbe product of the unknown quantities be 
given, and also their sum or the sum of their squares, the 
equations must be so combined as to determine the 
difference of the quantities ; similarly if the difference be 
given, the sum must be determined. 

. A similar process may be employed when the sum or 
difference of the quantities is given as one equation, and 
the sum of the squares as the other. 

Ex.2. Solve 9a«+y«=25; ajy=4. 

The first expression may be made a perfect square by 
adding to it %xy, which from the second equation is known 
to be equal to 24. 

Thus . 9a}«+6ajy+y33»25 + 24=49. 

By taking the square root, 3a;+y = ±7 (1). 

Again, subtract ^y from the first expression ; then 

9a;2-6a^+2/»=25-24=l, 
By taking the square root, 3a!;-y=±l (2). 

Add (1) and (2) ; then ^x-^^ or :t 6, 

,-. a; = ±5 or ±1, 

^ > km, 

andy = db3 or :k4. J 
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Ex.3. Bolye s^slO; 2«+3y=16. 

Out objeot must be to find the yalne of 2» - 3y ; to obtain 
tMs, sq^oare the second equation ; then 

from this snbtract 2^ =240, 

hence 4aj«-12ajy + 9y'=16, 

take the sqoare root 2a; - 8y s db 4, 

but 2a5+3y=16, 

.% 4s«j=20 or 12, 

%—h or 3; and v=2 or -^. Ans. 

3 . 

77. III. When neither of the above methods is ap- 
plicable, we oan sometimes substitute in the less simple 
equation the value of one of the letters determined from 
the other equation. 

Ex.4. Solve 2«'+a:y+y»=8; 2aj+3y=8. 

From the second equation we might find the value of x and 
substitute in the first \ but as this would involve a fraction, it 
is more simple to multiply the first equation by 2, so that 

Now 2we=8 - 3y, and substituting this value, we have 
(8-8y)8+(8-3y)y + 2y«=16, 
64-48y+9y2+8y-3y«+2y2=l6, 
8y'-40y+48=0, 
y«-5y + 6=0, 
y=2 or 3, 
1 



and 05=1 or -^ 



Ans. 

8—2 
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78. IV. A method similar to that in I. may be era- 
ployed, even ivhen one of the equfttions is of more thian 
two dimensions. 

Ex.5. Solve aj^+8y»=36; aj+2y = 6. 

Dividing the first eqoation by the other, we obtain 

jc*-2iBy + V=7 (3). 

Then by squaring the second equation 

x«+4a!y+4y»=26 (4). 

Subtract (3) from (4), and wis find 

6a^=18 or xy—Z, 

Now, since x+2^ is given, our object is to determine tlie 
value of x-2y'y to do this, we first obtain its square by sub- 
tracting 8ary (= 24) from (4) ; thus 

{B*-4ay + 4y'=l, 

a5-2y = ±l, 

but »+2y=6, 

.'. 2a;=6 or 4, and a; = 3 or 2, ) . 

- 11 f Ans. 
y=l or IJ. ) 

Ex.6. Solve a;+y=6; a:«+y5=276. 

By dividing, we have a:*-a^-f-a^y*-a5y'+y*=56, 
also, by taking the fourth power of the first equation 

»* + 4a58y+6a:V +4332^+2^=626, 
Lence, by subtracting, Sic'y + ^xhf^ + Sjcy" = 670, 

ay(«*+ay+y^-114, 
but by squaring the first equation 

a{» + 2iBy+2^«=26, 
ai"+ay+y*=26-a^; 
substitute this in the last equation, and we obtain 

a^(26-ajy) = 114. 
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SoWe this as an equation with xyior the unknown qtumtity, 

a!y-26a:y + 114=0, 
(«y-6)(a:y-19)=0, 

«y=6 or 19, 
but flB^ + 2a5y + y*=26, 

hence af*-2a?y+y'=l or -61, 

os-y = skl: 
(the other root would produce impossible values. ) 
Now a5+y=5j 

.*. 2«=6 or 4, .*. a5=8 or 2, > . 

J Ans. 
y=2 or 8. J 

79. Y. When all the literal terms of both equations 
are of two dimensions, the solution is effected by writing 
one letter as a multiple or measure of the other [x^vy) ; 
then diyiding one equation by the other, we shall obtain 
a new equation containing only the unknown multiple or 
measure : when its value is found, we can determine the 
unknown quantities from either of the given equations. 

Ex. 7. Solve 2a;*-a!y + %'=78; a^+4ajy+2y«=119. 

Let x=vy, and divide one equation by the other, then 

2tyV-t?y'+3y* _ 78 
t;«y«+4V + 2y«""n9* 

Bemove y* from numerator and denominator, and the 
equation becomes 

160r«-431r=-201, 

. 3 67 

whence r ^' 32 ' 

••• ^-5 32 • 
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Bubstitnting this yalne of as in the first equation, we obtain 



9 OK 1024 

82 1 



82 

Ans. 



67 
and ie=±3 or A , , 

s/l27 

80. The aboYO are the most common methods of solu- 
tion of equations of this kind, but the work may often be 
shortened in various other ways, such as resolving the 
equations into factors, or combining them by addition or 
subtraction either as they stand or after multiplying one 
or both of them, and so on. We need not do more than 
offer these suggestions; the student will learn from 
experience when they are to be applied. 

EXEBCISB XYIII. 

Solve the following Simultaneous Equations : 

1. aj2-ya=80; a?-y=8. 2; 4a^-9y»=7; 2a?+3y = 7. 
3. ii^+a?y=6; a?+y=3. 4. aj'-a!y=26; a?-y=5. 
6. 3;r-6y=10; 9^-262^=200. 

6. 4(a? + 2y) = 12; i»8-4y«=33. 

7. 8a?+182^=42; 16j?2-81y«=63. 

8. 49aj»-9y2=187; 21^-9y=61. 

9. aj2+y'=61; ajy=30, 10. a?+y=17; a?y=72. 
11. «y-27; a?-y=6. 12. ajy=8; 3a?-y=10. 
la 4^+y=13; ajy=3. 14. 5;p-2y=26; ay=12. 
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15. 7a?-10y=18; djy=4. 16. aj*+y*=26j «+y»7. 

17. a?+y=5; iB*+y*=13. 18. «-y=2; «'+y"=34. 

19. «*+y2-,5Q. ^^y^Q 

20. a?~2y=2; «2 + 4y»=i00. 

21. «-3y=l; «»-2a;y+9y*=l7. 

22. flj«+a?y+4y2=64; «-2y=2. 

23. a?4.y=:4; 2«2+3y*=21. 

24. a?+2y=4; 3«2+yS=,i3. 

26. 3iP-y=6; «2-2ajy+3y*=3. 

26. 2a; + 3^=4; 6^+3a:^=120. 

27. &»+y=3; 2aj»-3a;y-|/*=l. 
2a 2«"-6icy+3y*=0; 5y~2a?=4. 

29. «*-2j/»=71; «+y=20. 

30. 7«'-&»y=169; &» + 2y=7. 

31. 2a? + 3y=12; 7a?y-44;»=6. 

32. «»-a:=6y«; a;«=21+y«. 

35. J(«+y)=|(^-y); ^ + 2(;»-y)»=79. 

36. «'+y»=9; a:+y=3. 37. a?+y=s6; d;'+^=126. 
38. «-y=3; «3-y8=117. 39. «5-^=208; a?-y=4. 

40. «'+8j/»=91; a?+2y=7. 

41. 27«»-y'=U9; 3a?-y=l. 
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42. 8;»3^125y3=91; 2^-.6y=L 

43. 27ii?3-8y3=1612; 3«-2y=6. 

44. ^+y3==7(^^y)^3^^ 

45. «34.2^= 126 ja^-ojy +2^=21. 

46. ^+^+^2=7. ^.y8^3g 

47. 8^-y3=9; 4aj2+2aJ2^+y2^3^ 

48. 27d?3+8y3=91; 9;»a-6^4.42^^13, 

49. ;i^+y5=33; ^+y=3. 50. a;*-2^=242; a?-y=2. 

61. ««-32y«=211; a?-2y=l. 

62. 243a:«+322/fi=781; 3^ + 2y=l. 

63. a?-3y=l; aj6-2432^=781. 

^ 32 ' ^ /'~2* 
66. «2+ajy=20; a?y4-y«=5. 
56- ^-^=3; 2^-^= -2. 

67. ^2 + 3^y^4Q. 4y2^^^g^ 

68. 9a?2 + 2y2=68; 6;U2^-2r*=32. 



60. 



^ . y 



62. J + l^=12;i+l = l. 

63. 2^ + 6y=4; \2a^ + b^:=:.l^, 

64. a! + 4t/=l2; ^-12^2^97. 



67. 
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* 

65. 05^+^=4^-2,) gg ^=4(2y-l);a^=2(;r-l). 
y2+a7y=4y-l.) 

a?(a?-y)=2flw?-2%-45(a-ft),l 
y(a?-y)=2ay-2fta?+46(a-6).J 

68. aj*-»-2y«=y^+2;2riJ?=a,) 

x;*+2^=c.j 

69. a? + y-ajy=l; 13^-a>*-y'=29. 

70. a^^xy=Z]^-OBy\ 4a^+6y»=9. 

71. 447*-3a:y=10; 2a;y+5y*=16. 

72. 3^ + 4ay=36; 2iB8 + 3y'=35. 

73. a^-2a^=21; ajy-»-j^=18. 

74. 4aj8 + 7^=58; 6y^-xi/=^S9. 

75. a^-Sa^-U; 4y8 + 3«y=26. 

76. 3a^-ajy+2y3=36; 2ar«-3y2+i^=0. 

77. 4ajy + 6y' = 33; ^+2iry + 2y8=13. 

78. Za^+2xy+y^=4:a^-'a!y-Zy*=S. 

79. aj»-fl?y+y*=7, ^+«^'+y*=133. 

80. a?2-j^=24; a:3-ajV-^'*+y'=96. 

81. a?-y=2; a?(2i!?+y)=40. 

82. (af-y){w-2y)^5; 2^+y=10. 

83. «*+y*-^-y=78; ajy+a?+y=39. 

84. ««(a?2-^l) + y8(y2-l)=84; «2 + a?2^+y2=49. 
^. y(y+l)=14-a?(i!?-l); a?y=4, 

86. a?2+y«-a?V--^+2;»y=3, ) 

a^(y+2)+a?^(a?+2)=20.| 

icy — (^ = ;2f (a: + y - jf). 
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CHAPTER XIX. 
Fboblemb PBODvcma Quab&atio Equations. 

81. Ex. 1. Find two nnmbers sach that the siun of their 
squares exceeds twice their product by 9, and the difference 
of their squares is 61. 

Let X and y be the numbers; 

then a5«+y«=2ajy+9 (1), 

«^-y«=ol (2). 

From(l) a5»-2jry+y«=9, 

Divide (2) by this ; 

a5+y=17, 

,•. 05=10; y=7. Ans, 

82. Ex. 2. A furniture dealer bought 10 tables and 30 
chairs for £67. 10«. at such prices that for £16 he got 7 more 
chairs than he did tables : find the price of each. 

Let X be the price of a table in £8, 

y chair 

then 10x+dOy=67i .......(1). 

li? li> 

Now for £15 he would haye got — tables, or — chairs, 

^ X y 

V. 16 16 ^ 

hence — = 7 (2). 

X y ^ ' 

From (1) 20x= 185 - 60y, 

4aj=27-12y (8). 
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Multiply together (2) and (8), 

60=(27-12y)(^-7). 

60=— -180-.189+84y, 

843^-429y+405=0, 
28y»-143y + 136=0, 

(4y-6)(7y-27)=o, 

6 27 

the latter yalae wotild make x negative, the former yalne gives 

as=8. 
Each table cost £8 ; each chair £1. 68. An8. 

83. Ex. 8. Find the price per dozen at which eggs are 
selling when a reduction of Id, per dozen will give 6 more for 
half-a-crown. 

Let X pence be the price of 12 eggs, 

*v. * OA I. 1^ V 80 X 12 / 860\ 

then for 80 pence we should buy ( = — ) eggs j 

X \ X J 

when the price is as- 1 pence for 12 eggs, we should get 

S60 , o^ 

— :t eggs for 80 pence : 

85—1 

S60 360 . ^ 
hence — r= — +6; 

OB - 1 X 

,\ 860a; =36005-360 +6*^-505, 
5«»-6aj-860=0, 
aj«-a5-72=0, 
85=9, or -8. 
Hence the price is 9^. per dozen. Ans. 
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84. Ex. 4. Determine the percentage whioh is being 
charged, when the difference between the amount at simple 
interest for one year and the present value for one year is to 
the principal in the proportion of 38 : 272. 

Let P represent the number of £s in the principal, and 
X the rate per cent. ; 

then the amount at the end of the year is 

Px 
^100 

_p 100 -fa; 

"^•"loo"' 

also the present value for one year 

lOOP 
"iOO+je* 

hence we have the equation 

100+« loop .»..o3. 272 

(100+g;)»-100« ^ 38 
100(100+aj) 272* 

aOOg+g* _83 
26(100+a;)"*68* 

68a;H 12775* -82500=0. 

(4aj-25)(17«+8800)=0; 

.*. 4a!=25, oras=6i. Ans. 

EXSRCISB XIX 

1. Find a number such that the double of its square 
iuoreased by 21 is equal to seventeen times the original 
number. 
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2. Fiud two numbers whose sum is 72, and the sum of 
their squares 3744. 

3. There is a certain number, the cube root of which 
is one-third of the square root : find it, 

4. The difference of two numbers is three-eighths of 
the greater, and the sum of their squares is 356 : find 
them. 

5. The sum of two numbers is eight times their differ- 
ence, and the difference of their squares 128 : find them, 

6. Find two numbers such that their product is 24, 
and the sum of their squares 577. 

7. Tind two numbers such that their product divided 
by their sum gives 3 as quotient and 3 as remainder, while 
their sum divided by their difference gives 3 as quotient 
and 2 as remainder. 

8. There are two numbers such that the square of the 
greater divided by the square of the less gives 5 as 
quotient, and 4 as remainder ; while the square of the less 
divided by the greater gives 1 as quotient and 2 as re- 
mainder : find the numbers. 

9. The product of two consecutive numbers is less 
than double the square of the greater by 132 : find them. 

10. Find the number whose square added to its cube 
is nine times the next higher number. 

11. What is the number consisting of two digits 
whose product is 12, such that if the order of the digits be 
reversed, the number is increased by 36 ? 

12. The two digits of a certain number differ by 1, 
and their product is o.ie-fourth of the next higher number : 
find the number. 
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13. Determine the length of the side of a square 
such that the number of square feet in its area exceecU 
the number of linear feet in its perimeter by 12. 

14. The perimeter of a rectangle is 34 feet ; if its 
length were increased by 4 feet, while its perimeter re- 
mained unchanged its former area would exceed the 
double of the new area by 6 square feet : find the original 
length. 

15. If 3 yards be taken from one side of a rectangle 
whose perimeter is 14 yards, and added to the other 
side, its area is doubled : find the lengths of the sides. 

16. 2120 soldiers are drawn up on a square piece of 
ground ; the men in front are 4 feet apart and the ranks 
are a yard apart : how many ranks are l^ere ? 

17. The forewheel of a carriage makes 6 rievolutions 
more than the hind-wlieel in 120 yards, and the circum- 
ference of one is a yard less than the other : find that of 
each. 

18. A and B started on velocipedes at the same time, 
^ to go from Windsor to London, and B from London to 
Windsor. A reached London 2^ hours, and B reached 
Windsor 1 hour, after they met In what time did each 
perform the journey ? 

19. A man starts from the foot of a mountain to walk 
to its summit His rate of walking during the second half 
of the distance is one mile an hour less than his rate during 
the first half^ and he reaches the summit in 4| hours. He 
descends in 3^ hours by walking at an uniform rate, which 
is one mile an hour more than that during the first half of 
his ascent Find the distance to the summit and his rate 
of walking at starting. 
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20. A water-butt reodves the rain water from two 
roofe^ and during a steady rain it is observed that the rain 
from one roof alone would fill the butt in 4 hours less than 
that from the other : it is filled by both together in d| 
hours. In what time would the water from each alone fill 
the butt ? 

21. In laying down a croquet-ground, I receive bills 
for 252 square yards of turf, and for 64 yards of wire- 
netting with which it is enclosed. What are the dimen- 
sions of the sides of the ground ? 

22. A man bought 7 photographs and 12 prints for 
£50 ; he bought 3 more photographs for ;£10 than he did 
prints for £6 : what was the price of a photograph ? 

23. The price of four first class and five tiiird class 
tickets between London and Edinburgh is £22 : also for 
i66 the Company will sell 19 more third class than first 
class tickets : determine the price of a first class ticket 

24. A man sold 6 sheep and 8 calves for ^30 j he sold 
2 more sheep than he sold calves for ^20 : what did he 
receive for each ? 

25. What is the present price of wine per dozen when 
since the price was lowered 10 shillings per dozen, we get 
6 bottles more for £o 1 

26. How many apples are sold for Is, when by giving 
4 more for 6d, the price is reduced by Sd. a dozen ? 

27. At what price are eggs selling when an increase 
in price of 2d. a dozen will give one less in a shilling's 
worth? 

28. Find the price of meat when if the price were 
raised 10^. per stone of 8 lbs. you would get 2f lbs. less for 
a sovereign. 
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29. A man divided his property £9207 into two parts 
in the ratio of 176 to 165, one of which he placed out at 
compound interest and the other at tlie same peroenta^ce 
at simple interest ; at the end of two years he found that 
the difference in their amounts was ^£1023 ; what was the 
rate of interest ? 

30. A man invests his money at a certain rate of in- 
terest for two years, and finds that he will get 1 per cent, 
more for it if he reckon by. compound interest than he will 
if he reckon by simple interest: what is the rate of 
interest ? 

31. What is the percentage at which money is bor- 
rowed when the difference between the amount at simple 
interest for one year and the present value for one year is 
to the principal as 51 : 650 ? 

32. A person divided his money into two portions, 
which when put out at interest at rates differing by 1 per 
cent, produced equal amounts of interests. If the first 
portion had been put out at the second rate of interest 
it would have produced £25; and if the second portion had 
been put out at the first rate of interest it would have 
produced £16 ; what were the rates of interest ? 

33. Find a number (less than 200) which is formed by 
adding all the products, taken two at a time, of three 
consecutive even numbers, it being given that of the three 
digits which compose the required number the last two 
are the same as the middle even number, 

34. A and B are towns situated 18 miles apart on the 
same bank of a river. A man goes from ^ to ^ in 4 hours 
by sculling the first half of the distance and walking the 
second half. In retummg he walks the first half at the 
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same rate as before, but the stream being with him he 
scqUs l\ miles per hour more than in going, and accom- 
plishes the whole distance in 3i hours. Find his rate of 
walking. 

35. A merchant having bought a quantity of wheat, 
foimd that fire-ninths of it was damaged. By selling the 
damaged and the undamaged portions at different rates of 
profit he made the same by each of them. His average 
profit being 5 per cent, what profit did he make by the 
damaged portion ? 

36. A person bought a certain number of shares, 
when they were at a discount, for £9900; afterwards 
when they rose to a premium of the same rate per cent 
he sold just enough stock to save him from any possible 
loss, and he then had 20 shares left ; what was the price 
be paid for them t 



D.A. 9 
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CHAPTER XX. 



CtJBE R00T» 



85. The method of finding the cube root of an alge- 
braical expresgion will be most easily learnt from the 
explanation of simple examples. 

£z» 1. Extract the cube root of Sx" + ZW + 54a; + 27. 

8ii? + 36aj» + 64a;+27(2a;+3 Ans. 

a»8 



6(»;+3 12»^+18a;+9 



36«s+54a;+27 
86iB»+ 64a; +27 



The cube root of the first term (Sec') is determined by in- 
spection, and placed in the quotient. We then arrange the 
work in colmnnS) regarding the giyen expression as the head 
of a third colmnn; in the first oolmnn we write the quotiad 
multiplitd 6^ 3, (2« X 3 = 6a;) ; in the second colnnm (which cor- 
responds to the column containing the divisor in square root) we 
write the square of the quotient multiplied by 3) {(2a;)* x 3 = 12«'}. 
To determine the next term of the quotient we divide the 
dividend by the term in the second column, which gives 3: 
this is used in four ways: (1) it is added to the quotient, (2) it 
is added to the first column, (8) the first column thus com- 
pleted is multiplied by it, and the result added to the second 
column, (4) the second column thus completed is multiplied 
by it and placed under the dividend. 



v. 
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87. The 8&th root of any expression is obtained by 
first finding its square root, and then the cube root of 
this square rooi 

88. When the cube root of a number is to be deter- 
mined^ the figures composing it are marked off in batches 
of three, banning at the right hand; the cube root is 
then found on i^ same principle as for an algebraical 
expression. 

Ex. 3. Extract the cube root of 438976. 

438'976 (76 Ans. 
343 

210 + 6 14700 + 1296 "95976 
=216 =16996 95976 



We mark off the last 3 figures, and proceed by trial to 
find the nearest cube number below 438 ; this is found to be 
7* (=343). For the dividend we have the remainder 95 fol- 
lowed by the other three figures 976. In forming the first and 
second columns, it must be carefully remembered that the 
figure 7 in the quotient stands for 70 ; hence the first coluxnii 
is 70 X 3 (= 210), and the second column 70' x 3 (= 14700). Bi- 
viding the second column into the dividend we obtain 6, which 
is placed in the quotient and added to the first column : 216 is 
then multiplied by 6 and the result added to the second ; lastly, 
the completed second column is multiplied by 6, and placed 
under the dividend. 

89. Ex. 4. Extract the cube root of 32157432. 

32167'432(318 Ans. 
27 



90+1 


2700 + 91 


=.91 


=2791 


930+8 


288300+7504 


=938 


=295804 



5167 
2791 



2366432 
2366432 



' I 
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It will be obseryed that in fonoing the fint diTiBor the 
quotient 3 is regarded as standing for 30 (not 800), beeaose the 
last three figures of the question are not then nnder con- 
sideration, and the figure 3 is in the place whioh has 10 times 
(not 100 times) the valne of the figure which is being deter« 
inined. 

90. When a part or the whole of the given number is a 
decimal fraction, the same principles apply as in the ex- 
traction of the square root: the first three figures after 
the decimal point must be taken together, and if less than 
three be given, they must be completed. by placing after 
them or 00, according as we have in the given number 
two figures or one. 



EZEBCISE XX< 

Find the cube root of 

1. a3+3a2a?+3(M^+aj». 

2. Sj^-V2x^-\-^-\. 

3. 27fl^-54a*^+36a»aj«-8;f3. 

4. 64a;3 + 4g^+12ajy*+y«. 

5. 125a8- 150a«& + GOa^fta- Sft^. 

6. .172ar^-4320;u»2/3+3600^-1000a?y. 
7.. I*6;c+16aj2-20i»3+i5a4_6^+ajj. 

g. 8a«-36a^+102a8-171aP+204a*-144a>+64. . 

10. 8-48aaj8+108aV-112«»aj«+64a*a;8-12a*«i9+a^aji^. 

11. 27a^-2'7i»V-46a?y+35a;V-f30«V-12a^-82/'. 

12. 64^12 + 240aw& + 156a?62 « 2350%* - 117a*&*+ 13oa^ 

"■276«. 
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13. 8a'-12a* + 30a + 23 4- 30a-i - 12a-« + 8a-*. 

14. fl^ + 6a?^y-i + 3a?*y-2 - 2Sa^y'* - 9«*y-* + 64a;*y-« 

-27y-«. 

16. a8-3a*6-»-3a*6-*+lla6-»+6a'6-«-12a*6-«-86~«. 

16. 27a?3-64a?V + 63aj^-44fl?M+21^^-6a?V+»*- 
Find the sixth root of 

17. a^ - 12ai04j2 + 30a^a?* - UOcfiafi + 240a*«8 - 192«2a^ 

+ 64«^. 

18. 7290?+ 1458a*d?+1215a*«8+640aV4-136aV+18aar' 

19. 729a^+729ai0;rt^-^aP«8+i|^aPaj5+^a*a?*+:^aV 

1 ^ 

•*■ 64"^ • 
Find the ninth root of 

20. aj0 + 9^+36^y8+84B8y3+126«y+126a;y+84By 

+ 36a?V+9a^+y*. 



Find the cube root of. 
21. 13824. 22. 46656. 



24. 531441. 

27. 804367. 

30. 1963125. 

33. 5735*339. 

36. 28*372626. 



26. 474652. 

28. 176616. 

31. 2685619. 

34. 14706126. 

37. 23887872. 



39. 866400829. 40. 268336126000. 
42. 141176*604743. 



23. 85184. 

26. 65860a 

29. 1226043. 

32. 1481644. 

36. 22*425768. 

38. 46118'0}6. 

41. 6890514616. 
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CHAPTER XXI. 



Ratio. 



91. Ratio is the relation which one quantity bears to 
another in respect of magnitude, the comparison being 
made by considering what multiple, part, or parts one is 
of the other. Thus, if we compare 6 with 3 we observe 
that it has a certain magnitude with respect to 3, which it 
contains twice; again, if we compare it with 2 we see that 
it has a different relative magnitude, for it contains 2 three 
times; in other words 6 is greater when compared with 2 
than it is when compared with 3. 

92. The ratio of a to 6 is usually expressed by two 
points placed between them, thus a : 6 ; the former, a, is 
called the antecedent of the ratio ; the latter, &, is called 
the consequent^ 

The fraction ^ also expresses the relation which a 

bears to t in resx)eet of magnitude ; hence the ratio a : h 
may also be written as the fraction ? , or vice versft. 

Ex. 1. What is the ratio of £1. 8«. 9d to £10? 

Bedncing one quantity to the fraction of the other, we obtain 

23 
r^TT ; hence the ratio is 23 : 160. 

93. To compare the values of any set of ratios, we 
express them as fractions, and by reducing them to a com- 
mon denominator determine the order of their value. 
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Ez. 2. Compare the following ratios : 

7:12; 4:9; 11:18; 8:4. 

rm. ^' V xx 7 4 11 8 

The ratios may be written j^, g, j^, ^; 

1* 21 16 22 27 

and these are eqnal to gg, gg, gg. jg. 

Henoe iheiT order of Talae is 3 : 4; 11 : 18; 7 : 12; 4: 9. 

94. Ratios are compounded by multiplying together 
the fractions which are equivalent to them. 

Ex. 3. Compound the ratios 7 : 15 ; 2i : 8f ; 3:2. 

7 2i 8 

The required result = r? x si x s 

15 Of 2 

7 10 8_1 
"'l6^36^2~6- 

Hence the compounded ratio is 1 : 5. Ansv 

95. Ex. 4. What number must be added to each tenn of 
the ratio 9 : 14, that it may become equal to 8 : 4? 

Let :c be the required number, then since it is to be added 
to both terms of the ratio, we haye the equation 

9+g 3 
14+aj"4' 

36+4^=42+8a;, 

9=6. Ans. 

Ex. 5. Two numbers are in the ratio of 8 : 5 ; if 5 be 
taken from each they will be in the ratio of 1 : 2; find them. 
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Let X and y be the reqniied niimben, 

^ rl w. 



y-6 2 



(2)- 



These eqnations become 52-8ysO, > 

2x- y=6, I 

from which we obtain x=lZ, 2f=25. Ans. 

96. A ratio is said to be a ratio qf greater inequality, 
of less inequality, or of equaiity, according as the ante- 
cedent is greater than, less than, or eqtuU to^ the con- 
sequent 

97. A ratio cf greater inequality is diminished and 
a ratio qf less inequality is increased by adding any 
quantity to both its terms. 

Let a : & be the ratio, and let a be added to both its 
terms so that a new ratio is formed, viz. a-^a : b^se. 

Now a : ftis > or < a+a? : ft+j?, 

according as =- is > or < -r , 

eras a(&+a?)is > or < &(a + a?), 

or as • od; is > or < bx, 

or as a is > or < b. 

In the same way it maj be shewn that a ratio of greater 
inequality is increased and a ratio of less inequality 
diminished by taking any quantity from both its terms. 
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98. The following is a rery important theorem, which 
is frequently of use in the solution of questions in ratio. 

Jf any mmber qf raJtitm ^^-^^-^^^^are equal to 

Mui^'iAarjJskim ^mek tf them is eqtud to the ratio 

1?^"^^°^^'" I where 1, m, n... are any numbers what- 
lb + md+nf+... ' ' 



ever. 



a e e 



Let eaeh of the ratios r^, ^, - ..,=:A^ 

then a=^hk, c=dk, e^fk , 

h^nce we have 

fa + w<?4-n^ + ... _ lhk->cmdk'\-fifk^ ,, . 

but k is equal to each of the ratiosr , ^, ^i..., 

therefore each of these ratios is equal to 

la+tnc+ne-i" ... 
lb'\-md+nf+,,/ 

In a similar manner it may be shewn by first raising 
the ratios to thej^th power that each of them is equal to 






99. The student should note the above method of 
assuming some value (like k) for each of the ratios ; he will 
find that it may be applied in many cases where the 
theoreni itself is not required. 
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Ex.6. If ? = 3=-^, shew that 

Q Of J 



V 






Let *---^--, 



then o=5Jk, e^dZ;, e^fk; 

° 26«-£i«'~ 26?-^" "■ 

Hence the two giyen expressions are equal to each other. 



EXERCISB XXI. 

Compare the ralues of the following sets of ratios : 

1. 2 : 3, 4 : 6, 9 : 10, 13 : 15. 

2. 11 : 12, 7 : 10, 17 : 20, 13 : 18. 

3. 2:6, 61 : 70, 5 : 6, 4 : 7. 

Compound the following ratios : 

5. 6 : 7, 6 : 8, 4 : 9. 

6. 11 : 20, 9 : 14, 2 : 5i, 3i : 6. 

7. a+6 : a-&, a^-ja : a2-45«, a&+252 : (a+6)2. 

8. 2af : 3y, a:+y : 4a?, ai^-xy : aiy+y*. 

9. What is the ratio of £2. 10*. to £8. 2*. 6<;. ? . 
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10. Find the ratio of the rates of two trains, one of 
which goes 42| miles an hour, and the other 99 miles in 
2 j hours. 

11. What number must be added to' each term of the 
ratio 3 : 5 that it may become equal to the ratio 5:6? 

12. What number must be taken from each term of 
the ratio 19 : 30 that it may become 1:2? 

13. What number must be taken from the second 
term of the ratio 21 : 34 and added to the first term that 
it may equal 5 :6? 

14. Two numbers are in the ratio of 3:4; if 8 be 
added to each they will be in the ratio of 5 : 6 ; find the 
numbers. 

15. Find two numbers in the ratio of 8 : 9, such that 
if 2 be added to each they are in the ratio of 9 : 10. 

16. Two numbers are in the ratio of 2:3; if 3 be 
added to each they will be as 5 : 7 ; find them. 

17. What number must be added to each term of tlie 
ratio 8 : 13 that it may equal the ratio of 3 : 4? 

18. Two numbers are in the ratio of 3 : 4 ; if one be 
taken from the less and added to the greater they will be 
as 2 : 3 ; find them. 

19. Find two numbers in the ratio of 5 : 8, such that 
theur sum has to the difference of their squares the ratio 
of 1 : 12. 

20. Find two numbers in the ratio of 4 : 5> such that 
their difference has to the sum of their squares the ratio of 
1:82. 
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21. The difference of two numbers is twelve ; also 
their sum has to the difference between the greater and 
three times the less the ratio of 7 : 3; find them. 

22. Find two numbers whose difference is 4, such that 
the sum of their squares is to the square of their sum as 
61 : 121. 

23. Two numbers are in the ratio of 1 : 2 ; if 2 be added 
to each, the new ratio will be the duplicate of 3:4; find 
the numbers. 

24. Find a number such that the ratio it bears to 18 
is the duplicate of the ratio which the same number 
diminished by 2 bears to 9* 

25. Find a number such that the ratio it bears to ^ is 
twice the duplicate of the ratio which the next higher 
namber bears to 10. 

ft c A 

26. If T = :j = ■T'i shew that each of these ratios is 

a f\ 

equal to 

I6g+4c-Kg ^ 

16^^4.4^?+/' 

also shew that 

36*+26rf+/a" V 2>*+y*' 

27. ^^ ft ==" 5 = 7* ? » prove that each of these frac- 
tions is equal to 



v' 






28. If — - = -^ = -^, and a, 5> c are all positive, 
shew that a =&»<;. 
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29, If -^ = ^^^^ = ^^, aiid^+y+4f=a+&+(£?,and 
If m,n hare the same signs, prove that a=ayy=hyZ=e, 

30. If ^ = — ^p = ^ , shew 

thata«=&2=c2. 



CHAPTER XXII. 

Pkopoetion, 

100. Four quantities are said to be proportumaU when 
the first is the same multiple, part, or parts of the second 
that the third is of the fourth ; that is, the four quantities 

CL C 

a,b,€,df are called proportionals when ? = 3* This is 

usually expressed by saying a is to 5 as c is to ^, and is 
written a : b :: c : d or a : d=c : d. 

The terms a and d are called the extremes; b and c the 
means. 

101. When four quantities are proportional, the 
product of the extremes is equal to the product qf the 
means. 

Let a^byCydhe the four quantities; then since they are 

proportional r = 3; &iid by multiplying both sides of 

the equation by bd, we have ad==bc. 

By the help of this, when any three terms of a propor- 
tion are given, we can determine the remaining term. 
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Ex. !• Detenniiie the yalae of % when 8 : 15 :: as : 20. 

Taking the prodnctB of the means and extremes, we have 

15a;sl60, 
«s:10}. Ans. 

102. Three quantities are said to be in eoniinued pro- 
portion, when the first has to the second the same ratio as 
the second has to the third. 

JFhm three quantities are in continued proportion^ 
the product of the first and third is equal to the 
square qf the second 

Let a^ h, c he the three quantities, then r = - > and 

multiplying both sides by he^ we hare ac=lj^. 

In this case b is said to be a mean proporticftal 
between a and c, 

Ex. 2. If a, 5, c are in continned proportion, shew that 

Sinceka, h, e are proportionals, h*=aCt 
hence ^/SM^_^/^W_ s^_ Vi^i 

103. If four quantities he proportumais, they are 
also proportionals either when taken inversely, or when 
taken alternately. 



If 


a :h :: c : d^ 


then 


h : a ',: d : c; 


and also 


a : c :: b : d. 
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For ? = -> ; divide unity by each of these equals, 

Cv 

then - =-, i.e. h \ a v. d \ c. 

Again, ? = ^; multiply both sides by -, and we hare 

ah. I J 

-= J, i.e. a : c :: : a, 
c d* 

1^4. When four qtiantities are proportioiuUs, the 
sum of the first and second is to the second as the sum 
of the third and fourth is to the fourth. 



If 


a :h ',: c ', d, 


then also 


a + 5 : h :: c-^d : d. 


Because 


a c 
b'd' 


by adding 1 to each side, 




a ^ e . 




a-^h c-^d 
b " d ' 



that 10, a+b : b :: e-hd : d. 

105. Several other relations may be shewn to exist 
between four quantities which are proportional ; they may 

d c 
all be deduced from the proportion j: = --z in a mmilar 

manner to the propositions in the last two sections. 



2. 


10 : 21 


:: 25 


: X. 


4. 


8 : X 


:: 12 


: 8. 


6. 


a : X 


:: ¥ 


: a^. 


2a?+3. 
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EXERCISB XXIL 

Determine the values of x which will satisfy the follow- 
ing proportions : 

1. 6 : 27 :: 20 : x. 

3. 5 : 12 :: d? : 42. 

5. d; : 14 :: 26 : 91. 

7. 5-2aT : 3— a? :: a? + 5 

8. a+a? : c-a? :: a : 6. 

9. If 3, x^ 867 are in contmued proportion, find x, 

10. Find the value of x when at- 3, ;r- 2, and x are in 
continued proportion. 

If a :&::&: <?, prove the following relations : 

11. a3+c3 : a^-l^+c' :: a+c : 1. 

12. a*+5* : 6^+c* ::«:<?. 

13. a*+a5+&* : ft' + ftc+c* :: a : <:. 

14. a+& : 6+<J :: n/S : sic. 

15. Three numbers are in continued proportion; the 
first of them is 8, and the sum of the other two is 30 ; find 
the numbers. 

Ifaxhv.c-.dj prove that 

16. a lb :: Va'+c^ : J¥+di 

17. a2+3aft+6* : <^+3cd+(P :: 2a& + 36' : 2<w?+3rf«. 

la 3aa+462 : 6a"-56» :: 3c*+4rf2 . 6c"-6^. 
19. (a+<:)« : (d+rf)* :: 2a'+3<:* : 26«+3rf« 

p. A. 10 
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20. ifcf+pb^ : ijc^+pd^ v. a \ c, 

21. ^€^A^ : V?TJ2 .. ^^^i:^ : V^T33. 
{a - h) {la - 3&) 7c» - 1 0<r<; + 3/i* 



22. 



2a^ + b¥ 2(^ + 5d'^ 



23. The second and third terms of a proportion are 
12 and 15; and the sum of the other two terms is 29 : 
determine the proportion. 

24. What quantity must be added to each term of the 
ratios 7 : 9 and 25 : 31 that the numbers mity be pro- 
portional 1 

25. Given that ^+5 : y + 2 :: 5 : 4 ; and that a^ + y- : 
^2 + 2y2 :: 25 : 41, find a and y. 



CHAPTER XXIII. 

Variation. 

• 106. One quantity is said to vary directly as another 
when they depend wholly upon each other, and in such a 
manner that if one be changed the other is changed in the 
same proportion. Thus, if A and B be two quantities de- 
pendent upon each other m such a way that when A is 
changed into a, B must be changed into another value b, 
such that A : a :: B : b^ then A is said to vary directly 
as B. 

The word 'directly' is frequently omitted, and one 
quantity is briefly said to vary as the other. 
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The symbol x is used to express yariatioii : thus x^ y 
is the brief way of writing ^x varies directly as y^ or, 
"a? varies as y." 

107. Jf K varies oiB, Ais equal to B multiplied by 
some constant quantity. 

Let b be the value which B assumes when A is changed 
into; a then A : a :: B : b, 

or -4 = i:A 



Therefore A is equal to B multiplied by the constant 
qnantity ^. 

In the solution of questions we may assume any lettee 
for this constant multiplier, and in this way the relatipa 
between the two quantities is reduced to a simple equa- 
tion. 

Ex. 1. If xccyt and x=ii when y=^6; find the relation 
between x and y. 

Let x=ky; 

now «=4, ify=6; 

2 
.'. 4s6^, orife=5. 

Snbstitate this in the above equation, and we hava 

3 

Ex. 2. If xocy, and a; =^12 when 2^=15; find y when 
05=20. 

Let 35=%, 

then 12=:15X:, orfc=ii = |; 

xv O 

10-2 
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5 

Hence when a; = 20, y = 7 x 20 = 25. Ans. 

4 

108. One quantity is said to vary inversely as another 
when one is changed in the same proportion as the recipro- 
cal of the other ; thus if A vary inversely ba B^ Ace -^ 

otA = -^. 

109. One quantity is said to vary as ttoo others jointly, 
if when the former is changed in any manner, the product 
of the other two be changed in the same proportion : thus 
if A vary as B and C jointly, we write A oc BG or 
A^kBC. 

Ex. 8. If ^ vary as B and C jointly, and A — 10 when 
J9=6andC7=l; find^ when B=2 and (7=9. 

Let A^hBC, 

then 10=6*; 

- 6 . , SBO 
.-. *=j, and -4=-^. 

Hence when S=2 and (7=9, il = - x 2 x 9=30. Ans. 

Ex. 4. A varies directly as B, and inversely as C; also 
i= 12 when B=4c and (7=8 ; find A in terms of B and (7. 



Let 




theQ 


12=^, or*=9; 




, 9B . 

.'. A=-rT, Ana. 
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110. Xf three quantUiei A, B, 0, he to connected that 
A variee ae B when G tf ccmtant, and A, variesas G when 
B %e constant; then when B and G are both variable^ A 
variee as BG. 

The rariation of A depends upon the variations of B 
and C; let the changes take place separately, and when B 
is duinged into by let A be changed into a; then by the 
supposition 

A : a :: B : by 

but this Talue a will again be changed by the yariation of 
G; let then a become a' when O becomes c, that is 

a : a^ :: C : c. 

Now combine this with the other proportion, and we 
have 

Aa : aal :: BC \ be, 

or A : a' :: BC : be, 

that is Aac BC. 

111. The above theorem is readily exemplified in the 
solution of questions in Doable Rule of Three in Arith- 
metic. 

Ex 5« If 7 men can reap 126 acres in 12 days, how many 
acres can 16 men reap in 3 days? 

The acres will vaiy as the nmnber of men when the days 
are invariable, and as the nnmber of days when the men are 
invariable : therefore when both days and men are variable, the 
acres will vary as their product. 

Let A be the acres, D the days, M the men; 

then A x MD, or A =hMD, 

Now J sl26 when If =7 and Z)=12; 



160 ALGJBBBA. 

.-. 126=84;fc, or*=^ = |; 

.-. A ^. 

Hence -when ~ 3f s:I6, and ^^B, 

. 8xlBx3 _- .^ 
j^= g B=78. Aat. 
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1. ^ Taries as B, and when ^=10, ^ = 16 ; find A in 
terms of ^. 

2. ^ varies as ^; when A=B, B=10; find u^ when 
5=26. 

3. ^ Taries as B, and when 4=2, B='5; find 4 in 
terms of B, 

4. 4 varies as B, and when A=S, B==6i; find the 
ratio A : J9. 

6. 4 varies as B and C7 jointly ; also A = 4t when J?= 8; 
and C= 1 ; find the value of A when -3=6, (7=3. 

6. 4 varies as B and C jointly^ and when S=% 
C=5, and 4=7; find the vaiue of B when C=2 and 
4=4d. 

7. A varies as 5 and C jointly; 10, 6, and 5 are one 
set of values of A,B, and C respectively ; find the value of 
B when A = 12, and C=4. 

8. A varies directly as B and inversely as C; when 
B=6 and (7=6, -4 = 12; find the value of B when 4 = 1J 
and (7=40. 
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9. A varies directly as ^ and inversely as C*; if ^ = 8 

2 

when ^=2, and C= 1, find the value of C when A^-= and 

o 

J5=3. 

10. If A^ vary directly as ^ and inversely as C; and 
^=2a when ^=a, and C7=<^; find A when £=4ac, and 

C=c. 

il. If a; vanes as ^+jer, and if 1, 2, 3 be simnltaneoas 
values of AT, py and ;2r; find the value of z when ^r^l and 

12. If a vary as the sum of two quantities, one of 
which is constant and the other varies as y; and if «=3, 
when y=l; and «= 9 when ^=4 ; find a in terms of ^. 

11. If X vary as the sum of 3 quantities, one of which 
is constant, and the others vary as y and y^ respectively ; 
and if the values of x be 2, 6, 18 when^^l, -h^i fi^^d 
X in terms of 7. 

14. If in the last question the values of x be 12, 9, 60 
corresponding to —2, 1, 4 for ^; find ^ in terms of 2^. 

15. If a vary as the sum of two quantities^ oye of 
which varies as aj and the other as jf'; and if a = 7 and 39 
when ^=1 and 3 respectively ; find a in terms of ^. 

16. A varies as the difierence of two quantities, one 
of which is constant and the other varies as B^; if 3 and 18 
be the values of A corresponding to 2 and 1 for ^ ; find A 
m terms of B* 

17. If ^"^^^ ^^1 ' ^^"^^^ 
shew that a^ Jy, 
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18. How many acres can 16 men reap in 3 days, if 
7 men can reap 126 acres in 12 days? 

19. If 12 horses eat 48 bushels of oats in 20 days, how 
many bushels will 30 horses eat in 16 days ? 

20. If 5 men can reap 20 acres in 2 days, bow many 
men will be required to reap 114 acres in 3 days ? 

21 If the carriage of 25cwt. for 28 miles cost 
^1. 14«. 5(f., what distance will 40cwt. be carried for 
£2. 1^8 A 

22. In how many days will 18 men reap 114 acres, if 
24 men reap 76 acres in 6 days ? 

23. The wages of 5 men for 7 weeks being £2\ . 17'. 6d., 
how many men can be hired to work 4 weeks for j£30 1 

24. The pay and provisions of 750 soldiers for 12 days 
amount to £900 ; for how many days will £3000 keep 2000 
soldiers at the same rate ? 



CHAPTER XXIV. 
Theory of Indices. 

112. To prove that x"xx"=x"+', when m and n are 
po$Uive integers. 

It has been explained that the number of times any 
letter is multiplied into itself is expressed by its index, 
80 that 

gr=xy.xxx.,, torn factors, 

af=xxxxx„, ton factors; 
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hence 

;if*xa^=(d;xarxa?...tomiBctorB)x(«xdrx«...tonfiieton) 
-xxxxx.,. to (m+n) factors 

In the same way it may be shewn that 

1 13. To prone that — = x" -■ where m and n are posi- 
tive integers, and m is greater than n. 

As before ^=a;xArxAr... to m&ctors, 

a^=axaxa,,. ion factors; 

af dgx^xa?... torn factors 
of " xxaxx.,, to n factors 

=xxx'xaf.,, to (m—n) factors 

(since the n factors of the denominator 
will cancel n of those in the nu- 
merator) 

114. To prove that (x")'=x"' wlien m and n are 
positive integers. 

{arY=ar X a?" X a?"... to n factors 
^^+«+«+...to«t— (by Art 112) 

» 

115. The propositions of the last three Articles are 

all restricted by the condition that m and n are positive 
integers. It may however be asked what meanings are to 
be attached to the indices when they are fractional or 
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negative. Since we have not bound ourselves to any inter- 
pratation, we are at liberty to detwmine the principle in 
accordance with which they shall be used ; it is then 
agreed that we attach to them a meaning such that they 
shall still fulfil the relation (which we have seen to be true 
for positive integral indices) 

116. From this we may first determine the meaning of 
3^'y forletm=n=-; then 

but we know that ^Ix x 'Jx=x ; 

hence we see that x^ is the same as *Jx, 

1 

We may extend this to determine the value of ^ ; for 

/ \ - i - -^M+...t. 

{afr=af*xx^xaf'x,,, U)ntQttiis=af* " " 

n 

= :^=x; 

.*. x*'=^x. 
Similarly it may be shewn that 

We see therefore that a ft'actional index denotes a root 
of the letter to which it is attached, the denominator of 
the fraction expressing what root it is. 

.84*^=2; 8l5=y^=3» = 27. 
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1 1 7. The signification of a negatfye index id also deter- 
mined on the principle that tfae relation oTxaf'^ar^ is 
to be maintained when either (or both) of the indices is 
negative. 

Lsi H foecdme - j?, then by t^e supposition 
but by Art 113 S=^"'; 

which prores that to midtiply by W i& the MMne as to 

divide by of, or in other Words that ^~'= — . 

of 

Exs. «-«= 3 ; Ba'%-^ = -f- ; 4cab-U'* - ~; 3"* » i * - • 
a^ a^b** be""* 8* 81' 

68 36* 6-«c-* a ' 3a«6-2tf-i " 3a^jBy« ' 

lia. When the index of any quantity is botii fim^tional 
and n^;ative, the negative index must first be removed 
by taking the reciprocal of the quantity, and afterwards 
the root taken as in Art. 116« 

Exs. 16-i = -L» 1 =1 64-*«Jl:,^1 ^1. 

lei .^16 2' g^j ^^, 32' 

126-1=— = -i_ = i = l. a-h-i- ^ • 
1261 4/126^ 5« ^^' :m' 



1 19. To prove that aP = 1. 



**. 



Since the relation aT-''^.^ is true for all values of m 



ar 
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and n, let n=m ; then 

120. In the solution of qaestions the student should 
obsenre the difference in the results of Arts. 112 and 114 ; 

thus e.g. a'xa*=a^, but («*)*= a^; 

x^y,x^= a, but («')* =a?* 

Exercise XXIV* 

Express the following quantities with roots so as to 
remoYO all the fractional indices : 

1. a*+a*+4a*. 2. aM + 2a*6* + 3a5*. 

Remove all the roots from the following by the use of 
fractional indices : 

4. V^+^ + 2 4/^. 6. ^^^ + 2^^^-3.1/5^. 

6. >/4aW-v'27a*&+4 5ya^. 

Express the following without denominators and root- 
signs by the use of negatire and fractional indices : 

a« 3«^_2^ 3£ 4^ afiy 

3a _5 6a 4:Jx 2tjx^ Zs/x 

^Ix a^iJa^ biJxy^ ' ,^y ^s^ ysfz ' 

RemoYe all denominators and negatiYO signs from tho 
indices of the following : 

11. a-26c-«+ 2a"i6*c->-4a-'ft. 

12. 5aV«-7a*6"^+12aVi 
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13. ^ *y"*^-8«~'yJ+aT-«y*4f"*, 



14. 






Simplify the following quantities : 
15. 16* 16. 27*. 17. 9* 



18. 81*. 



19. 126*. 

22. (36«V;»«)i 

25. 1728~*. 

2a 343"*. 

31. (i&c-y)"'. 

33. {^Khf^z'^^. 



20. (64a^* 

23. (32a?«y»^»)*. 

26. 8"* 

29. (216a^~*. 



39. 
40. 



35 (a*)-« X a*. 

37. {(a^Vy^^V"*^*}*. 
^^ ^/{(aVc)-%^"*}. 

41. 5^ X t^a-VXaV^)"*}-*. 

va 

42. If 3'= V9, what is x ? 

43. Write down the quotient of 

(a?- W6» + 6463) ^ (iir*aV + 46). 

44. Resolve into Actors 

ap-10aj*y*-3«*y*. 

45. Extract the square root of 

y\ y/ ^\ « y/ 



21. (243«^«)T. 
24. 26"*. 
27. 626"*. 
30. (lOOa^-*)"*. 
32. (j?~*y"Vari)* 

34. a^^x{pByf^. 

36. Jia^y^a'^'K 

38. 3"* X n/81 X 5"* x ^/6. 



158 41GSBRA. 

CHAPTER XXV. 

SUBPS. 

121. When the root of any quantity cannot be exactly 
determined, it is called a Surd, or is mid to be irrational: 
thus 

n/3, ^4, >/?, ^% 
are surds or irrational quantities. 

122t Sometimes quantities are written in the form of 
surds, although capable of being expressed as rational 
quantities: thus 

i>^, "^27, n/SoS -yieS*, 

are irrational only in form^ because they are respectively 
equal to 5, S, 3a^, 2a?. 

123. Surds may often be changed in form by remoTing 
from under the root some factor whose root can be ob- 
tained : thus 

%/l8 =n/9x2 =3n/2; 

i/m =4^126x3 =64^3; 
N/50a3 =Kj25a^x2a =5a»j2a; 

124. When surds are connected by signs of addition 
or subtraction, they can be reduced to one quantity if they 
can all be expressed as multiples of the same surd. 

Ex. 1. iv/76 + 2,yU7-3>/48 = 6>/3 + 14^/3-1273 

-Ifjs. Ans. 
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125. SurcU having the same indeiK are multiplied 
together by taking the product of the quantities under the 
signs, and retaining the common index \ thus 

^/ex ^/5= s/sO; 2y/2xZj7 = 6jlA; 

2 v^ X 7 >/io = 14 Vioo = 70 Ve- 

Ex.2. Multiply 3^+4^2 by 2*/?- 3^/2. 

3^/6+4^/2 

36 + 8^12 
-9/^12-24 

12-x/ii 
Hence the product is 12 - \/l2, or 12-2 tJW. Ans. 

126. The denominator of a fraction is said to be 
rationalised when the form of the fraction is so changed 
that all surds are removed from the denominator. 

When there are only two terms in the denominator it 
may always be rationalised without altering tbe vi^lue of 
the fraction by multiplying both numerator and demoouina- 
tor by a quantity containing terms the same as the denomi- 
nator but connected by the opposite sign. 

Ex. 3; BationaLise the denominatoss of 



2-^3 7+2^/5 

In the first case we multiply numerator and denominator 

by 2 +^/3; thus 

6 2 + J6 6(2 + ^) ^ 
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In the other fraotion the multiplier is 7-2 JZ\ thus 

3^-^/5^ _ 3^-^/5 ^^ 7-2^/5 21+^/5- 10 _ 1 ,,, . /g. 
7+276^7+2^6 T^riVi" 49-20 -29^'^+^^^>- 

Ex. 4. Divide 4^+^ by 2j2-J^, 

(4^2 + V6)-T- (2^2-^6) 

^4^7^^16+6,^ ^^ 

2J2-J6 8-6 2 

127. ^^ sqitare root qf a quantUf/ cannot be partly 
rational and partly irrational. 

If possible, let 

Jn=^a+fjm. 
Then, by sqoariDg 

n=a'+2aV^ + ''*; 
/. 2ajm=n-c^^m, 

^^ ^^= 2^— ' 

i e. ^/m is equal to a ratioiial quantity, which is contrary 
to the supposition. 

128. If any two quantities, partly rational and parti j^ 
irrational, be equal to one another, the rational parts of 
the tfoo are eqval, and also the irrational. 

Leta;+^/^=a+^/&j then shall x=a, and ijy=ijb\ 
for if a; be not equal to a, let x-a+m, 

then a-\-m-\-Jy^a + iJb\ 

.'. m+»Jy=Jb, 
that is, «y& is partly rational and partly irrational, which is 
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impossible; therefore ic-a^ 
and 'Jy='Jb. 

129. ^ /ya+N/b= Vx + is/y; tlien also ^a-^b 

Since 'Ja-\-Jb = ijx + Jy, 
by squaring 

a+Jb=x+y+2y/xy ; 

therefore by Art. 128 

a=;»+y, and Jh=2^fxy; 

,\ a— Jb=x+y—2jxy, 

and 's/a-Jb=Ja!^Jy, 

130. 7b /w<f ^A« square root of any binomial surd 
a + ^b. 

Let 'Ja+^b=Ji+^ (1), 

then by Art 129 

sla-Klb=»Jx-Jy\ 
.'. by multiplication 

^a^~^=x-y., ^2). 

Again, by squaring (1), 

a-\-Jb=x+y-\-2,j'xy\ 

.', by Art 128 a=x+y (3). 

By combining (2) and (3) we can find x and y, and by 
sabstitnting in (l)j we obtain the root of a-\-Jb, 

p. A. 11 
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Ex. 5. Find the square root of 57 +28 aT^. 

Let J^1+2S%l^=^Jx-k-Jy, -.....(I); 

then j57'2Qj2-fJx'fJyi 

.'. V3249-1668=flj-y, 

41=x-'y (2); 

but from (1) 57=05+^ (3). 

By adding (2) and (3), 

2a;=98, a;=49, and y=S, 
Snbstitnte in (1) ; then 

V67 + 28^=/i/i9+/v^8=:7 + 2/y2. Ans. 

131. Ex. e. Simplify ^^""^ _ 

^22-8^/6 

Let J22-Sjl:=Jx'Jy, 

then \/22 + 8^/6=^/i+^/y; 

.«. V484-384=aj-y; 
.«. a5-y=10. 
Also aj+y=22; 

.-. flj=16; y = 6, 

and ^/22-8^/6=<yi6-^/6=4-^/6. 

_ 9-^/6 _ 9-^/6 9-^/6 4 + ^/6 

7^!1^""4-V6"4-V6%+^/6 



/SURDS. XXV, 16; 

EXBEOISB XXV. 
Simplify the following quantities : 

1. n/72. 2. ^/80. 3. ^343. 


4 ^1000. 

7. 4/16. 
10. ill62a^'K 


0. V76a*. 6. ^/384;r52^2^ 
8. Vl35. 9. v^3456aiV 
11. 4760. 12. 7x/32a«&2. 


13. 20aj27a^l^. 
15. 10^/376. 


14. 5^606aV. 
16. 3^1250. 



17. 372+78 + 3750. 18. 873 + 2712-3748. 

19. 2775 + 748 -7I47. -20.4780-27125 + 37320. 
21. 274-5732 + 37108. 22. 740+27625-37320. 
Multiply 

23. 375 by 2 73. 24. 7 JT5 by 2^. 

25. 6 7l4by6721. 

26. 772-373 by 472+73. 

27. 475 + 373 by 75 + 273. 

28. 6710-273 by 2710- 73. 

29. 476-272 by 3x^+76. 

30. 11 73 + 2 7io by 76*- x/5. 

31. 3 75 + 7 72-2 73 by 4 75+73. 

32. 4 76-^^+2 73by2^/2-73. 

;. ^-2-|^+7i0by475-7l0. 

11—2 



33 
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2 ^ ,JZ 4 

35. /J/S + Viby 4^9 + /}^. 

36. 2v^2-v^by37v'4-'^3. 
Rationalise the denominator of 

37 Jl^ 3a hH 39 _1_ 

^^' V3* V6' ^^- 3-^/5- 

6 4 + ^/5 7-2^/2 

4+vA7' *^- 3-N/6- '*^' 4 + 3^/2' 



40. 



3+275 ^ 3+^/g_ ^g 2^/3 + 4J2 

6-2^/5' * 4-VlO' * s/3-V2 • 

46 "^^Z^"^ 47 N/2o->/i2+yrQ 

^/lO-^• ' ^/5-73 

^ 2^/3 + ^/8-^/i0 
2^/l0-^/3 * 
Simplify 

49. ( 7-2^/5)(6+^/7)(31 + 13^/5) 
(6-2V7)(3+>s/6)(ll+4>/7)' 

4 + n/7 4-.>/7 
Divide 

61. 7by^/iO + ^/3. 62. 3 + x/6 by is/6-2. 

63. 4+^/2by3-2^/2. 64. 8 n/3-5 1^2 by 7>/3 4-^. 

56. 3 /s/5 + 2 ^/3 by 4 V3-3 n/s. 

66. N/60->/45+V8by ^/I6 + ^/2. 
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Find the square root of 

67. 19 + 8 n/3. 68. 41-12^/5. 

69. 14+4^/lb. 60. 22- 4,710. 

61. 49 + 20\/6. 62. 44-24^2. 

63. 10-2 >^1. 64. 31-4^66. 

65. 110-60 is/2. 66. 66-24 i^. 

Simplify . 

1 5 

67. . > . 68. 



73 + 2/s/2* J 6 -4^-2 

1 KA 2 + 1^.3 

69. . ,_ . 70. -7 - . 

^51 + 14^2 V7-4>/3 

71. -.^^i-. 72. -^±L.. 

Jl6"l0j2 ^/l0-4^/6 

73. Prove that 

V9->y6 + ^4 ^3i±2i^^ 
V^9 + v^6+v^4 3^-2* 

74. Divide 7 + V3 by V? - 1 ; add 2 to the quotient, and 
extract the square root of the sum. 
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CHAPTER XXVI. 

AbITHMSTICAL FROaUESSION. 

132. Quantities are said to be in Arithmetical Pro- 
gression when they increase or decrease by a common 
difference. 

Thus each of the following series forms an Arithmetical 
Progression : 

2, 6, 8, 11 

5, 1, -3, -7 

a, a + cfj a+2d, a + Zd 

a, a—d, a—2df a—Zd 

133. To find the n* term of a series in Arithmetical 
Progression, 

a, a+d, a+2d 

Since each term is formed from the preceding term by 
adding to it the common difference, the series is 

a, a+d, a + 2dy a-^Sd, a-¥4dy 

in which we observe that the coefficient of d is always less 
by one than the number of the term; hence if ^ be the 
n*^ term 

/=:a+(n-l){f. 



ARITHMETICAL PROGRESSION. XX VI. 167 

134. The student may by the abore formula determine 
any term in a given series; thus suppose we want the 
25th term of the series 2, 5, 8...> we have 

a=2^ d=^y n=25 ; 

.-. ;«2 + (25-l) 3=2 + 72=74. 

But it will help to a better understanding of the rule if 
any required term be found independently of the formula : 
thufi the series 

2, 5, 8; 11,... 

may be written 

2, 2 + 3, 2 + 2*3, 2 + 3'3, 

in which we observe as before that the coefficient of the 
common di£ference 3 is always less by one than the number 
of the term : hence the 25th term is 

2 + 24-3=74. • 

135. The beginner sometimes has a difficulty in de- 
termining the common difference when the first term is 
positiYe, and the second negative : he should observe that 
the difference is always the second term minus the first 
term : thus in the series 

3, -2, -7 ; rf=-2-3=-5. 

1 _1 13 . >7-_l_l_ A 

6' 3' "15 ' 3 5""l5* 

136. To find the sum qf n terms qf an Arithmetical 
Progression, 

9k, a+d, a+2d, 
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Let ^ be the n^ term as in Art. 133, and let s be the 
sum of the terms, then 

*=a+(a+e0+(a + 2^+ + (l''2d) + {l''d) + l; 

.'. by rerersing the series we have also 

«=;+(/-rf)+(/-2c?) + 4(a+2t0 + (a+<^ + a. 

Adding together these two lines we obtain 

28={a+l)-¥{a+l) + {a-hl) + + (a+0 + («+0+(a + O 

= n (a + 1), since there are n terms ; 

/. s=-{a+l). 

Another form may be given to this value of «, by sub- 
stituting for I the value obtained for it in Art. 133, 

ft """"■" 

*=-(a+a+w-lc?), 

/. 8=-{2a+n^ld), 

137. For the sake of reference we place together the 
three formulse of this chapter : 

Z=a + (w-l) d (1), 

s=(a + l)l (2), 

* = {2a + (w-l) df^ (3). 

The student will observe that of the five letters em- 
ployed four are found in each of the above formulae; 
hence when any three of the letters are given, we can, by 
selecting from these formulse, determine the other two. 
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138. Ex. 1» Find the last tena and the smn of the series 

1, 2f, 4i to 21 terms. 

The series may be written 

1, 1 + li, 1 + 2. li, 

.*. the last term=l + 20xl|=36. 

Hence «=l + 2|+4i + +32^ + 34^ + 36. 

Also »=36 + 34J + 32i+ +4i+2f+l; 

.'. 2»=37 + 37 + + 37+37 to 21 terms 

=37x21=777; 
.'. »=388J. 
Thus the last term is 36, and the snm 388). 

Ex. 2. Insert 4 arithmetical means between - 5 and 15. 

Since there are to be fonr means, there will altogether be 
aix terms : hence we have a=- 5, 2=15, n=6; to find d. 

By (1) of Art. 137 .Z=a + (n-l)d, 

or 15 = -6 + 6d; 

.-. d=4. 

Hence the required terms are - 1, 3, 7, 11. Ans. 

Ex. 3. In an A. p. the first term is 3, and the last term 
27 ; also the sum of the terms is 495. How many terms are 
there in the series ? 

We have o=3, Z=27, «=495; to find n. 

These- are the letters in formula (2) of Art. 157 ; hence by 
substitution, 

495 = (3+27)^ 

= 15n; 
.*. n=33. Ans. 
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Ex. 4 Find how many terms of the series 2, 5, 8, ... will 
amomit to 610. 

We have a=2, d=3, « = 610; to find n. 

Substitute in (3) of Art. 137, 

then 610={4+3(»-l)}5 

= (l + 3n)|; 

.•. 3n'+n- 1220=0. 
From which n= 20. Ans. 

Ex. 5. The sum of five terms of an A. p. is 15, and the 
sum of their squares is 85 : find them. 

Let a-2h, a-b, a, a + h, a+2&, be the terms, then 

a-2J + a-6+a+a+6+a+2J=15 (1), 

and (a-26)«+(a-6)« + a*+<a+6)»+(a+26)«=85 (2). 

From (1) 5a =15, or o=3. 

From (2) 5a9 + 106«=85, 

1062=40, or 6= ±2. 

Hence the series is - 1, 1, 3, 5, 7. Ans. 

EXEECISE XXVI. 

1. Find the 10th and 21st terms in the series 1, 4, 

7 

f • • • • 

2. Find the 16th and 22nd terms in the series 2, 6, 
10.... 

3. Find the 11th and 25th terms in the series 4, 
5i, 7.... 
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4. Find the 16th and 2drd teims in the series 3, 

5. Find the 9th and lOlst terms in the series 1, -^ , 

Determine the last term and the sum of the following 
series : 

6. 1, 5^ 9... to 21 terms. 

7. 3, 6> 9... to 14 terms. 

8. 10, 13, 16... to 100 terms. 

9. 4, 5^, 6^ ... to 13 terms. 

10. 2, 3^1 5 ... to 51 terms. 

11. 1, If, 1| ... to 97 terms. 

12. 5, 6}, 6^ ... to 49 terms. 

13. 10, 3, -4 ... to 17 terms. 

14. 20, 16i, 12i... to 1011»rms. 

15. 2J, 0, -2^ ... to 38 terms. 

16. 1, -i, -If... to 11 terms. 

17. Insert 5 arithmetical means between 17 and 26. 

18. Insert 4 arithmetical means between 7 and —3. 

19. Insert 5 arithmetical means between 4\ and — 3. 

20. Insert 3 arithmetical means between 7| and — 23^. 

21. Insert 2 arithmetical means between —2 and 3^. 

11 3 

22. Insert 3 arithmetical means between r-^ and —- . 

15 5 

23. The last term of the series 4, 3, 2 ... is ^74 ; find 
the number of terms. 
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24. How many terms of the series 3> 4, 5, ... must be 
taken to make 52 ? . 

25. The sum of 5 terms of an Arithmetical series is 55, 
and the fifth term is 17 ; find the series. 

26. The sum of 5 terms of a series beginning with 10 
is — 20 ; find the last term. 

27. If the first term of a series be 7, difference 2, and 
sum 1927 ; find the number of terms. 

28. How many terms of the series 5, 2^, ... must be 
taken to make - 130 ? 

29. The third term of a series in A. p. is 6, and the 
sixth term is 18 ; find the series. 

30. The fourth term of an A. P. is 15; the eighth 
term 31 ; how many terms must be taken to make the sum 
amount to 1378 1 

31. The sum of five numbers in a. p. is 25, and the 
sum of their squares is 147^ ; find them. 

32. The sixth term of an Arithmetical series is —8, 
and the sum of six terms is — 3 ; find the series. 

33. In a series whose common difference is 1^, the 
sum of the first and last terms is 5}, and the sum of the 
means is 17^ ; find the number of terms and the first term. 

34. The sum of 4 terms of an A. P. is 10^^, and the 
sum of their squares is 35§ ; find the terms. 

'35. Find the sum of the first ten numbers which are 
divisible by 4. 

36. The fourth term of an A. p. is a, and the seyenth 
term h ; find the sum of 10 terms. 
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37. The sum of the first five terms of an a. p. is 
120, and the sum of the next four terms is 98 : find the 
series. 

sa Sam the series 1-3 +6-7+.. . to 2ii terms. 

39. A and B have to walk a distance of 27 miles ; A 
starts at 2^ miles an hour and increases his pace by a 
quarter of a mile every hour ; B starts at 5 miles an hour 
but falls off at the rate of half a mile every hour ; find who 
will finish the distance first and by what length of time. 

40. If Sij S^, S^ ... Sfm be the sums of n terms of 2n 
Arithmetical series which have the same first term, and 
common differences dy2d,2d ... 2nd, shew that 

(/Si + ^4 + ... + ^aa)-('Si + /S'8 + ... +^i«-i) = 2 • 



CHAPTER XXVII. 

GaOMETBICAL F&OGBESSIOir. 

139. QuAKTrms are said to be in Geometrical Pro- 
gression when any term may be derived from that pre- 
ceding it by multiplying it by a common ratio. 

Thus each of the following series forms a Geometrical 
Progression ; 

4, 12, 36, 108... 

2*4"* 
a, ar, ar^, ar^.... 

140. From the above definition we see that when the 
series is given the ratio is found by dividing the second 
term by the first, or any term by that which precedes it. 
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12 
Thus in 4, 12, 36 ..., the ratio is "7=3, 

«5 -3 ? 



2 
a, or, ar^..., 



3 

6 


1 
"2' 


ar 
a 


r. 



. 141. To find the Icut term qf a OeometriaU Pro^ 
gresHon whose first term is a^ and common ratio r. 

It is evident that the series is a, ar^ ar^, ar^,.,j in 
which we observe that the index of r in any term is less 
by one than the number of the term : hence if ^ be the 
n*^ term, l=ar*''\ 

Ex. 1. Find the 8^ term in the series 7, 14, 28, ... 
The series may be written 7, 7 x 2, 7 x 2*, ... 
Hence the B^ term =7 x 2^=7 x 128=896. Ans. 

Ex. 2. Find the &^ term of 8, 1, ^ , ... 
The series may be written 8, 3 x -, 3 x ^ , ... 

Hence the 6^ term is 8 x r-. = ^ • Ans, 

8^ 81 

142. To find the sum qf n terms qf a Geometrical 
Progression tohose first term is a, and common ratio r. 

Let s represent the sum of n terms, then 

s=a+ar+af^+ ... •hat^'K 

Multiplying both sides by r we have 

rs^ar-^-at^-k- ... +ar"-i+ar"; 
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then by sabtraction r» — « = ar^ — a, 

t(r-l)=a(r"-lX 

This formula may also be written in another form ; by 
substituting the yalue l^at^^'S we obtain 

Ir—a 

8= . 

r-1 

Ex. 3. Find the sum of 7 terms of the series 5, 10, 20 

»=6 + 6x2 + 6x2«+ ... +5x2». 

Multiply by 2, 

2a= 6x2 + 5x2*+ ... +6x28+5x2'; 

. •. by subtraction, » = 5 x 2' - 6 

=640-6=636. Ans. 

Ex. 4. Find the sum of 8 terms of the series 

2-1+i-.... 

«=2-2x|+2x 1-2x1 -2xi; 

i»= 2x^-2x1 + 2x1 + 2x1-2x^5 

3 1 

.'. by addition, ^«=2- 2x5-3 

= 2-j^=l|-|J. 

,•. «=l|i. Ans. 

143. When r is a proper fraction, the valae of r^ de- 
creases as n increases : when n is increased without limit 
(that is^ when the nxmiber of terms is carried ad infinitum) 
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the value of r" becomes inappreciable and may be neg- 

r*— 1 
lected : hence the expression ^=a __ ■ (Art 142) becomes 

in this case 

-1 a 
s=ax — _-=- — , 
r— 1 1-r 

This yalue is called the limit of the series, because 
while the sum never actually reaches this value, we may 
by taking more terms of the series make it approach to it 
as nearly as we please. 

Ex. 5. Find the limit of the series 8 + 2+-+... 

2 1 

a=8, r=Q = j. 

8 82 
Hence the limit = ^-^ = ^ = lOf . Ans. 

144. We place together here the values which have 
been obtained for the last term and sum of a a. p. 

l=ar*''^ (1), 

»=«-7rr (2), 

8= r (3). 

r—l ^ ' 

Also when the ratio \s a propel* fraction and the series 
taken od iififinitum^ 

*-x^T W- 
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145. Ex. 6. Insflit 8 geomfitiieftL means between 7 
and 34^. 

Since there are to be 3 means, the ntunber of terms is 
5; thus 

Now by (1) of Art. 144, l,^af^^\ 

.-. 84A«7scr^ 

*^" 16 • '""16* 
8 

^. 21 63 189 . 

.*. the means are -s-s x* -^^ Ans, 

146. We shall now indicate by an example how the 
rale for reducing a recorring dedmal to a mlgar fraction 
is obtained. v 

Ex. 7. Bednoe -2671671671 ... to a vnlgar fraction. 
Let F be the required fraotkm. 

Now multiply F by such a power of 10 as will moye the 
dedmal point to the end of the &rst recurring period, and also 
by such a power of 10 as will move it to the hegirming of this 
period, thus : 

10000F= 2671 -671671 ... 
10F=^ 5-671671 ... 

by subtraction, 9990jP=8669 

-2669 
9990* 

P. A. 12 
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Exercise XXVII. 

1. Pind the Sth term of the series 3, 6, 12 

2. Find the 6th term of the series 2, 6, 18 

3. Find the 5th term of the series 10, -30, 90. 

4. Find the Sth term of the ^series 5, - 10, 20. . . 



5. Find the 6th term of the series 4^, 1^, -. 



2 11 
6. Find the 7th term of the series * > "kj t:;- 



Find the last term, and the sum, of the following^ 
series : 

7. 8, 16, 32 to 8 terms. 

8. 4, -12, 36 to 7 terms. 

9. 1, =, - to 6 terms. 



3' 9 

1 ] 
2' 8 

3 



10. 2j - , - to 5 terms. 



11. 3, -1, - to 7 terms. 



12. r,5,5 to 4 terms. 

Find the sum of 

13 10, 20, 40 to 8 terms. 

14. 6, 3, 1^...... to 7 terms. 

15» 4, - 12, 36 to 7 terms. 

16, 1, -,-.... to infinity. 
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17. g, -, 2^ to infinity. 

^^ ^' "3' 27 

19 ? -^ i 

^16 
^"- 16' "3' 24 

21. Insert 2 geometrical means between 4 and 7if . 

22. Insert 4 geometrical means between 4 and -^ . 

23. Insert 3 geometrical means between 4Hi and 2 ; 
also 5 between 36 and 771if. 

24. Shew how to reduce tlie following recurring 
decimals to Yulgar fi'actions: '35757...; '02138138...; 
2O5f30; 32-0503S; 5-6721721.... 

25. The last term of a o.p. whose first term is 4, and 
ratio 2, is 512 ; find the number of terms. 

26. The sum of an infinite series whose first term is 5, 
amounts to 7^ ; find the common ratio. 

27. The sum of a series whose first term is 2, and 
common ratio 3, amounts to 730 ; find the number of terma 

28. The third term of a geometrical series is 2^, and 
the fifth term is 5tV ; find the series. 

29. Insert 4 geometrical means between 3 and ~ . 

30. The sum of an infinite geometrical series is 12, and 
the second term is 27 times the fifth term ; find the series. 

31« The difference of two numbers is 48, and the 
aritlunetic mean exceeds the geometric by 18 ; find the 
numbers. 

12—2 
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32. If a, &» c are in o.p., shew that 

6a— 76" tb-lc* 

33. If a, hyCjdvre in a. P., shew that their sum 

13 

34. The sum of three quantities in 6. p. is -^, and 

D 

26 
the sum of their reciprocals is -^ ; find the quantities. 

o 

35. if jSL, Sn be respectively the sum to n terms of 
the series 



l+r+r*+ andl + - + :28+ 



shew that 



'^l 4. A 4- ^ 4. 4. ^« - ,e 

^ #^V 'J^V &' " ^"^ ' 

3G. If a hare starts with a o^rtain ydocity, which de- 
creases suddenly every quarter of an hour in a geometrical 

progression whose ratio is ^ , and is rejoined in 440OO 

hours by a tortoise which starts with the hare at the con- 
stant rate of a yard in an hour ] find the original velocity 
of the bare. 

CHAPTER XXVIII. 

HAJUfONZOAL FbOOBBSSIOH. 

147. Quantities are said to be in Harmonical Pro- 
gression when their reciprocals are in Arithmetical 
Progression. 
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Thus 

2 ' 4' g ^^® ^ ^* ^'> because 2» 4, 6 are in ▲. p. 



Ill , • 

a—Oy a a+o ' ^ 



148. A general expression for the som of an Harmonical 
Progression cannot be determined, but we can solve many 
questions with regard to qoantities in h. p. by taking their 
reciprocals, and treating them as in a. p. 

Ex. 1. Continne to two tenns each way the Harmonical 
Progression 

4 2 

1 - - 

5 d 

The A. p. formed by the reciprocals is 1, ^ , ^ * i^ which 

the cooEuoosL difEerence is j ; 

1 3 

therefore the additional terms in the ▲. p. will be ^ , ^ > 

7 
at th» beginnisg, and j, 2 at the end of the sesiee; 

4 1 
hmee the reqmred tenas in the r. p. are 3, H; and - , ^ . Am. 

Ex. 2. Insert 3 harmonical meana between ^ and ^ » 

We first find 3 arithmetical means between 3 and 6 ; in the 
formnla l=a+n-l,b (Art. 133] 

Z5=6, a=3, n=5; 

3 

.-. 6=3+46, and 6=-, 
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Hence the Aiithmetlcal means are 3|, 4J, 5^, and Uie 
Harmonical means are — . - . — . Ans. 

x«ii:muu«.ad menus ^^ ^^^ g , gl * '^"• 

149. j^f a, b, c are in Harmonical Progression, to 
shew that 2k ; c ;: a-b : b-c. 

^Qce a, &, c aro in h.p., 



Ill 

-, r, -are in a.p. ; 


1 1 1 


1 


b a" c 


6' 


a-b b- 
a c 


c 

~ 9 


a : c :: a- 


-b : b-c. 



hence 

This proportion is sometimes given as the Definition 
of Harmonical Progression ; it can then be deduced that 
the reciprocals of the quantities are in a. p. 

150. A single Arithmetical mean between any two 
quantities a and b is called their Arithmetical mean, and 
is generally denoted by A : similarly the Geometrical mean 
and Harmonical mean are denoted by G and H. Their 
values may be found as follows : 

(1) a-^=^-&(Aril32), /. A = ^{a + b). 

(2) a I G :: G :b (Art. 139), .'. G=Jab. 

(3) a :b :: a-JT : jy-&(Art. 149), .'. 5^=— . 



HARMONICAL PBOGRESSION, XXVIIL 183 

ExEBCiss XXYIIL 

If 

1. Continue to 3 terms the h. p. If, 1, - . 

2. Continue to 3 terms the h.p. 2, 1), — . 

4. Continue to 2 terms each way - , - , r- . 

•^ 9 6 15 

5. Insert 3 harmonical means between 4^ and 1^. 

12 

6. Insert 4 harmonical means between — and 3 ; also 

between 3 and -. 

7. The arithmetical mean between two nmnbers is 6^, 
and the geometrical mean is 6 ; find the numbers. 

8. The arithmetical and geometrical means between 
two numbers are 58 and 42 respectively ; find tho 
numbers. 

9. Find two numbers whose geometrical and harmoni- 
cal means are 5 and 4 respectively. 

10. The geometric mean between two numbers is 6, 
and the harmonic mean is 5/^ ; find the numbers. 

11. Find the 5th term of an h. p. whose first and third 
terms are 6 and 2. 

12. Find the arithmetical, geometrical, harmonical 
means between 1 and 2, and continue the series which 
these means form to two more terms. 
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13. If a, ^, A be tiie axitiimetiGa], geometrical, and 
haimoiiiad meuB between two gired qiuuititieB, pro7e 
thaft^ 18 ibe geometiiad mean between a and A. 

14. If «» 5, c be three qnantitieB sach that a is the 
arithmetical mean b^ween 6 and e, and e the hanuonical 
mean between a and h^ proTo that h is the geometrical 
mean b^ween a and c 



CHAPTER XXIX 

Scales of Notatiok. 

151. Ik ordinaty nnmbera each figure increasoB in 
ralue tenfold as we proceed from right to left; thus 

8769 = 9 + 6xl0+7xl0«+8xl0». 

It is however only by general conTcntion that 10 is 
chosen as the factor by which eadi figure increases, and 
if we make it dear what conmion factor we are using, it 
is quite open to us to write a number with any other 
figure as the understood multiplier instead of 10; thus 
if we choose 8, the number 7613 would represent 

. 2 + lx8 + 6x82+7x8». 

The number 8 would in this case be caUed the radix of 
the scale, just as in the common notation 10 is the radix 
of the scale. 

The figures which compose any nvmber are caUed its 
digiU. 

The name Hnary is given to a scale if its ladiz is 2; 
imuiry, if 3 ; fuotsraanr* if 4 ; ^nary^ if 5 j denary or 
(l«ci*i9Mi^ if 10 ; twiffaiiiry^ if II ; duodenary or duode- 
rimo^ if 18. 
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1 52. T^ Mfpre99 a ffiven nun^er in anppropoMd teale. 

Lei N be the giTen number, and let r be the radix of 
the scale in ii?hich it ia ta be expressed : also suppose a, 5, 
c ... to represent the required digits of the new scale. 

Then N^^a+lr+ci^+dif^-^ ... 

' Now if we divide N by r, we shall obtain a quotient 
h-\-cr-^dv*-^ ... and a remainder a ; hence it is clear that 
we can find the required digit a by dividing iV by r and 
taking the remainder as the first digit. Again, to de- 
termine b, divide the quotient h-^-cr-^-dv^-^' ... by r, and 
the new remainder h will be the second digit : in the 
same way we may continue to divide by r until no quotient 
is left, and the remainder at each division forms another 
of the required digits. 

Ex. 1. Express 57894 in the soale whose radix is 7. 

7 1 57894 



827& . 4 



1181 . 3 



I 168 , 6 



7 
7 I 24 . a 

a . 3 

Hence the required number is 
4+3.7x5.7>+0. 7»+3.7*+3 . 7«, or 330534 in the soale 7. 

Ex. 2. Transform 46321 from the scale 7 to the scale 9. 

» [ 46321 



9 



3664 . 7 



9 266 . 8 



9 [22 . 2 

1 . 7 17287 Ans. 

The student wOl observe that the division of the above is 
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performed mth reference to the nuinber being in the scale 7 : 
thoB in the first line we say 9 will not divide into 4, and then 
instead of dividing 9 into 46, we multiply 4* by 7 (=28), add 6 
(=84), and divide 34 by 9, which gives 3 with remainder 7 ; 
we do not then divide 9 into 73, bnt we multiply 7 by 7 (=49), 
add 8 (=52), and divide 52 by 9, which gives 5 with remainder 
7 ; next, we multiply 7 by 7, add 2 (=51), and divide 51 by 9, 
which giver 5 with remainder 6 ; then we multiply 6 by 7, add 
1 (=43), and divide 43 by 9, which gives 4 with remainder 7; 
and so on in each line. 

Ex. 3. Multiply 57012 by 3016 in the scale 8. 

^7012 In multiplying by 6, we say 6 x 2=12 

^Q^^ (in denary scale), i. e. 14 in scale 8; so 

432074 again 6x7=42 (in denary scale) =52 in 

57012 scale 8. 

2150360 In adding, we have 7 + 2 = 9 (in denary 

216260214 Ans. ^^^^ = ^^ "^ ^^^ ^• 

153. As in the common scale any digit may occur from 
6 to 9, so with numbers in other scales we may have any 
digit less than the radix. In the scales higher than 10, 
t is the symbol used for tm, and e for eleven, 

Ex. 4. Extract the sqaare root of 202(^1 in the scale 12. 

20'2«'a (, 4«1 Ans. ^® student will observe that 

-^^ the work here is all done in the 

— scale 12. Thus, as the result of 

^^ ^2* multiplying 4 by itself, we write 

^^^ 14 because sixteen is 14 in this 

9^1 I 9fl scale: so in subtracting we bor- 

9 a row 12 (not 10). 
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Ex. 5. la what scale ia the nnmber 182600 repxesented by 

90605f 

Let r be the radix of the scale ; then 

dr*+6r»+6=182fi00, 
9H+6f»+ 1=132496, 
Sr»+ 1=364, 
3r«=363. 
r=ll. 
Hence the required scale is 11. Ans. 

EXEBCISB XXIX. 

1. Express 57894 in the scale of 7 ; and 87209 in the 
scale of 6. 

2. Express 32564 in the septenary, and 57340 in the 
nonaiy scale. 

3. Transform 253 from the common into the binary 
scale, and 407 into the ternary scale. 

4. Transform 46321 from the scale of 7 to that of 9, 
and bring the result back again to the scale of 7. 

5. Transform 8917^4 from the scale of 11 to that of 8 ; 
and 75403 from the scale of 9 to that of 7. 

6. Fmd the number in the common notation which 
is the same as Zltel in the scale of 12 ; and the number in 
the qumary scale equivalent to 5712 of the octenary. 

7. Multiply 34705 by 1402 in the scale of 8 ; and 
154032 by 3021 in the scale of 6. 

8. Multiply 75023 by Zet in the scale of 12 ; and 312^4 
by (41 in the scale of 11. 
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9. Multiply 573102 by 7€5 in the oeimary scale ; 
transform both numbers into the common scale, and trans- 
form their product into the octenary scale. 

10. Divide 33112563 by 6512 m the scale of 7; and 
19224292 by 540 in the scale of 12. 

11. Divide 205124322 by 41205 in the scale 6; and 
231007^5^ by 278902 in the scale 12. 

12. Divide 17676453 by 7531 in the scale 8; and 
1011200120 by 2001 in the scale 3. 

13. In i/7hat scale is the number 127 represented by 
447 1 and in what is 488 written 965 1 

14. Find the scale in which 4487 is written 10607. 

15. In what scale is 170 the double of 747 and in what 
scale is 2202102 three times as large as the number 596 
of theundenary? 

16. In what scale is 1534 of the senary represented 
by418? . 

Find the square root of 

17. 42516444 in the scale of a 

18. ^120344 in the scale of 12. 

19. 1112001111 in the scale of 3. 

20. 36743234 in the scale of 9. 

21. ^67^04 in the scale of 12. 

22. 14432317 in the scale of 9. 

23. 211330221010 in the scale of 4. 

24. 13466707 in the scafe of 9. 
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CHAPTER XXX. 

PlOLHTrFATIONS AND OoMHIKATIONfl. 

1^4. Thb Permtitationt of smj quantitieB are the 
diffBrent orden in which they can be arranged. 

Thus if the letters a, d, c are taken two together, six 
pemratsUons cam be fonned of them; viz. db, ha, ae,-ca, 
bCf cb, 

155. The Combinations of any quantities are the 
different t;ollcctions that can be formed out of them with- 
out regarding the order in which the quantities are 
arranged. 

Thus of the letters a^ h, c taken two together, three 
combinations can be formed^ viz. ab, etc, he ; ah and ha 
forming the same combination though different per- 
mutations. 

156. Tha number qf Pmirnuiatums qf iL tMnffiiaken 
r together is n (n— 1) (n-2) ... (H-r+ 1). 

Suppose there are n iAangaOyh^ c,>d^,. ; if we remoTe 
a there will clearly be n—\ things h, Cy d,,,y and if we 
place a hefore each of these^ there will he n - 1 permu- 
tations db,aCyad,..m9S[ of which a stands first. Simi- 
larly we can form n— 1 permutations ha-, hc^ hd.,, in all 
of which h stands first ; so also for e,d\... and since there 
are n letters each of which stands first in n — 1 permu- 
tations, there will be altogether 7i(tt— 1) permutations of 
n^bxD^ tnkffli two together. 

From this we can determhie the number of pennn- 
ttttions when they are taken ^ree together. If as hefbre 
we remove a, there wiU be n-1 letters h, €,d.*. and by 
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what has just been shewn, they will, if taken two together, 
form (n— l)(n-2) permutations, l^ow place a beforo 
each of these, and we shall have (n— 1X^—2} permutations 
of the letters taken three together in all of which a stands 
first: in the same way we can form (n—l)(n— 2) permu- 
tations in which b stands first; so also for Cyd And 

since there are n letters each of which stands first in 
(n— I) (n — 2) permutations there will be altogether 
n (n— 1) (n— 2) permutations of n things taken three 
together. 

We may proceed from this to find the number of pep- 
mutations when the quantities are taken r together. Sup- 
pose the rule which we have found indicated in the case of 
quantities when taken two or three together to hold good 
when they are taken r — 1 together ; that is, that the 
number of permutations of the n quantities a, ^, <; ... taken 
r— 1 together is w(n-l)(n— 2)...{n— (r— 1)+1}. Let a 
be removed, and the permutations of the remiuningn — 1 
letters b,Cfd... taken r— 1 together will be 

(n-l)(»-2)(n-3l...{(n-l)-(r-l)+l}, 

or (n-l)(n-2)(n--3)...{»--r + l). 

We can place a before each of these, and we shall have 
this as the number of permutations of n things taken r 
together, in all of which a stands first. The same will 
be true for &, c, el ... ; hence we see that the permutations 
of n things taken r together are 

n(»-l)(n-2)(n-3) ... (n-r+1). 

This result shews us that if this expression be correct 
when the quantities are taken r— 1 together, it is also 
trae when they are taken r together, i. & for the next 
higher number. But we have proved it to be true when 
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r=:2, or 3 ; hence it is true wben r=s4, and therefore when 
r=5, and so on: that is, it is generally trae whatever 
value r may haye. 

Ex. 1. In how many ways ean a fonr-oar be arranged, if 
there are 7 rowers to ohoose from? 

Here there are the pezmntations of 7 rowers taken 4 toge- 
ther ; hence we have 

7x6x5x4=840. Ans, 

157. The number of PermtUatiotu qf n things taken 
aU together w n (n-1) (n-2) ... 3 . 2 . 1. 

In the last Art let r^n, thus the expression becomes 

n(n-l)(n— 2)...(n-»+l)=:n(n-l)(n-2) ... 1. 

This is frequently written in the form |n and is read 
factorial n. Thus [5 stands for 1 x 2 x 3 x 4 x 5. 

Ex. 2. In how many ways can 6 persons be arranged at a 
dinner-table ? 

Ans.sGx 5x4x8x2x1=720. 

168. The number of Permutations of n things in 
which a recurs]^ times, b recurs q times, c recurs r times, 
d!c. is 

\p.\q.\r..,' 

Let N represent the required number of permutations. 
Now suppose that in each permutation all the letters a 
were changed into different letters ; since there are p of 
them, these new letters would form |p times as many per- 
mutations as there were before (Art 157) ; i.e. the number 
of permutations would be Nx]^. Similarly if all the 
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letters b, c, vere changed into differ^t letters, the 
nmnber woold be multiplied by |^, |r... ; so that the total 

number would be iVx Ipx Wx jr.... But now that the 

recurring letters are aU changed into different letters, the 
number of permutations weuld be |nj hence 

In 
jp.|^.[r... 

Ex. 3. How many different words may be made from all 
the letters of the word speeches ? 

There are 8 letters, in which e occurs thrice, and 8 twice ; 
hence the permutations = ' ' * i o a * =3360. Ans. 

159. The nurnber of ConMnati&ns of n things laken 
r together is 

n(n~l)(n-2)...(n~r-H) 
L • ^ ."O.^.r 

The number of permutations is (Art 166) 

ii(tt-l)(»— 2)...(»-r+l), 

but (by Arts. 155 and 157) each combination of r things 
will form r(r-l)(r— 2)...l permutations; hence the 
number of combinations is 

w(n— l)(n-2)...(n"-r-H) 
1.2. 3.. .r 

By multiplying both numerator and denominator of thii 
fraction by Jn~r we may change it into the form 

]r\n-T 
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Ex. 4. On how many nights oan a different guard, consist- 
ing of 4 men, be formed from a company of 10 men ? 

This is the combination of 10 men taken 4 together ; hence 
we haye 

10x9x8x7 „-rt . 
- — s — 5 — T = 210. Ans. 
1x2x3x4 



EXEROISB XXX. 

1. Find the number of permutations of 15 things 
taken 4 together ; also of 12 things taken 5 together. 

2. Shew that the number of permutations of S things 
taken 5 together is twice as great as those of 16 things 
taken 3 together. 

3. Find the ratio between the permutations of 10 
things taken 4 together, and of 7 things taken all together. 

4. How many words of four letters may be made from 
the letters of the word number f 

5. How many words of five letters may be formed 
from the letters of the word Windsor, and in how many 
of these will s stand first ? 

6. How many different arrangements may be ma<le 
for 5 picture-frames when there are 8 pictures to select 
from? 

7. In how -many ways can a party of 4 persons be 
arranged at a table ? In how many ways can 7 1 

8. How many arrangements can be made in a space 
holding 6 ornamental tiles when there are 12 tiles to 
choose from 1 

J>. A. 13 
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9. The number of permutations of n things taken 3 
together is eight times the number when 2 together: 
findn. 

10. The number of permutations of 2n things taken 
3 together is ten times that of n things 3 together: 
find n. 

11. The number of permutations of n things 4 together 
is fifteen times the number of permutations of n— 2 things 
3 together : find n. 

12. The number of permutations of 2n things taken 
3 together : the number of permutations of n+2 things 
taken 3 together :: 14 : 3 ; find n. 

13. How many different words may be made of all 
the letters of the words scissors^ street^ Zamzummims, 
llictfdia, assessors? 

14. How many signals may be made with 7 flags when 
3 are used at one time ? Also how many may be made 
with 5 flags when any number may be used ? 

15. With four differently coloured lights how many 
signals may be given (i) if all are used, (ii) if any number 
may be used ? 

16. In a race in which six start, how many different 
results are possible, excluding dead-heats ? 

17. Find the number of arrangements that can be 
made of the letters of agrarian. In how many will a 
stand first ? 

18. Find the number of combinations of 20 things 
taken 5 together ; also of 40 things taken 3 together. 

19. Shew that the number of combinations of 12 things 
taken 3 together is the same as when taken 9 together. 
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20. If twenty boys enter for a Fives-prize, how many 
different pairs may be drawn ? 

21. Out of a stable of 12 borses how many teams of 
4 each may be formed, and in how many of them will any 
particular horse appear ? 

22. How many different 8-oar crews can be formed 
out of 15 boys, 3 of whom are steerers ? 

23. If eggs are 15 for a shilling, how many different 
shillings worth can be picked out of a basket containing 
48 eggs? 

24. A house of 11 boys contains 6 who can only row, 
and 3 who can only steer; the other two can do either. 
How many different crews can they form for their 
four-oar ? 



CHAPTER XXXI. 

BiKOMIAL ThBOEEM. 

160. It has been shewn in Chapter Y. how a binomial 
expression may be expanded to any power not greater 
than the fifth : we shall now shew how this process may be 
extended to any power, by means of the result generally 
known as the Binomial Theorem. 

161. To shew that when n is any positive integer , 
{\-^2^is equcdto 

jt 1 w(w-l) n .^^ ,n{n-'\){n-2) ,^- 

W(W— 1) . o „ . ._, 

+ +— y-^a""2;B2+wa"^a? + a". 

13—2 
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By actual multiplication 

( J? + a) (a: + &) (iJJ + c) = aj3 + (a + & + c) dj^ + (a6 + a<j + 6c) « + fl&c, 

+ {ah+(ic^'<zd+hc+M-¥cd)a^ + {(Ac-¥dbd-^(icd+'bcd)x 

+ dbcd, 
in which results we observe the following rules : 

(1) That the products proceed in descending powers 
of X, and that the highest index of x is the same as the 
number of factors. 

(2) That the number of terms is one more than the 
number of factors. 

(3) That the coefficient of the first term is 1; of the 
second term, the sum of the quantities a,hyC.,,\ of the 
third, the sum of their products taken two together ; of 
the fourth, the sum of their products taken three together; 
and so on to the last term, which is the product of all 
the letters. 

Now suppose the law which we have proved for four 
factors to hold good for n factors x+a, a!+b,,..x+lj 
so that 

iiC'ha)(a! + b)(a!-¥c).,.{x+k){x+l) 

+ (a&+ac+...+^0^""2+ + abe..M 

=^"+/Sia?"-i+/S'j|a;— 2+/S'8«"-' + + Sn 

where iSi=a+ & + (?+...+/, 



'•> 



8^=abc.,,Jd, 
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Let us now multiply this result by another factor 
x-\-m] then 

(j?+a)(a?+&)(a?+c)...(a?+0(*+«»)=*"*^+('Si+m);c" 
+ (iS; 4. /Sii»>c*-i + (iS; + /Sim) a?"-» + . . . + ^hI». 

In this, the coefficient of of is 

/Si+jn=a+ 5 •!-(;... +/+f» 
=the snm of the letters taken singly : 
the coefficient of af^^ is 

-the sum of the letters taken two together : 
the coefficient of a?""^ is 

8^-^- S^m=^abc + aM •{-,,, + aJbm-¥acm-^,. Mm 
=the sum of the letters taken three together : 



the last term is S^m^abcMm^WiQ product of all the 
letters. 

We see therefore that if the result be true for n factors, 
it follows that it is also true forn + 1 factors : but we have 
proTed it to be true for three and for four factors, therefore 
it is true for five ; and since for five, therefore also for six ; 
and so on : that is, it is universally true. We have proved 
therefore that 

(d?+a>(a?+&)(.'r+c)...(a? + 0=a:"+(a + &+c+... + /)ar«"^ 

-^-dbcM, 
Now let a=&=c=... =/, and since there are n of them 

a&+a<;+...+^=^^^^^a'(Art. 159), 
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dbc,,M=a\ 
Hence we obtain the resnlt 

162. Ex.1. Expand (a + 6)7. 
In this n=7; hence 

(a+6F=aT+7a«6 + ^a«6Hj^a^63+^l|^^ 

7.6.5.4.3 7:6.5.4.3.2 

^1.2. 3. 4.5^*^^1.2. 3. 4. 5. 6 ^ 

= a7 + 7a«6 + 21aB6« + 35o*6» + 35a»6* + 21o«6« + 7a6« + 6^ 
Ex.2. Expand (a;-2y)«. 
(x + 2y)«=a^-6.x«.(2y) + J^«*(2y)»-|l|^ip8(2y)8 

6.6.4.3 .,- ., 6.6.4.3.2 ,. ,_ ,„ ^- 
+1727374 ^'(^y)'^ l. 2.3. 4. S ^^^y^'^'^t^y)' 

={»«- 12a:By + 60x*y« - 1603^3^ + 240a5«y* - 192a;i/« + 64y«. 

When the proposed binomial contains factors in- one or 
both of its terms (as in 2y in the above), it is better in the 
expansion to write them first in small brackets, and remoye 
these brackets in obtaining the final result. 

163. To find the general term in the expannon qf 

{x-haY. 

In the result obtained in Art 161, we observe that the 
highest factor of any denominator is always one less than 
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the number of the tenu, and the corresponding factor of 
the nnmerator is the difference between this factor of the 
denominator and n + 1 ; also that the index of a is the 
same as the highest factor of the denominator, and the 
index of x the difference between this factor and n. This 
shews that the r*^ term of (^ + a)" is 

n(n-l)(n~2)...(n-r+2 ) , ^^^^ 
1.2.3...(r-l) * ^ 

If we multiply both numerator and denominator by 
j n — r + 1, this result may also be written 



r— 1. n-r+1 



Ex. 3. Find the 6^ term in the expansion of (x- 8^*)^. 
Here n=8, r=6: 
hence the 6*** term 

=14^444 (- 8y»)»ai»=56 x (- 243yW)aj3=r- 13608xy«. 

164. The coefficients qf any two terms equidistant 
from the beginning and end qf the expansion of{jc + aY 
are the same. 

Since ihe first term of the expansion is of, and all the 
inferior powers of a are inyolved in the remaining terms 
down to the last term which is a", it is evident that there 
are in all n+ 1 terms : hence the r^ term from the end is 
the {n + l-(r-l)}*^, i.e. the (n-r+2)*^ term from the 
beginning ; and its coefficient is 

n(n-l)(n-2)...{w-(n~r+2).f2} 

1.2.3....(n«r+l) ^^' ^^^)' 

w(OT-l)(n-2)...r 
*^ 1.2. 3. ...(n-r+1) 

n— r+1. r— 1' 
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But this is the coefficient of the r^ term of the series (Art. 
163), which proves that these two terms hare the same 
coefficient. 

Ex. 4. Find the ooeffioient of the 100^ term in the expan- 
sion of (a +05)'®'. 

Since there are 103 terms, the 100*^ term is the 4i^ from 
the end; its coefficient is therefore the same as that of the 
4^ term of the series ; hence we have 

102 . 101 . 100 



3 



= 171700. 



165. The proof of the Binomial Theorem in Art 161 
extends only to the case of n being a positire integer : 
the theorem is however equally true when n is fractiona] 
or negative ; the student will find the proof for these cases 
in larger works on Algebra, but he need have no difficulty 
in applying the theorem to any case. 

Ex. 5. Expand (l+a;)^ to four terms, 
/lu. ^l w2 313 J • 3V3 y \3 y . 



172 "^ ' 1.2.3 



- 2a! as* 4a!? 



Ex. 6. Expand (1 - 2a)-3 to five terms. 

<.-^)-.iti^^w^(-2.).t <-"i:,';j-« i-8.). 

^ '-"i:?.';.r-" i-^i-^ 



= 1 + 6a + 24a«+ 80a5 + 24ba* + 
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Ex. 7. Expand (a«+3aB*)"*^ to four terms. 

3a:«\-f 



(^+Jte«)-*=a-*(l+^^y 



L 8 8aj« \^)\ 4J /8g^V 

S-%W^k ^'* ! 



4 82 128 



EXEBCISS XXXI. 
Expand 

1. {x-k-yf. 2. (^y-yy. a {a-¥hf. 

4. (a-5)8. 6. (1-«A 6. (l-a^)*. 

7. (a+2a?)5. a (ay+Sy)^. 9. (a?-ar)« 

10. (2-3^)5. 11. (2a-|)'. 12. (2-^)* 

Find the first fonr terms of 

13. (a? -37. 14 (a?+4y)^^. 15. (2-6a)». 

16. (^-y)». 17. (3+1)- 18. (2-3a?)». 

Expand to five terms 

19. (l-7aj)^. 20. (l-4aj?)i 21. (4- 3a)* 

22. (8-3ir)f 23. (l-3a?)"^ 24. (l-4»^^\ 



34. 
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25. (l+a«)-l 26. (l-2a)-3 27. (l-2a:8)-7 

2a {a-Zx)'\ 29. (a+2a?)-*. 30. Tar+lV*. 

31. {a?-aT\ 32. (a^-au*)-'. 33. (a^+2y3)* 

t. (l-y)*- 35. (l-2a?)-i. 36. (l + S^r)"*. 

37. (a-3dri 38. (a^+iiP*)"*. 39. (4a3-2a;*)-^- 

40. (8a'-4p)-i 

41. Find the 6th term in the expansion of f 1 - -~\ . 

42. Determine the coefficient of ^ in (1 — 3^i ; also of 
x^ in (1 -2^-i; also of z^ in (1 + «*)-*. 

CHAPTER XXXII. 

Pboofs of Bule& 

166. We shall give in this chapter the proofs of some 
of the elementary roles which the student would probably 
haye found too difficult at his first introduction to Algebra. 

167. To prove that (a+b)(c+d)=ac+ad+bc+bd. 

The product of a and e being written oc, it follows from 
Arithmetic that 

{a-\-h)e=ac-\-hc (i), 

because (a4-&}(;, i.e. (a+&) times e is equal to 

{a times e) + (J> times c\ 
which is written ac 4- he 



PROOFS OF RULES. XXXII. 203 

From this we can determme the yalne of (a+ 5) (e-f-d) : 
forletc+c^—o?; then 

<a+6)(c+rf)=(a+5)a:, 

=ae+ad-hbc-^bd by (i). 

SimUarly to find the tcdue (2/'(a-b)(c— d). 

We know that («-&)<?=«?— 6(J, 

because (a — &) e is the product of a and c (i.e. etc) diminished 
by the product of h and e (i.e. &c), which is written ac^hc. 
Now \^e'-d=Xy and we have 

(a-5)((;-rf)=(a-&)a?, 

= 05? — 5^7, 

168. To state and prove the Ride for finding the 
Greatest Common Measure of two Algebraical quantities. 

Let the expressions be arranged according to ascending 
or descending powers of some common letter ; then divide 
one by the other, and as in Arithmetic take the remainder 
for a new dirisor, and the old divisor for a new diridend ; 
continne this process until there is no remainder; and the 
last divisor will be the a. cm. 

The proof of the Rule depends ux>on the following prin- 
ciples: 

(i) If one quantity measure another, it will also mea- 
sure any multiple of that quantity. For let ^ be a measure 
of B and contained k times in it ; then B=kA\ 

.*. hB-hk.4, 
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hence A is contained hk times in hB^ or ^ is a measure of 
any multiple of B, 

(ii) If a quantity be a measure of two others, it will 
also be a measure of the sum or difference of any of their 
multiples. 

Let M be contained h times in A, and k times in S ; 

then A =hM, and B=kM\ 

/. pA^qB=phMd^qkM={ph^qk) M, 

i. e. Jf is a measure of pA ^qB. 

Now let A and B represent two B) A{p 

quantities, and let B be contained p pB 

times in A with a remainder C; again C)B( a 

let C be contained q times in B with a ^ 

remainder Z> ; and so on until there is 

no remainder ; let D be the last divisor ; D) C(r 

then it will be the g.cm. of A and B. ^ 

Proin the above division we have the 

following relations: 

A-pB^C (i), 

B--qG=D (ii), 

C=rP (iii). 

From (iii) it is evident that 2> is a measure of C\ there- 
fore by (ii) it is a measure of By and by (i) it is also a mea- 
sure of A : hence 2> is a common measure of A and B, 
But it is also their greatest common measure, for by (i) 
every common measure of A and B is also a measure of 
C, i.e. it is a common measure of B and (7; therefore by 
(ii) it is also a measure of 2>, ie. every common measure of 
A and B divides 2>: but we have shewn that 2> is a 
common measure of A and By and no quantity larger than 
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D can divide Z>; hence D is the greatest common measure 
otA andi?. 

169. To state and prove ths Ride for finding the Lecut 
Common Midtiple qfttoo AlgebraiccU quantitiee. 

Find the a.o.M. of the two quantitieB, and divide one 
of them by it; the l.c.m. will be the product of this 
quotient and the other quantity. 

Let A and B be the two quantities, 2> their greatest 
common measure, M their Jeast common multiple; also 
let ^=|'A B=qD. Then D being the greatest common 
measure of A and B, the least quantity which will contain 
A and B is pql>f for 2> includes all factors common to 
A and B, p bH those peculiar to A, and q all those 
peculiar to B ; 

/. M=pqD=-^XjrxD — jr'xB. 

It is evident that the l.cm. may also be written in the 
form of three products^ viz. the o.o.m. and the quotient 
of each of the quantities when divided by the a.o.H. 

170. To prove thai 

^JI^ = a*'i + aj"-2a + af- W + . . . + «a— « + a"\ 
a?— a 

By actual division 



a—a 
x—a 






x-a 



=a^+ a^a + xa* + a\ 
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Now guppose this law which we see is true in these 
simple cases to hold good when the index in the numerator 
is n, BO that 

f!z:^=-K— i + af-*a+«"-3a«+...+ «a— « + a"-M (A) 

m — a 

then it follows that 

X'-a x^a 

x*—.a* 



^af + a. 



a— a 

=:af + a{af*-^ + af-^a-T ... +a""i)by(A) 

a=;u^+af~^+af"V+... a". 

But this is of the same form as the expression (A) ; we 
find therefore that supposing the rule to hold for any 
index n, it necessarily holds for the next highest index 
n + 1. But we have shewn that it is true for indices 
2, 3, 4 ; therefore it is true for 5, and therefore for 6, and 
so on : that is, it is generally true. 

The same method of inductive proof may be applied to 
all the cases stated in Art 35. 

Exercise XXXII. 
Miscellaneous Examples. 

1. If a=0, 5=2, e=4, <f =6, find the value of 

3 i/W^-h2 s/b' + c'+T-^ li^ip+cf-^h^-df. 

2. Divide 49a2+21a& + 125<;-16c« by 7a+35-4<:. 

3. Resolve the following expressions into factors : 
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4. Find the L.C.M. of 6a^+«-2, and 

5. Simplify the following expressions : 



(i) 



«fl-a* 



6 



,.., 2a 2a . 4^ 






a-6 a+6"a*+&2' 
(iii) 

V x-y) V x+yj 

6. If (f)y'-cxf={Jtf^'-ac){3/^-cz\ prove that 

7. Solve the equations: 

10a?-2y+42f=10,\ 

«+3y-2-2f=21.'' 

8. Solve 

(2) d?-y=2 and a?3-y3-218. 

9. A man buys a case of oranges at 6<f. a dozen : he 
finds fifty spoiled, and selling the rest at 3 for 2d, makes 
10«. M. profit : how many are there in the case ? 

10. Extract the cube root of '007077888. 

11. If a=0, &=1, (;=3, (f=4, find the value of 
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12. Divido 

13. Find the £EuHx>r8 of . 

14. Find the o.o.h. and the Lo.m. of 

a?*— y* and**— y^. 

15. Simplify 

g+ft a~5 2a(ar+5) 

16. Extract the square root of 

a?*-2a?8+&B'-6a?+8-- + 4- ^+ i . 

ar a:^ ^ ^ 

17. Solre the following eqoations : 
(i) ai^ + 3a?+6 = 5Mr*4-4a?-l. 

.... a?+2 . 2a? + ll _ . 

^ ' a?— 4 a?-2 

(iii) 2a?2=3a^, y2+5^=34, 

18. Find the time between 8 and 9 o'clock when the 
hour and minute-hands of a clock are at right angles. 

19. Multiply 

a*-a*6'^+&^ by a'"*-a~'&"'^+&~i 

20. Simplify 

and find the value of 
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21. Find the square root of 

22. Find the a.o.M. of 

3a;*-&i? + 2, and 4c'-a?-iiB*+l. 

23. Simplify — r + — tt + -s-na + T"n • 

24. Solre the following equations : 
(l) — g— = 10(ar-l). 

(ii) 3a?-2y=6; 3y-2z=5; 34r-ap=-2. 

(iii) 6;»« + 7^-2=ar». 

(iv) a?+y=ll; a^+y^=*JZl, 

25. A person gives away £10 less than \ of his money 
and has left £20 more than two-fifths of it. Find the 
original sum. 

26. Form the equation whoso roots are 5, 0^ and |. 

27. Diride 3^/32 by 4^18 ; 

and rt56"* + a"3t* by a5"^ + a"^&*. 

28. Find the square root of 1 2 - 6 V3. 

29. What number must be added to each term of the 
ratio 10 : 15^ that the new ratio may be as 24 to 28 ? 

30. If a, h, c, d are in proportion shew that 

<^+bd : l^+ac :: d : b. 

31. Divide a'^^a-^b'^+b-* by a'^-a'^b-^ + b'^ 

D. A. 14 
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32. Solve the equations : 

(ii) a?-'^=6% ir-y=2, 

33. Of a certain sum of money I spent a third part 
and put in its stead £50; then of the sum thus increased 
I spent one-fourth, and put in its stead £70 ; I then had 
£120 ; what was the original sum T 



34. K 2*=a+&+c and -4 = 



26c 



shew that 1-^=^M(£Z±). 

ho 

35. Find the value of 



X 



36. Solve the equations ; 
ax ex 



(i) y + y^g^qx-k-y{fh''ex). 
(ii) 2aj'-17^=30. 

37. Simplify ^—^4.—J^(^^^ + j^j. 

38. Find five numbers in Arithmetical progression, 
such that their sum is 55, and the sum of their squares 765. 

39. Insert m geometric means between a and h, 

40. Divide 23165413 by 2403 in the scale 8. 
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42. Rednce to lowest terms 2^,9^,33^^21 ' 

43. Solve the equations : 

(i) &r-3y+24f=21, 8a?-y-34f=3, 2a?+3y+2^=39. 
(ii) 3a'8-26;i?=169. 

44. Divide a^ - 4aM 4- 4aM - a' by x^ - al 

45. Two numbers are in the ratio of 7:8; and if 

9 be added to each of them, they will be in the ratio of 

10 : 11 ; find the numbers. 

46. A is three times as old as B, and 19 years hence 
he will be only twice as old as ^ : what is ^'s age ? 

47. Sum the following series : 
(i) 1, 2}, 4^... to 9 terms. 

00 }} f> 1... ton terms, 
(iii) 1, i, ^... to infinity. 

48. How many, combinations can be formed of the 
letters in the word longitude taken 4 at a time ? 

49. Expand {a—2xf to 4 terms. 

50. If a, ft are the roots of the equation ax^ + &a? + c = 0, 

c b 

shew that aB=?~ , a+/3 = - - . 

For what value of k will the equation 5j^-hBx+k=0 
have equal roots ? 

61. Simplify ^—""^ 



1* 
5-l + i 




14-2 



212 ALGEBRA. 

52. Divide a+bhylfa-h ijb. 

53. Extract the sqnare root of 28 + 16 J3. 

54. Solve the equation, 

1 1 1 



tJT+i + l Jl+x-l x' 

55. Find how many terms of the series 7, 9, 11, &c., 
amount to 72. 

56. Insert 3 Arithmetic Means between 117 and 477. 

57. Sum the series 9-6 + 4 to 8 terms, and to 

infinity. 

58. Insert 4 Harmonic Means between 2 and 12. 

59. If a : b :: e : d, shew that 

7a+& : 3a + 6& :: *Jc-^d : 3c+5rf. 

60. If I buy a horse and sell it again for ;£96 I gain as 
much per cent, as the horse cost me. Find the original 
cost of the horse. 

6 1 . Find the a. o. m. and l. o. m. of 

and lOar* + 170;^^ - 1 l^Py* - 4y*. 

62. If aa^+bx-hc and a'a^-hb'x+c' have a common 
factor, then (ae'-a'c)^ = {db' - a'b) {bcf- b'c). 

63. Solve the equations : 

^^ a?-6 ;i?-12"" a?+2 • 

(2) JixTl^ Ja^i =y^iT+ ^/2xTTi. 

(3) ir« + 3y* = 52; 4y2 + 3ay = 8a 
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64. Find the cube root of 29503629. 

65. Simplify l^l^l and V2r+8;75. 

66. Find two nambers in the ratio of 3 to 5, which, 
when each is redaced by 7) are in the duplicate ratio 
of 2 to 3. 

67. Shew how to find the sum to infinity of 

2a+a+|+ 



68. Express 708 in the scale of 9, and multiply the 
result by itself. 

69. Expand (1-^)^ and give the first 4 terms of the 
expansion of (3a— 2d?)"^. 

70. A man starting at 10.30 a.m. rows 10} miles up a 
rirer, and rests for 1 hour and 40 mins.; coming back he 
travels 1 mile per hour faster than before, and reaches 
home at 5.30 p.m. : what was his rate at first ? 

71. Simplify 

^'^-Wsfi 3 g'-6» 3g' + 6» 

72. Write down the square of 

1 + 3a:+ 6aj*+ 7^- 9**^, 

73. Find two nimibers, such that half the second to- 
gether with twice the first is equal to 13}, and twice the 
second together with a fifth of the first is equal to 15. 

74. Find the square root of 79 + 24 ^7. 
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75. Divide x^ - 2;i?* + 1 by x^ - 2;??^^ + 1. 

76. Find the sum of the series 

3i + 4^+6j + &c. to 19 terms. 

77. Solve 

a?H2^+32/' = 19; 3a^+2;u2( + y2=9. 

78. Multiply W by 10^ in the undenary scale. 

79. Extract the square root of 10534521 in the senary 

scale. 

80. Expand (a- 2a?) •. 

81. Find the 6. cm. and L.O.M. of 

2;i?^ + ^ - 1, a?^ + 6;i? + 4, and «* + 1. 

82. Find the value of 

+ 



x-b x-a (a;— a) (a;— 5)* 

83. Extract the square root of *1 and the cube root of 
132651. 

84. Solve the equations : 

(i) x+y^z=Z6,] 
x + Zj/-2z = l2,\ 

^+1^1 = 20. 
(ii) 4x^+Zxy^l0i2xy-\-Zi/=l6. 

85. Expand (1 -aY to five terms. 

86. Expand (1 +x^'^ to five terms. 

87. Find the 5th term of (a« - ft^j i s , 
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88. Tranaform 87432 from the nonary to the undenary 
scale. 

89. DiTide 833318 by 2471 in the duodenary scale. 

90. How many words, each containing 3 consonants 
and 2 yowels, can be made out of an alphabet of 17 con- 
sonants and 6 vowels ? In how many of them will the 
consonants and yowels be arranged alternately ? 

91. Solve the equations : 

r\ ^-1 _ 2a'-H 
^^' «+2'"6a?-2' 

(ii) 



«(«+y)+y(^-y)=i58;| 



7a? 

92. If two numbers differ by n, shew that the differ^ 
ence of their squares is n times their sum. 

93. Find the value of 



84. Solve the equations : 
fl?+2y+a2?=17; 2a^3p^z=0] 3a?+y-6;2r= -15. 

95. Find theo.o.M. of 
2a?*+ll«»-13«*-99a?-45 and 2«'- 7a?' -46a?- 21. 

96. Divide w -4m*+ 6m^-4m* + 1 by m*-2m* + 1 ; 
and find the value of (a*+&4) (a-4-6-i). 

^7* If a, &^ <;, be in continued proportion, prove that 
a+b : b :: a— c : 5— c. 
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98. Sum the series -12, -8, -4... to 14 terms; also 
f+1 + J + ...toe terms, and to infinity. 

99. What number must be added to each term of the 
ratio 6 : 13 that it may become 1:2? 

100. Transform 6279 from the denary scale to the 
senary ; and find in what scale the number 136 is expreasecl 
by 263. 

101. If a = 6, 5=4, <J=2,<^=0, find the value of 

2V«"C+3V3a + 26 + l-^2^:j:2p3^^^. 

102. Reduce to its lowest terms 

16^ + 35^^4- 3a; 4- 7 
27a?* + 63^:'- 12^ -28a?' 

103. Resolve into elementary factors 
a;'-8y',a«-2a*5a+a2&*, (4a + 36)«-(3a+45)* 

104. Solve the equations : 

(i) a?+2y=7; y+2z=2; 3a?+2y-2r= -5. 
(ii) 2x^-Zx = 54. 

106. Find the value of 

1 1 a 

2 (a-a?) 2 {a+af) "^ a«+a^ * 

106. Find the square root of 44i^f. 

107. Prove that 

I + _J__+__L__-JL 

a(a-6)(a-c)^d(6-a)(6-c)^c(c-a)(c-6)'"a6c' 
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108. Rationalise the denominator of 

3-s/2 

3+^/2• 

109. Reduce f {/5 to an entire sard ; and simplify 

^27 + 2^48 + 3^108. 

110. Extract the square root of 1 8 + 2 ^77. 

111. Divide 

aj«- 140ar*+ 1050ic»- 3101aj2+ 3990;C' 1800 
by ic'-12ic2+ 47^-60. 

112. A spends a sum of money ; B sx)ends half of 
what^ spends; (7 spends | of what A and B together 
spend. 11 Ay By C altogether spend £52. 10«., what does 
C spend ? 

113. A bag contains sixpences, shillings, and half- 
crowns; the three sums of money expressed by the 
different coins are the same ; if there are 102 coins in the 
bag, find the number of sixpences, shillings, and half- 
crowns. 

114. Reduce 

ar*-4fl?» + 8a^-8a?-21 
4J*-aj8+12;i53-7.'p+49 
to its lowest terms. 

115. Solve the equation 

a? + l 2a?-6 _^ 4:g-f-13f 
6 "^ 7 ""^ 14 • 

116. There are three numbers in a. p. whose som \s 
10, and the product of the second and the third is 33^ : 
find the terms. 
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117. Sum to 5 terms and to infinity the geometrical 
series 23^^ 15, 10, &c 

lia FindtheYalueof(l-3a?+3aj*-«^l 

119. Extract the cube root of 

&B^-36a?«+6&i?*-63«»+33J^-aa?+l. 

120. Moltiplj together 325 and 104 which are in the 
of 6 : and express the result in the common scale. 

121. Simplify 
1 1 2 



(1> 



xy-^ xy+^ «*-y** 



(3) \ + \ i^ 

122. Solve the equations : 

(1) 7aj»-lla?=6. 

(2) (a+&+a?)"-2&a?=a*+2&*. 

123. Solve the equations : 

(1) 2 Vaj»-8a?+8=(«-4)"-7. 

(2) 2>/4a? + l=^/2a?+5 + 3. 

124. BAtionalise the denominator of 

j^/20:Vl2. 
2^/3-^6 ' 

and extract the square root of 8-2 ,Jl6. 

125. If a, are the roots of the equation or' ~ &4; + c = 0, 
express a^+ /S' in terms of a, h and c. 
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a? - - J to fire terms. 

127. Find in what scale the number 124 is represented 
by 147» and in what scale 147 is represented by 124. 

128. Transform 3^7e from the duodenary to the octe- 
nary scale. 

129. The 4th term of a series in Arithmetical Progres- 
sion is 2^, the 9th is 3i; find the 26th term. 

130. Out of a certain sum of money A takes £10, 

and - of the remainder^ B takes £\0 and - the new re- 

inainder ; C takes the rest which is £25. What is the 
whole sum ? 

131. Divided?'— (a+^)d^ + (5^ + ai?)a?-agbyiP-a. 

1 32. Besolye (a? - a) ^ — a^ + a^ into Its factors. 

133. Divide a?i<> +N/3ii^+l by o^-Var 4-1. 

134. Find the highest common divisor of 
a.«-2ic2+3a?-18anda?3+7^-lla?-67. 

135. Solve the equations 
a^{y'¥z)=l^{z+x)=i?{x^y)=xyz. 

1 36. Shew that V a v a v a >Ja,.,2A infinitum = a. 

137. The number of permutations of 2n + l things 
taken w— 1 together : number of permutations of 2»-l 
things taken n together :: 3 : 5. Find the value of n. 

138. Extract the square root of 7+^13; and divide 
5-2^/3 by 5 + 2^3. 

1 39. If the square of x vary as the cube of y, and x=2 
wheft ^=3, find the relation between x and y. 
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140. Expand(l-aP4-3;i^-2a?3+a?*)2aiid(a«-a6 + 6»)3. 

141. Shew that 
a3(6-c)3+&8(c-a)3+c3(a-6)3=3a^;(&-c)(c-a)(a-6). 

142. If wi=(;i? + 2)(a?-l)2, andn=(4?-2)(^ + l)*, 

,, . m—n 2 

prove that ^V^ = ^(^r3)- 

143. Simplify 

aj8+l 1 



(iii) 2^-1 2 



2 + ;g 
l-2;» 

144 Find the g.cm. of I76a»- 210a2a? + 63<m?" 
and 126a3-22oa2;u + 135flw^-27^; 

also the L.O.M. of (6-4r)(3-&i?), (9 -6a?) (8 -12^), 
and (6 -12a;) (6 -9a?). 

145. Shew that 

2^/84-4^/T8 + ^/I89 + 5^/72 + ^/32-2^/242 = 7^/2^. 

146. Extract the square root of «^"*+y*a?~2— 2 and 
the cube root of 8741816. 

147 . Solve the equations : 

(i) l{(!to+3)»-l}-i(«»+6)=-i. 

(ii) 5-^=1- (Mi) ^/^^^+•J^^^=Jb. 

148. Expand to four terms (1 -a?)-* and (1 + 3a?)-% 
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149. A man sells a horse by lottery; if the tickets 
were 5«. each, he would lose £6 ; if they were 6«. each he 
would g^ £^' 'EinA the price and the number of tickets. 

160. A man bought a number of articles for £90. If 
he had bought 3 more for the same sum, the average price 
would have been £1, 10». less than it was. How many did 
he buy ? 

151. What is the l.<:i.m. of 

162. Find the value of -« s — » i . 

c^—aso a^—a^ ax+a^ 

1 53. Extract the cube root of 

8 - 36air + 102aV - 17la»a?3 + 204«*ar* - 1440^0^ + 64a«^. 

154 A certain number of 2 digits is less by 4 than 
5 times the number obtained by inverting the digits, and 
the sum of the digits is 10. What is the number? 

166. Multiply 3^2 - n/IF by 2js + /s/To. 

167. Solve the equations : 

(i) *'+i-«'-i=0. 

(ii) sfi-xy-\-y'^=1, a^-\-ix^'^+y*=lZZ, 

158. Prove that if <h±a^^q^±a^^ (h^(h^ ^^ 

Oj + flay Oj + Oiy Oi + ajy' 

1 -hX 

of these ratios is equal to -r—— , supposing o^+at+o, not 

1 + y 

to be zero. 
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159. If ^ is the harmonical mean between a and &, 

1.1 11 



z—a z—b a b 

160. How many words may be made out of all the 
letters of the word College f How many of JVooUoomoolooF 

161. Solve the equations: 

, . a?-2g a?-H2a _ 2<m? 
^ ^ a-b a+6 "^^^^ 

(2) Vl6-a? + ^/2;»-6 = 6. 

(3) ,^^-13^5 + 36=0. 

(4) ^/aj2-6a?+17 + 2;c*=12a?-13. 

162. Multiply xi — 2y^ + 4i»"iyi by x^ + 2y^ + 4a?""iyi. 

163. Simplify ^48 + 2 Jri-Jll + 3 s/T2. 
1/,^ a* T«„ 3^/6 + 21^2 . ZJ6-2J2 

1 65. Extract the square root of 1 7 - J253. 

166. Sum the series 

(1) 3, 8, 13, 18, &c. to 100 terms. 

(2) 4, 12, 36, &c., to 6 terms. 

(3) 2}, |, ^, ^ , &C. to infinity. 

167. How many terms of the Arithmetic series 3^ 5, 7, 9, 
&c. make 1680? 

168. Find the price of a dozen apples, when two more 
in a shilling's worth would reduce the price by a penny a 
dozen. 
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169. If the number of oombinations of ft +2 things 4 
together be equal to the number of combinations of n 
things 2 together, find n. 

170. furore that the difference of two quantities divided 
by the difference of their reciprocals is equal to tfa (the pro- 
duct of the quantities). 

171. Simplify a»+[&(a + 6)-{a6+a(a--&)}l 
aiid find the value of x^ + ^x-^—J^ when x=\, 

172. Shew that 

a(a-6+c)(a+6-c)-c(-a+6+c)(a-&+c) 

= (a-c){(a+<j)«-6«}. 

1 73. Resolve a?* + So;* + 6« and «* + a^ + y* into factors. 

174. Reduce to their simplest forms 

* 1 

a+ 



175. Solve the equations : 
(i) a^ + 6x=65; (ii) ^/J?+3 + ^/2^^ = 9'; 



^ ^ a?y-y* = 16. ) 



176. The terms of a ratio are seven and three; what 
number must be added to each in order that the ratio may 
be halved? 

177. If r=i' = ?, 

Oi Oft h 

prove that ^(h^t+c^^^^+c^i'^i ^ ^ 
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178. Write down the first four terms of an A. p. in 
which the first term is 3, and the 40th term is 6. 

K ft 

179. Sum to 12 terms the series -r — s+6— 10 + ... 

4 2 



■»• " ii^t) ^4") -H' 



shew that 



181. Resolve into factors a;8+ 6a? -187; and 

{(a + &)«-((; + cf)«}2-{(a-&)« + (c-rf)2}« 

182. Simplify 

aj2-4 a?2+6a; + 9 a;2+6^4-6 

X —3 :r X 



aj2+4:|. + 3 ar*+a?-6 «2-9 ' 

183. Distinguish between (^"*)" and sff^ \ and divide 

184. If «= V3-1 and y=2+ii/3, find the value of 

x+y x-y' 

185. Solve the equations : 

(i) {ax + c){bx-hd) = {ax + e) {hx +/). 

(il) ? + -=l7; --r=lO. 
^ ' X y * X y 

(iii) (2a?-6)(3a?-2)-(d7-2)(2a?-3)*=4. 
(iv) a?*-3« + 3-V3^-7a?4-6 = — r— • 



MISCELLANEOUS EXAMPLES. XXXIL 225 

186. Find the sum of the series 3, 2^, 2, 1^,... to 
20 terms. 

187. If 4a + 3&CC 7a + 46 + 3, and when a = 3, 5 = 3, shew 
that a =86 -21. 

188. If a, fi be the roots of a^'-px+q = Oy shew that 

n R 

the equation haying -^ , - for its roots isq {x+ iy=p^jc. 

112 

189. If a 4- rf= 2c, and - + :> = i- , shew that 

ado' 

a : h :: e : d, 

190. It is between two and three o'clock, and in ten 
minutes the minute-hand will be as much before tlie 
hour-hand as it is now behind it What is the time ? 

191. DMde ari-y^ by x'^-y^; and determine when 
;i^ ± y" is divisible by a: ± y . 

192. Simplify 

a(b + c-a) h{c-^a—h) c(a + h—c) 



{a-b){a-c) [b-c){b-a) {c-a){c-by 

193. If a, p be the roots of the equation 

a^-f 26a; + c=0, 
prove that ax^ + ^bx ■^c=a{x—a){x-p). 

If aa^+2bx+c=0, aV+26';r + c' = have a common 

root, and -, , £7, -7 be in a. p., shew that a' b\ cf are in o. p. 
' d^b cf ' . 



i 



194. If the first and last terms of an A. P. be 6 and 61, I 
and the sum' 4 02, find the number of terms, { 

195. A and B distribute J630 each among the poor. j 
A relieves 20 persons more than B^ but B gives to each 

D. A. 15 
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person 5«. more than A does; how many does each 
relieve ? 

196. Two numbers are composed of the same two 
digits ; the difference of the numbers is 9, and of their 
squares 891 ; find the numbers. 

197. If a, hy c, d be in geometrical progression, shew 
that (a+&+c+rf)* = (a + 6)2+((;+<f)2+2(2> + c)2 

,«« Ti. ^-c c—a a-b 

198. If a?=- , y=— ,— , z= , 

a ^ ^ ' c ' 

prove that icyz-]-x-¥y+z=0. 

199. A ^.rrner bought a certain number of sheep for 
£30. If he made a profit of 20 per cent, by selling ail hat 
five of them for ^£27, find how many he bought 

200. A testator bequeathed two-fifths of his property 
to his wife, and one-half of it to his son ; one-half of the 
remainder to his nephew, and the rest to his servants. 
His vdfe paid no legacy duty ; but the son, the nephew, 
and the servants paid it at the rates of 1, 3, and 10 per 
cent respectively* If the whole legacy duty from the 
estate amounted to ;£115, find how much the testator 
left 

201. Add together aa^'¥by^+ca^;{b-a)x*-\-(a-h)y' 

202. Determine by inspection the quotient when the 
product of x^—2xy-\-y'^ and a?*-2;irV+^ is divided by 

203. Reduce 
2 . 3 _^ 4 3 6 



0^-1 x-\ ;c+l a;*+l 9^—\ 
to one fraction. 
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204. Solve the equations : 

^^^ x-\^ x-^" x^-2^ 2x^2 • 

(ii) ^^+-^ = i (iii) ^ + 7;i?=60. 

^ ' X x-2 2 ^ ' 



(iv) (■ 



i?+l)(y + 2)=(^+6)y,l 
3a?=5y+2. / 



205. The product of two' numbers is 216, and their sum 
is 30 ; find the niunbers. 

206. From a certain sum I took away a fourth part 
and put instead £150 ; I then gare away one-third of this 
amount, and spent £250 besides; I then found I had £50 
left j what had I at first ? 

207. If aand )tf are the roots of oas^- 6a? +<?=», shew 

that a2+i82^?^=l|^. 

Form the equation whose roots are 3, -^ ij and 0. 

208. Sum to n terms (1) 1, 4, 7^ &c. ; (2) -|, J, 2, &c 
209* Insert two geometric means between fa^ and I8b^, 

210. Jn how many ways can a crew of eight rowers be 
arranged in a boati In how many ways can they be 
arranged if on)y two of them can row stroke ? 

211. If «=-^> & = 1, c=-y prove that 



(a-^ >Jh)(s/a^b){Ja+h)=^. 



<5» 



212. Divide 

1 — 5ii? H a^ a?* x^ bv 1 — ^ — z^M 

15 225 ^ -^ vy x u. ^g . 

213. Find the o.o.m. of 

and (a + 2b) (a - 6) - c (4a - 6 - 3c). 

15-2 
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214. Multiply together a?^+a?*y* + y^, a?^-y^", and 
x^ + y^, 

215. Find the l.c.m. of 

g 

216. Form an equation having for its roots - and- 3; 

and another having for its roots 1 ± -^2. 

217. How many pounds of sugar at 4^. per lb. nmst 
a grocer mix with 110 lbs. at 3|d in order that he may 
gain 20 per cent by selling the whole at 5«. 6(f. per 
stone ? 

218. A crew rowing against stream can do a^rtain 
course in 8f minutes : if there were no stream they could 
row the distance in 7 minutes less than it takes them to 
drift down the stream. How quickly would they row 
down the stream ? 

219. The sum of a geometric series is 700^, the first 

2 
term 243, and the common ratio 5 ; find the number of 

terms. 

220. A father is 54, and his son 27 years of age, how 
long is it since the ratio of their ages was the duplicate of 
tlie present ratio ? 

221. 8in,plify^^-^ + 5-j^+^. 

222. .If:.=^/^^andy=^^^EZ, 
find the ralue of — — ^ in terms of «. 
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223. Extract the square root of 

^ a^ ;»» a« [afi c^\ (x a\ 

224. Divide a^ - 2a^47* + o^ by x^ - 2a^x^ + a. 

225. Solve the equations : 

« '(hi)-'-' KM)-- 

(iii) 9x-h2xj9xn=l5x^-^' 

226. A vessel is filled with a mixture of spirit and 
water in which there is 81 per cent, of spirit; six gallons 
are drawn off and the vessel is filled up again with water: 
the proportion of spirit is now found to be 67^ per cent, j 
find the content of the vessel 

227. A spent 20 guineas in cigars, and found that if 
he had got one box more for the same money, each box 
would have been 48, 8d, cheaper. How many boxes did 
he buy i 

1 3 

228. Find the value of = + 7 + 1 ... to 90 terms. 

2 4 

229. Find the sum of 

(i) the arithmetical series whose first term is m and 

common difference ■^, — tt , to n terms. 

2ai(w— 1) 

(ii) the geometrical series whose first term is mn* 

and common ratio - , to w terms, 

n 
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230. Shew that 441 must represent a square number 
in any scale of which the base is greater than 4. 

231. Multiply X + — ^^~ 2^ by ;c 4- ^^-~- y. 

232. Divide \+z^+y^-Zyz by \-^y^z, 

233. Simplify — ^^ 2 5 -TL' 

(^-l)^(i»-2)'(a;-3)^* 

find the value of either fraction in terms of c, 

f— It- 

235* Simplify - .— 7=, and extract the square 

■^ 2^/l8-^/27 

root of 2J--i>/§. 

236. Transform 119716 into the scale 7 and extract its 
square root in that scale. 

237. Three numbers, whose sum is 49, are in g.p. ; 
but if each be increased by 16, they will be in h.p. Find 
them. 

238. Solve the equations: 
^ ' a?— a x—o a;— c 

(2) (;.H.|)i-(^ + !)*=(;.+ 1)4. 

(3) Jl'-oi?-2x{l^x)J\-'X=^Ji-x, 
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239. How many different arrangements can be made 
of all the letters of the word appeal? How many of all 
the letters of the word facetious^ the vowels being always 
in the order of the alphabet ? 

240. Expand to five terms (1 + a)"3 and (1 +Sa)~^ 

241. Simplify 

y2+;ga.a?2 ;gg+^-y^ a;g+yg-^r2 

yzi^x-iO^x-z) zxiy-z){y-x) xy{z-x){z-y)' 

242. Add together 4 ,y 1 47, 6^3, and 7 >/27 ; and simplify 

n/5-n/ 3 ^ 5 + ^/3 

243. Extract the square root of 52 + 1 4 v's ; and simplify 

244. If a:= 2 + 3*, find the value of 

1-23 ? l + 2a? 

l-(2ar)^ l + (2^)i* 

245. If the m*^ term of an arithmetic progression be 
u and ihe n^ term be b, find the sums of (m + n) terms 
and (w— «) terms. 

246. Subtract 27541 from 36430 in the scale of 8, and 
find in what scale 4954 is written 20305. 

247. A man borrows every year ^25, upon which he 
pays interest at the rate of 4 per cent per annum ; in how 
long a time will the interest amount to £91 ? 

248. Prove that 

{b-cf+{c-ay + {a-bf 

= 3(b-c)^{c-af{a-by-h2{a^+b'--h(^-bC''Ca-abj^ 
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249. If P, Q, R be the p* g*\ and r"* terms of a 
haruiouic progression, prove that 

q-r r-p p--q 

250. Solve the equations : 

^ ' x—a—c x—a ~ x—h+c x — b 

(2) ax + hy=xy=cx+dy, 

(3) (a?-a)*+(a?-&)*=(a-6)*. 
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I. 

1, If a = 2, & = 3, :r = &, y = 5, find the value of 

a + 2j7-{& + y-[a-:»-(6-2y)]}. 

2, Find the g.c.m. and the l.c.m. of 

a;*-;2r'--2:r + 2 anda?*-3:c3 + 2a^*+:»-l. 

3. Solve the equations ; 

i) «^ + <?=- + 3. 

(ii) 34iF2-iii;i.+65 = 0. 

4. Simplify 

5- Extract the cube root of 167'2S4151 ; and flie 
square root of '2 to five places of decimals. 

8ii Sii n n 

6. Divide x'^ - y"^ by x^^y «. 
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7. Find the square root of 7 - 2 >/lO. 

8. Find the arithmetic series whose first term 
is " , last term 25, and sum 102. 

9. A house of 1 1 boys contains 6 who can only row, 
and 3 who can only steer ; the other two can do either : 
how many difi'erent crews can they make for their 
four-oar? 

10. Express 625 in the quaternary scale* and extract 
its square root in that scale. 

11. Find the first three terms in the expansion of 



{-?)■• 



12. A person having 6 hours 40min. to spare, wishes 
to know how far he may take a carriage at 7^ miles 
per hour, so that walking back at 3| miles per hour he 
may reach home one minute before his time expires. 

XL 

1. If a =4, 6=3, c=l, rf=0, 
find the numerical value of 

2. Find the cube of 2a" +3a-h 

3. Find the G. a M. of 

6a:3 + 2i»2-l6a?-6 and 1x^- 4x^-21 a; +12. 

4. Resolve into factors 

a*-8l6* and 6a^'-l*Ia^+l2x, 
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5. Find the value of 



a? + a a^—cLx + a^ a^+a?' 

6. Solve the equations: 

(i) 6d7+3y=65j 2y-2r = ll; 3a? + 44f = 57. 
(ii) 9a:* + 4y'' = 40; 3a?-2y=4. 

7. Solve the equations : 

(i) ^-a?+6s/2d^*-6:r + 6 = ?(a?+ll). 



/s/3^+'7-5"'8-Va?+6* 

r 

8. Extract the cube root of 
8a«-36a'4-102a4-171a3 + 204a2-i44a + 64. 

9. Divide 

fl?^ - 4?" - 40?^ + 6;» - 2a?^ by a?^ - 4:»^ + 2. 

10. A farmer mixes barley at 2«. 4(f. a bushel with rye 
at 3«. a bushel and wheat at 4«. a bushel, so that the whole 
is 100 bushels, and worth 3^. 4d, a bushel. Had he put 
twice as much rye and 10 bushels more of wheat, the 
whole would have been worth exactly the same per 
bushel : how much of each kind was there ? 

11. Simplify 

12. Find the difference between the sum of the 
squares of any three quantities, and the square of their 
sum. 
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g 

13. Insert five geometric means between - and 10}; 

•I 

and three harmonica! means between - and - . 

14. Ifj = 5, shewthat— ^ = ^-3^; 

15. Find the number of possible arrangements of all 
the letters of the word measles, 

III. 

1. Define the terms " coeflBcient," ** power/* " index ;" 
and prove that a' x a*=a^ 

2. If *= — - — , find the value of 

abc+2{s-a){s-b)(s'-c)-a(s-a)^-b(s-by-c(s'cy, 
when a = l, 6 = 2, c = 3. 

3. Multiply 

a^+b^ + c^—bc-ca-ab by o+ft + c, 
and (&+c)2-a2 by a«-(6-c)2. 

4. Write down the factors of 

a^-y\ a^+y^, a!^ + 2a^^+y^y and x^+ia+byx + ab, 

5. Find theo.o.M. of 

o!^ -2x^ + Saf^ - ^ + 2x ^ I a.udx* + or ■\-2x'^+a!+ 1, 

6. Simplify 

.,. 2ab a + b 1 



a^-¥ a^-b^ a-y 



.... / mx+ny mx-ny \ ^f mx-j-ny mx-ny \ 
^ ' \mx—ny rnx+ny J ' XTrix-ny^ mx-^ny J' 
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7. Extract the square root of 

x^ x^ y^ x^ y^ x^ y^ y* 

8. Solve the following equations : 

(\\ 2:g+7 x + Q 
^' 3(^-3) 2:i?-3~'^' 

(2) {x + 2)^ + (2^ + 1 1 )^ = (3ar + 43)*. 

^^ 22r^-a^=20.i 

If a : & :: </ : (f, prove that 

10. The interest of a certain sum of money, for a 
certain number of years, is ^£75, which is also the interest 
of a sum less than the former by ^200, for two more years ; 
find the sums, allowing simple interest at 5 per cent, per 
annum. 

11. A number consists of three digits, the first two 
being the same, and is equal to the product of the sum of 
the digits, and of the number formed by the last two 
digits ; if the product of the last two digits be 10, find the 
number. 

12. If a: a y^ and Jxy a yz, shew that x a z^, 

IV. 
Cambridge Previous Examination. June, 1874. 

1. State the rule for the addition of algebraical 
quantities. 

Add together 

2(a-2& + 3c), 3(2a + 3&-4c), 4(-a + &-2c). 
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2. Prove that a-(5-c)=a-6 + <:, and simplify the 
expressions 

.(.-i)-,[(«-i)-..(f-?^)]. 

3. Multiply 

16-2-^ T-^^^^^y?-^^^' 

and divide the product by 

8 4 "^ 2 ^* 

4. Divide 

db{a^+y^'Y{a^ + ¥)xy ¥{a"h){x-y)-\ by aa? + &y-l. 

5. Shew that the expression + r has the same 

value when ;r= a + 6, and when a?= 



x—a x—b 
2a5 



6. Define a"*, when 971 is a positive integer. 
Prove that ^=a*, and that {a^f={a^. 

7.- Simplify the fractions : 

\st^-y^ x^-^y'^ } ' \x-y x + y)^ 

/ox (x+gf-^-f y X 

a2 . &« . c« 



(3) 



(a-5)(a-c) (6-a)(6-c) Cc-a)(c-6) 
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8. State the rule for finding the greatest common 
measure of two algebraical quantities, and find that of 
x^+l and^c^+^c*. 

Reduce to its lowest terms the fraction 

fl^-8a?^y-H7^'-6y^ 

9. Prove that 

and resolve a^^ -\- a^a^ ■¥ a^^ into four factors. 

10. Solve the following equations : 

(1) |(2a:-7)+^ = |(3^+10)-6. 

(2) a»-l-2(3ir-2) + 3(4;»-3)-4(6a?-4) + 5(6a?-5)=0. 

(3) (a?+l)(a? + 2)(a? + 3) = (^ + 4)(^+5)(a?-3). 
3a? 6y 



(4) 






11. Define ratio, and prove that if a : & :: ^ : ^. 

ma+nb : ma-^nb :: mc+nd : mc—nd. 

Prove that a ratio of greater inequality is diminished 
by adding any positive quantity to both terms of the 
ratio, 

12. Solve the equations : 

(1) (2:f-3)(3^ + 4)-=39. 
X y 3 



(2) 



(3) 



y d?"2' 
x + y = 6. 

{ 



y 

2a^-^3xy=27, 
xy+y* = 4. 
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V. 
Cambridge Previous Examination. December 7, 1875. 

Elementabt Algisbba. 

1. What are the numbers eight and two called, re- 
spectively, in the ej^pression Sa^, and how are they treated 
in diTision? 

and find the value of «* - ^ar^ + Jx 
when ^=1. 

3. Shew that 

a{a-hb-c){a-b-rc)-b(-a-^b-^c){a + b'-c) 

=(«-&) {(a+&)2-c2}; 
and resolve a?* — Za^^ + y* into factors. 

4. Divide a^-x^-^^x—lbj a^+x-1, 

and find the remainder in the division of ^— ^ by ;t;-l-y. 

5. Find the greatest common measure of 

a^+a+2 and a?+2a + 3. 

6. Reduce to their simplest terms the fractions 

1 



2\x + i/ x-yj' a^+x}^^ 



aF+l 

Q 

1 

a— 



a-l 
7. Solve the equations: 

/•\ XX ,^ .... a?+5 . x+l ^ 
(.) 2 + 3 = ^"' <")^-^^D = 25 



^ ^ x+4y=4l.) 
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8. Solve the equations : 



(i) a?2— 4a' = 6; (ii) J'2x-b-^»Jjc +1 = 9', 
0^—0:1/ = 24,' 



,.... a:^-.r.y = 24,) 



9. Shew that a ratio of less inequality is increased by 
adding the same quantity to each term. 

The terms of a ratio are three and seven, what number 
must be added to each in order that the ratio may be 
doubled ? 

10 Iff!i-^_?8 Drove that ^^^^^*^^'±^-?l' 

11. When is one quantity said to yary as another? 

If z varies as a^ when y is constant, and as y when x is 
constant, how will it vary when neither x nor y is constant ? 

VI. 
Cambridge Previous Examination. December 8, 1875. 

UiGHEK Algebra. 

1. When are quantities said to be in arithmetical 
progression ? Write down the first five terms of an arith- 
metical series whose first term is 6, and whose tenth term 
is 20. 

2. Prove that the sum of n terms of an arithmetical 

series is ^{2a + (w- 1)(/}, a being the first term and d the 

common difference. 

The sum of a certain number of terms of an arithmetical 
series is 36, and the first and last of these terms are 1 and 
11 respectively: find the number of terms and the common 
difference of the series. 
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3. What is meant by the ^metric mean between two 
quantities? Is it greater or less than the arithmetic mean 
between the same quantities ? 

4. Sum to 12 terms the series 

7 + ^ + 6 + 10+ 

5. Prove that the sum of two quantities divided by 
the sum of thdr reciprocals is equal to the product of the 
quantities. 

6. A farmer bought a certain number of sheep for 
£30. If he made a profit of 20 per cent, by selling 15 
of them for £27, find how many he bought. 

7. A testator bequeathed one-fifth of his property 
to each of his four children, and the remainder in equal 
parts to a nephew and a cousin. The children^ the nephew, 
and the cousin, paid legacy duty at the rates of 1, 3, and 5 
per cent, respectively, and the whole legacy duty from the 
estate amounted to j£i6Q. Find how much the testator 
left 

a o ^ c 

prove that w-^y+z-an/z-^2=(k 

VII. 

Cambridge; Second General Examination fm^ the 
Ordinary B.A, Degree, 
Novewber 29, 1876. 1—4 p.m. 
1. SmpLiPY 

1 a^-^-a^ I a+sB ( a V 

2 a^~a^ 2 a-x \a + xj ' 

and prove that 

a^+1 / 2ay 2 \ 5x 

a^-i \2ar-l 2-ary 2(ic2_i)- 

D. A. . 16 
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2. Solve the equations : 

(^) TT ~5~"^^ 15 



(2) 



3. Solve the equations : 

m -1 l- = 5 

^ ' x-l x-Z 6' 

(2) (^-7)(iB4-3)-V(^+4)(;i?-8) = 67. 

^ '^ y^—ay + hx )' 

4. Find the sum of an arithmetical series whose first 
term, difference, and number of terms are given. 

The first and last terms of an arithmetical series are 5 
and 68> the sum is 365, find the number of terms. 

5. Find the sum of a series of n terms in geometrical 
progression. Shew that a recurring decimal may be re- 
garded as a geometrical progression. Prove that 

Vl*36i = l*16. 

6. Explain what is meant by the term variation. 

The value of diamonds varies as the squares of their 
weight ; two diamond rings are worth respectively £50 and 
;£25, and the weights of the diamonds are three and two 
carats ; the value of the gold is the same in each; what is 
that value 1 

7. If a, ^ be the roots of the equation 
shew that x^-px-^q^{x-a){x-ff). 
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Resolve thejexpression 

39a;'-121a?-22 
into its two factors. 

8. Define proportion ; if a : 6 :: c : c?, shew that 

a — h _ c — rl 
a + b~ c + d' 

If a be the greatest of the four magnitudes «, h, c, d, 

show that a—b>c-d, 

9. A and B distribute ten guineas each among the 
poor, A relieves six more people than B, but B gives to 
each person four shillings more than A does ; how many 
does each relieve ? 

10. It is between three and four o'clock, and in a 
quarter of an hour the minute-hand will bo as much in 
front of the hour-hand as it is now behind it ; what is the 
time? 

11 . Two numbers are composed of the same two digits ; 
the difference of the numbers is 18, and of their squares 
1 584 ; find the numbers. 

12. If four numbers be in proportion, and the first 
three be in arithmetic progression, shew that the recipro- 
cals of the last three are in arithmetic progression also. 

VIII. 
Oxford ; Responsions, 
1 . What is the value of 

a^. a^y - , - , and of 

^^^■'v — p ! ""^^^ |y=i? 

16—2 
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2. Multiply 

ic3 + 3aa? (^+ a)+ a" by a?- a, 

and divide 

(a2_2a&+62)(ar34-a') by flM?-&a?+a2-a&. 

3. Find the G. CM. of 

2a?2+3ary+6a? + 9y and 3^-2a7/+9a:-6y. 

4. Find the L. CM. of 

a^-\, 3^-\y\ and :i^+;c-2^-2y. 

5. Simplify 



1+ 



X 

!+« + 



and 



l + ar+ic^ 



6. Find the square root of 

7. Find two numbers in the proportion of 2 to 3, the 
sum of whose squares is 117. 

8. Solve the following equations : 

(1) ^^-i(8-^)-i(6 + ^) + 7=0; 
^ ' ax-l)y=e.\ 
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9. A had t¥rice as much money as B\ but when B 
had won £5 from A, he had 3 times as much as A» How 
much had they each at first? 

10. Find a fraction, such that if 5 be added to the 
nnmerator, it = 1 ; but if 3 be taken from the denomi- 
nator, it =}. 

IX. 
Ojtford; Second Public Examination. 

(I.) 

1. Multiply together 

(1) (a^-^ay+y^{a^-an/+y^; 

(2) (i^?+y+;^f-^/yi-^/^S-^/^)(^/JP+^/y+JJ). 

2. Divide 

(1) 9a?*-62a?V+64y*by3;i?-4y; 

(2) 9a«--iby2a'+l. 

3. Simplify 

. 4a5(g*-&^) a^-ab-k-l^ a^+ah-^l^ 
^ aft 



^'^ cd b+c+d'c+d' 

a+0 
4. Solve the following equations : 

(1) ^^'-^=.: 

(2) 3(aj+a)(a?-6)+2(a?-a)(;i?-6)=6a^; 

(3) xJa-x-{'9jai>Jax''X^—{fl—x)Jx\ 

'' ' <5« + 6y=27. 
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5. Prore the rule for finding the greatest common 
measure of two quantities, and find the a. cm. of 

8(;i?4-l)(^*-4) and 4(a? + l)(a?2-5a?-14). 

6. Find the square root of 

(1) im^^Wc^d-^e-^) 

(2) a;2 + 8^-64;c-i + 64iC"2; 

(3) ic^^ + 2y' + 2.vfj+2l + ^^-^l, 

7. Shew that it is possible to find the square root of 
a + tjb if «2 - d be a square. 

8. A market woman sold half her eggs at the rate cf 
four for sixpence, two added to half the remainder for 
a penny a-piece, and the rest at the rate of eight for six- 
pence. Her receipts were four shillings. How many eggs 
were there at first ? 

9. Prove that 

10. Find the least common multiple of 

H-a;«, and \-3^, 

X. 

Oxford; Second PMlc Examination, 

(11.) 

1. Prove that the product of the two roots of a quad- 
ratic equation is equal to the last term. 

The product of two roots of an equation is — 18, and 
the difference between them is 9 ; form the equation. 
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2. Solve the equations: 
(1) I2ap-Sa:-I5=0i 

^^^ I an/ = 4; 

(3) 6V^|-h7/v/|=22|. 

3. Sum to n terms, and if possible to infinity: 

1, Ih 2, ; 

1, li, 2i, ; 

2, li, IJ, 

4. Insert eleven harmonic means between ^ and ^, 
and find the simi of their reciprocals. 

6. lfa:b::c:d, prove that 

. 1 7. 1 1^1 

a + T :04-- ::c+j:a + -. 

6. Prove the binomial theorem for positive integral 
indices, and find the ninth term of 

(1) (a-xf*, (2) (Za'1x)'\ 
and the middle term of 

7. Prove that the number of permutations of n things 
taken r together is 

»(w-l)(w-2) (n-r + l). 

How many permutations can be formed with the letters 
of the word propeller F 
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8. If a, /3 are simultaneous values of x^ y, which satisfy 
ax+bi/-c=0, find expressions which give all the possible 
values of x and y. 

How can a bill of £5> 4s. be paid in half-crowns and 
half-guineas ? 

9. Multiply together the duodenary numbers tete and 
ete. 

Place three digits to the right of the denary number 
31237 so as to form a number divisible by 99. 

10. How many words of three letters, one of which is 
a Yowel, can be formed out of six consonants and three 
vowels] 



ANSWERS. 



Ex. I. 



1. 2. 
6. 60. 
12. 14. ] 
18. 2. 
23. -75. 
28. 3. 

38. 5. 

43. 156. 

48. 27. 

53. 125^. 

58. -2. 



Ex. II. 

1. x^. % 4x^^, 3. 14a^6TV. 4. 48a*6^. 

6. 76aMc». 6. 18a?V 7. 32a26*c«. 8. 40a?V^*. 

9. 5a^VV'^. 10. 21a"&T¥c*(f0V. u, 2a-8. 

12. 6a-»6-\ 13. Aa-^h'K 14. 15jr-V«-8. 



2. 12. 


3. 


30. 


4. 18. 


6. 30. 


7. 4. 8. 


2. 


9. 18 


10. 6. 


11. 4. 


13. 5. . 14. 


6. 


15. 7. 


16. 2. 


17. 7. 


19. 2. 


20. 


5. 


21. 4. 


22. 6. 


24. - 12. 


25. 


6. 


26. -2. 


27. 2. 


29. 1. 


30. 


2. 


31. 21. 


32. 36. 


34. 63. 


35. 


14. 


36. 26. 


37. 16. 


39. -59. 


40. 


19. 


41. 8. 


42. -41. 


44. 97. 


45. 


89. 


46. 25. 


47. 8. 


49. -92. 


60. 


-15. 


51. -6. 


62. -97g. 


64. 4A% 


"• 


65. 2. 


56, If. 


57. 5. 


''' rr 


60. 


74. 
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15. xy-^ 16. a-^h'^ 17. ^'h-^^c-\ 18. ^'^c^^. 

19. Qxy\ 20. 21a-2ft"it?-2. 21. 12a^ + 8a. 

22. 9a2+3a^ + 7ai 23. 18«^-6a?^-2a7-i. 

24. -77a"^^^-44+lla^a?"^. 25. a^-4a?V- 

26. Zx^-^x^-Zx^-x'K 27. 18«2-2a^6^ + 40a*&* 

28. 24a^ + 8a^6^ + a'"^&.- 29. 48a^c3 + SSaVc-^ + 45a&-'»c-«. 

30. 4irV"^-642^. 

3 1. 12«-5 + 25a-3&-i + 4a-i&-2- ] 3^6-3-4^36-4. 

32. ^-1-2-19^ + 6^^. 33. a^-x-\ 

34. a4-2a^ + 4«4-64 + 128a"^-256«"^. 

35. ^^-8+160?""! 

36. 6a-* - I7a-3&i + 17^-25 _ ea-^ft^ - 6t«. 

37. a - 2aM - 16a*&^ + 32a*6. 

38. 2;i?^-7^+ll^-7;c"*-3;c"J. 

39. 122/* + 5a~ V^ - 3a"^ - AaT^y'K 

40. 27a*+18aVic"*-6-3+8o"^. 41. o?*^. 
42. ^ahK 43. 3a^b^A 44. ^^;2r. 
:i5. 3a;V^^.* 46. a-^&. 47. a^¥c'\ 
48. ir-*;^-^. 49. 6a7&(;""^c?'. 50. a-^^c^cTK 
51. 3a*&-'-5a3&-i<;-3. 52. Qa^i/^bz^-Sx^-^z-K 

53. -6a;8 4.3y-V_a.-2j^-8;2A2. 

54. -3a*6-*^-^-66-«c-ic?-"+2a6-3c-'. 

55. 6aPyz'^ - 4;V - Syz-^ 

56. 7ajy«^H4;c';2?'^-3i/-3A 57. ^^ + 2^, 

58. 4ai^ + y^, 59. 4a^-a^. 60. 3a-*-4-2. 

61. 3a ^-5a^. 62, 2;2?*-104?^-6;c^ 
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63. 2a3-.4a2+2a. 64. l-4a* + 4a. 

65. 2fl*^T^^v-10a^a;^-f 12a*a:^. 66. ;cV"'-l+«~V- 

67. o^^-y. 68. a-a*. 

69. 12a^-ll«-fiaa'-9a* + a 70. a?-2y4 + 3^i 

71. s^-Ty^^^3^y-y^. 72. 3-6a-i-5a-l 

73. oV^ + 7aVi-46"i 

-i 1 si * 1 i 

74. a; *-^iir-'-^a?-' + 7 *"*... 

2 2 4 

75. ai^+afi/^-^y^^. 76. «"+l + :i?— . 
77. 4a?*-3;i;i 78. 7a-^-4a"46*. 

79. ^7_/p* + l. 80. 6*^-3a^a?^ + 4ai 

81. 2jp^-^^2'-i-2y-'^. 82. oY^-^c^y^ -^-y^, 

83. 2a^-6«~2^A 84. ^x^^l^-x'^^y-^ 

Ex. IIL 

1. if2-2/2. 2. o(^-\y\ 3. 4a?* -al 

4. 9a:4-lGy*. 6. 25a?V-^- 6. Qa^-ftV. 

7. ar*-2^. 8. a*- 165*. 9. a^-&, 

10. 81a*-16. 11. 2ic8»i62a*. 12. 48ar*-1875?/8. 

13. 0^+2^ + 2/'*. 14. B^-m^W 

15. 9a2+6a& + &'. 16. 16a2-24a6+962. 

17. 36a2+84a6 + 4952. 18. 81**-36a^4-42/«. 

19. 144a2&4+i20a&2c + 25c2. 

20. 16ii?*2^4;3+56a2;»V^4-49a*. 

21. 9^- 42.^^2+ 49gf*. 22. 16;»V~66^^l/^+494;«. 
23. 20A;*-60A;2/+45r'. 24. 12«*&"-72a«&c3 + 108c«. 
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25. 81a?*-18iBy+y*. 26. 16a*- 392*2^+ 2401< 

27. 3a^-6a?V+3l^. 28. 512a?-64aV?*+2c«. 

29. a?*-18«*. 30. 197a*-4aa?. 

31. a?s+y». 32. A;»-^. 33, aJ«+j^. 

34. afi-s^. 35. aj' + a 36. 8a' + 27. 

37. 64A;» + 125/». 3a 8a«-6»c». 39. 0. 

40. 83aJ«-20;BV'- 41. aJ» + 6;i?+6. 

42. ;F' + 12ajy+35y* 43. a*+16<M?+50;i^. 

44. 12a2+29a6+14ft2 45. a^-6xy+^y\ 

46. ;b*-&c-16. 47. 12*2-19^-18. 

48. 10a^-3lirV+16y^ 49. 3a«-13<M?-10aj*. 

60. 14a«-lla*-15a;«. 61. lla«+32flW?-48a:S. 

62. 22a"-67aa?-35aj*. 63. 12a:* + 14aJ*y2r-6yV. 

64. 15^-80«V+105y2. 55, 21a«6"-14ai>c«-66<r*. 

66. 84a24J»+4aa:y2_gy4^ 57^ 2dw?+2^y. 

68. aV-4afta?-4d2j;+4&V- 

69. 40^ + 20?. 60. 3a*-6ar+4;u*. 

Ex. lY. 

1. {c-\'d){c-d). 2. (a-»-6)(a-6). 

3. (2^+7) (2 J? -7). 4. (10a+&c^(10a-6c«). 

5. (12«*+y;»»)(12«*-y;2;3). 6. (lla+85"<;)(ll«-86^). 

7. «(4a+jp)(4a-«). 8. 2(4r+y)(4«-y). 

9. 3y(2^+6y«)(ar-6y«). 10. 7&(2aJ^+3c2)(2a6«-3c*). 

11. (a*+6«)(a+ft)(a-.6). 12. (««+y*)(4?+y«)(jp-j^>. 

13. (a?«+9jrO(«+3y)(aT-.3y). 

14. (4a* + icV)(2a*-J-a^)(2a«-a^. 
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16. (V + 26;»*) (3y + bz^ (3y- 6;?«). 

16. a»(a;*-fa*)(df+o)(a;-«). 

17. *(jf*+y')(4?-fy)(*-y). 

18. 6jr5(a^+4y*)(a?+2j^(a?-22/»). 

19. 5a>(9ar*+ay)(34?'+a!/^(3^-ay»). 

20. 3a^(4»»+9«^(2jp+3aft)(2dr-3irf>). 

21. {x^-yf. 22. (a24- «>»)«. 23. ««(«»+y»)2. 
24. (a-&)2. 25. (a8-6*)2. 26. a^{l-Zdb)\ 
27. «»(6-6^»y«)». • 28. a«;iyO(12 + 7a»a?)P. 

29. y2(ii^_6y3;^)2. 30. a^ {^a? --2.a^zf. 

31. 3(5*2-42^. 32. 7flW?*(10-aV)«. 

33. (tf+^)(a«-aa?+j;»). 34. (a*+dO(a*-a2^+^). 

35. (a-2&)(d«+2aft + 4*»). 

36. (3^ + 4) (9a>« - 1207 + 1 6). 

37. (2j?-y)(4«8+2j;y + y2). 

38. (5^ + 3y4^ (26JP* - 15;cV^ + 92^^« 

39. ar* (2^-2/8) (4d;« + 2cT^« + y*). 

40. 3ipV (2 - ^xya^) (4 + \(ixyz^ + 25arV*;»«). 

41. (a7+6)(o?+l). 42. (d7+7)(iF + 6). 
43. (a7+10)(af + 2). 44. (d? + 16) (a? + 3). 
45. (.»-9)(df-3). 46. (4^-10) (d?- 3). 
47. (a?-36)(d7-3). 48. (a;-63)(a7-4). 
49. (d?-4)(4P+3)t 60. (a?-10)(a?+7). 
61. (ar-16)(d7+l). 62. (a: + 7)(ar-6). 
63. (*+12)(a7-6). 64, (d7+13)(a7-l). 
65. (2^+l)(^+3). 56. (3a?+4)(j? + 2). 
67. (2^ + 6) (2d? +3). 5a (347 + 5) (4^ + 5). 
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59. (6^3-4)(3«?3-l). 60. (4a2-3a7)(6a2-7a?). 

61. {Zx-\\y){x^y\ €2. 362(3««-5)(a2 + 46). 

63. 35a (a + 20?^) (a + ^'^). 64. 6^^(21^+20y3) (^-y^). 

65. (a + &)(^ + 2/). 66. (a + &)(*- 2/)- 

67. (a- 1) (^^-2/'). 68. • (<r(i-^)(3&+ 1). 

69. 2{2l+k){ck-m). 70. (2aV-3&2y«)(47 4-y). 

71. {abx + cdy-'efz){ax + hy). 

72. (a-5)(a + 6 + l). 73. 3(a;+y)(a^-y + 2). 
74. (072 + 2^2) (zr^-2y«+l). 75. 2:i7(d?-y). 

76. 4ab, 77. -2/(4a; + 32/). 

78.-24^2/(^4-92/2). 79. 2b{3a' + n 



80. 



(a-f& + c)(a4-&-c)(a-& + c)(5 + <;-a). 



81. 16a&(a8f3?>2). 82. ^3(5j72+4i/^-)(j7-82/). 



83. 



(a-f&-6c)(a+&-5c). 84. 2b{a''-b^). 



Ex. V. 



]. ^ + 3a?V+3a:t/ + 2/'. 2. a'5 + 3a4& + 3a*624.2,3. 

3. A:^-3A;2;+3;t;2_^. 4. s^^-Ux^-^-Gxy^-y^ 

5. 64^ + 48aJ*2/;2f + I2a?V^^ + 2/"^^'- 

6. 125a3- 300a2&2+ 240a&* - 646«. 

7. 216i»« + 540ar*2/;2r3 + 450.t;V2;« + 1257/3^. 

8. a* + 4a3& + 6a2&2 + 4a&3 + 64. 

9. c* - 4c'^4- 6c2^2 « 4c^3 + a\ 

10. a* + 8a3^ + 24a«^ 4- Z2a(P + 1 QdK 

11. 625a*-500a3<;2+i60a2(;*-20ac6 4-c8. 

12. 256;»8 + 256a^2^;2^2+96-|.4y2;3r4+ lexY^+V^^^- 

13. 16^1'- 160;i?V^^ + GOOa/^y^z*- lOOOx^z^ + 625y^J2fi. 
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14. 81a^-432ajV + 864;»V^-768a?yS+ 2662/*. 

15. aj^+6a?*a + 10ii?»a2+i0ic"a3+6ara* + a^ 

16. a«- 6a^c + lOaV- lOa^^s^ g^^^^ 

17. 32a?i<^-80icV^+80aV-40a?V+ lO^-y^o. 

18. A;^-*- 15A;*/+90^P+270«3 4.405ife;* + 243/5. 

19. 32a«-240a*&24.72aa%4-.i080a2ft«4-810a5»-243W 

20. a^ - 10a^2jc2 + 402^62^ - 80a«&3^ 4- SOa^ft^cS - 32& V^. 

21. oi?->f7,xy-^1xz-\-i^->f2yz^z^. 

22. a^ + 2;i^2_,. 2;i;2^2 _,. j^ ^. 2y2^ 4. ^. 

23. a?* + 24?V + 3;i^2^2^2a;y3^.2^^ 

24. a*-2a2624.2a2c2+64-252c2 + c«. 

25. a* - 6a& - 4a<; + 9&2 + I25c + Ac^, 

26. o* - 8a35 + 22a252 - 24rt&3 ^. 954, 

27. a^-8;BV+16.i?*y2-l-2a^y3-8a^2^*4-?/^. 

28. l?24 2/?3' + 2;?r + 2jt?5 + g'2 + 2^r + 23'«4-r2 + 2r5+*-. 

29. a*+4o& + 6«<;4 2a^+4624.i25c + 45cf+9c2+g^^^^^ 

30. a2-4a&-6a<?+2«G?+4624.i2&c-4&c? + 9c2_g^^ + ^2 

31. J?«-2d?5 + 3a7*-^ + 2^+l. 

32. l-4;r+10a^-14j?3+i3^-0^ + a^. 

33. l-6Jr+17il^^-28^ + 28^- 160^ + 40?''. 

34. a?8 + 2a?^-f3^-a?*~4^-a?2+2a?+l. 

35. a8_4^7j_4^62,2 4.i2a553 + 26a454_,.i2a355-4a25« 

36. 4^-12^'^-4a;5 + 13^4.g^_5^2_2x+l. 

37. aS + 3a2& -f 3a2c -»- 3a&2 + 6a5<; + 3ac2 + &3 4. 352^ 

+ 3&c2 + c3. 

38. a:^-3^+3;r2^ + 3;Fy2-6a7y^+3^^2_2/3 + 3y2^ 
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39. aj« + 3ir^4-6iiT* + 7;2^+6aj2+3aj + l. 

40. 27^ + 54^y + 63a7*y2+44;c32^+21^+6a?y* + jA 

41. 64a?i3 - 96a?i^ + 96^ - hQofi + 24r* - 6ar» + 1. 

42. 2 + 18a:' + 36ii?* + 1 6a^. 

43. 12a^a: + AQa^a^ + 12a^. 

44. a?-48a*^+768a'i»*-4096ii^. 

45. ai2_3^>j44.3^^-.^2, 

46. a9-24a«^+ l^'ia^af^- 612^. 

47. a;i« + 4^:92^ + 60^^3 + 4-1^^18^.^34, 

48. a:*-2a:3_23;r2 4.24a?+144. 

49. 8a:«+12^-174fl:*-179a?'+1305^ + 67&r-337a. 

50. a?*8-3a:5V^ + 3^^V^-y^^- 

Ex. VI. 

1. 2a+26 + 3^. 2. "~g~ "" J2 "" Jo "" 4 * 

^- ^•^-6""T'^4' ^- "12~"60^30- 

6. Ux{a + h) + ^y{c + d), 6. Axa-2y{a-h). 

26 3^ 

7. 2fta?(a4-2&)+2a2/(a-2&). 8. flf-^ 2' 

9. |+^^+^-3. 10. -^"-3+«^-T- 

11. a{x^y)-h{x-y). 12. 3;r2^4-|(a?-2y) + y. 

13. 3a« + 10a&+76'-2(a-6) — 3-. 14. ay-hx. 
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17. ^+1 + ^. 18. ?^ + ?? + ^. 

a^ a' a* a' 

20. ^yia^-lj^^ibix'-y^. 21. 6«-2a6~3a«. 

22. 5a?'-4a?-»-3. 23. a^+2flw?+-. 

«j 

24. a+l + -. 25. 2la2 + 2a + 8+--f -^V 

26. x-y-^z. 27. a"+6'+2(c*+<i*). 

28. as+(m+l)a^— (w— l)a + ?». 

29. a?(2aj2+44?y+y»). 30. «*-y+;2r+I. 

31. ^ + y + j2f. 32. ^•+(a+ft)dr— (i&. 

3a (aic+6y)(jp + y). 34. «-;». 

36. (a + c)«-6«. 36. (l+a^)(l-J?»). 

37. a*+18a«6"+96*. 

38. 2(a»+6*+c«-^?-<?a-a6). 

39. a^-afiy^a^y^'-x^^y^. 

40. 4^+2«y+4y*. 41. i?" + AV+^^+ 

42. I-3j? + 94r«. 43. ii^ -I- Safy + ^oy* + 27j^. 

44. af*-a?*y+ 

46. 27iB*-184jV+12^-8j/3. 

46. aJ»-a?V+^-y". 47. J!* + 5a?V' + 25y*. 

48. 81«* + 27^ + 9a?y + 3«V + .v*. 

49. First by both ; Beooad by ^+ a ; last by x^a, 
60. First by 47— 1 ; second by both ; third by a? + 1. 

D. A. 17 
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Ex. VII. 

1. a2&3c». 2. 6a*63««j/3. 3. 180a^>»*. 

4. 20A^/2a:»y^. 6. eOc^(^a^. 

6. 180a2&«c3AV^«. 7. 6a5(a+&). 

8. 12aftc («-&)«. 9. 120AV(«»+y)*« 

10. 12aj(« + y)(a:^-y2). 11. I2apyz{w+y){x + z). 

12. (a+6)2(a-ft). 13. 24a?&«(a*-6*). 

14. 24x^{a+bY. 15. cib{fl^^V). 

16. 16A;?(Aj*-;*). 17. o^-y*. 

18. 12^(j?8 + l). 19. 2a«(aS+8). 

20. 2d?»(jr5+27). 21. «y"(8«"-27l/8). 

22. 6a'c(a«+ft3c»)(a2-62c2). 

23. 2aryS;»(iij8-y32!«)(^-y2;2r«). 

24. xyial^-Bly*). 26. («+l)(a?+6)(«+5). 

26. (.»-6)(^-16). 

27. (3«?-l)(a7+7)(2jr+3)(a?-4). 

28. 2 (2^- 1) (a? 4- 4) (6d7+ 3). 

29. 122ry(aj2-4y2)(3a7-y)(a?-y). 

30. 48aW^(5 + c)»(a+<^. 31. 3(a«-6»)(a?+y)'. 
32. 3a^ (a - 1) (a? + 2)* (2d? - 3)» 

Ex. vm. 



13a? + 9y ^ 17ay-*-a ^ 7«-»-9g 

6 ' 15 • 12 



64a-1.5& + 16c lldf 3a?-7y4-2to 

60 • ^' 12 V ^' 24 ' 
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7. 


29d?-18y 


8. 


32 -3a 430? -3.5 
42 • ^' 90 • 


42 • 


10. 


19y-4^ 
12 • 


11. 


6a-27 ^ 29a- 60 
18 • • 30 • 


13. 


5a- 145 
20 • 


14. 


145a?- 2a 2a+ll^ 
180 • ^' 12 • 


16. 


y-19o-224? 
60 


. 


,^ 7c-3a-18& 
^^- 42 


18. 


21jr2-61^+10 
36 


,^ 764r*-13.r-5 
^^* 22 


2a 


6* 


21. 


2* on ^^ + J!/« 


23. 








26. 


«'+4a> 




„^ a«4-2a6+3^ 


27. 






O^ + iT* 


29. 


3A* + 4W + 4^* 




31. 


a^a 


32. 




a2-a.2- 


34. 


a 


35. 


^* + y* 36 ^^"*"^ 
a^—y*' ' U7*— 9' 


a2-4- 


37. 


2.r* + 2du:3+3^3j^ 


^^- ^-9a*- 


• 

39. 


aT^— 4a 
^-4a2' 


40. 


a* + 3a2& 2aV 


42. 


8(a?-»-l) 
a^-16 • 


43. 


2^12^,2 54 
a*-&*- **• a*-8r 

17—2 
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2y8 4(ar* + 34.*2 4.45) 

40. —5 a* *0. 

'• 2(a2-a:2)- *»• 6(a^-2/2)- 

''®- 6(^-16a^)- ^^' ;?:^- 
53. .^.. 64. <^ 



16^ 


-81 


i) • 49. 


a 

5(9a2-dr*)* 


52. 




66. 


2^ 


68. 




61. 


aj«+8 


(a? + 2) (a?- 4) 


152/ 


f * 


(4a?-y)(2a?+7y)' 


2^+9^ 


r 



^^' IfiTW' ^^- "sq^- 

^^' 12i^(^+3y)* ' aft(a-6)* 

2ar.f3y 2«^+3y 

' • xy^x-yY *^ ab{a-2by 

*"\ ____44P+6____ ^ fl?»>fdrV-9a:y^-6y» 

"*• (^ + l)(«^ + 2)(j»+3)* ^*' (^+y)(jj*-4j/«) • 

(7a+&)&' 
'*^' (2a+&)(3a-6)(6a + 6)' 

29a*-67a&+4ft» 



76. 
77. 



(6a-6)(2a-36)(a+6)* 

4j^+^-3^+^ 

6(4P+2y)(^-y») ' 
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Ua^-5a* 47^-61^- 132y* 

80. fl&(«-g^-<^(a"&) ^ Sl^ 2a5-6»-c« 



94. 



97. 



100. 



a{a-'C){b-c) ' ' (fl-b)(a-c){b-'C)' 
82. -— ^,-^-— — ,. 83. ^ 



(a-5)(c-o)(6-c) ' (•^-y)(y--2^)* 

6kl--6km—lm -^ 2a-b-d 

84, r= — , w » " m \« oO. 



(A;-/)(A;-m)(/-m)' (6-c)((;-a)(a^6)* 

3a5^-2<K;-5fec gj?4-5 

(a-6)(tf-c)(6-<j)' (^ + 2)(* + 3)- 

90 ^-^g 91 3(30^+2) 

92. ^^3^:^10^;^^ ^, 93 6 



12^-7 

2(a?-l)(3;c-6)(2a?-l)* 



6 2d?^— 9iF+3 

95. . . ,v . ^^ . TV- 96. 



(a?+l)(;i? + 2)(a?+4)' 2(d7«-l)(ar-2) 

ap»-l25j;-f-24 



6^-13a?'+3a?-260 ^ < p* 4- 33^- 108 

^^- 6(4-a?)(2a? + l)(a:»-23)* 4^(0^2-9) 

82j^-227a?+40 



a?(2;i?-6)(a? + 6)(2-a?)* 
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Ex. IX. 

bz' • a^' "*• 2a'' 

^ ah^c 5 — 6 ^ 

Safyz' ' Sa' a^ * 

' x{jD + y)' ' a^ ' ' 2x-y* 

3 (2a -35) 8(a;-3y )^ 2(^Uj^ 

,« 3(^-y^)(ar-y) 3a(2a«-5») 

^*** a;{a^ + y^) ' ** (2a + ft)(a+6)' 

2(^-V) 4(a«~36c») 

^^ 3a^i3y) 2i.£±_^. 22. ^t 

2^y ir+2 «•— 9 

(3a; 4- 2)2 . 3(0^ + 7) 

^'^' (a?4-2)(d?-l)* *• 2(2a?-l)* 

a7«(>i,' + 2y) 2(j^4-a^(d7«-2<My-f4a- ) 

^''- 2 (07- 4y) (07 + 2^)- ^^- 3«u:« 

3(07«+l)(a7>+l ) . (/p4.12)(a^-3) 



29. 



073(073+1) • a:(^ + 3)(«'-9)' 

4a (a?- 2a) ^^ 9(o ?+y)(3o?*-y') 

x^{x-y) 



\ 1 

3^(a? + 2a)' 




30. 


a 

0?* 


32. 


a* -9;??* 
3a« 



x-y 
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1 fl'ft* 

34. x^. 35. r. 36. 



3* 2(a-ft)' 

37. ^±yzf . 38. |^^^ 39.1. 40. ^±1^. 



Ex. X 

a-^x ^ Sx—a 2(x+5y) 

a x-a x + 2y 

^ a^+2ax ^ 2a6 + &* ^ st^-^xy 

a-\-x a4-2& x—y 

a2-46* ^ ifi ^ 5x 



• • 1. — • o. "~5 I — •• •'• ••''' ~^» 



a-6 * x^—xy+y^* 



10. 2a+~. 11. 2a»+^\ 12. 4a+^. 

11 10 50 

2ft V^ 2«/« 

13. 1+-. U. a? + y+^-. 16. 2;r-#. 

a *^ 0? 34? 

16. 2a-2ft- s. 17. a+-TT- 18- ^-y+ 



22. 1. 23. 



14. t*- 


a+ft* 


20. 1- 


6 + 2<?. 
2a + <j' 


2xy 


24. 


1 


07 



2 a+ft ^— y 

19. l.-i^. 20. 1-|±?^-. 21. 4±^. 
4a+3a; 2a + <j o^^.^* 

a?(ir*+2a?-l) 



(a?+l)(a?2-3ii?+l)' 



^^ Aax ^^ - r»» , «o , 

25. ^ . o . 26. 7 r„. 27. 1. 28. 1. 

«o / « N «/» , «, 3&(a+&) 

29. a(x-¥y-2a\ 30. a-1. 31. ^r-r ii* 

2x^2 3 3*+a 

0«l. . o4. z— I OO. . 

^ 2x X 
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30. «^. 37. -^. 38. -I 

^^' x^Zy' . ^- 4a • **• 8^-2y- 

^^- "T"- *^- 3^ + 2- ^*- 6ar-3- 

*^- -2^-- ^^' "2^- "^^^ ~^y 

,^ 37 .q 3(2^-3) 

48. 8(ar-7)(:r + 4)- *''• 8(l-ir)(2r^l)(3a?+l) 



50. 



l + 26a?+&^ 



Ex. XL 



1. 


2. 


2. 


3. 


3. 1. 


4. 2. 


5. -1. 


6. 


-2. 


7. 


7. 


a -6. 


»i- 


10. |. 


11. 


3. 


12. 


1. 


13. -1. 


14. -2. 


15. 6. 


16. 


3. 


17. 


2. 


18. -1. 


19. 7i. 


20. \. 


21. 


0. 


22. 


-Z 


23. 2. 


24. 1. 


25. 2^. 


26. 


6. 


27. 


1 
9- 


28.?. 


29. 6. 


30. 6. 


31. 


-I. 


32. 


2. 


33. 3. 


34 -2. 


35. -3. 


36. 


3, 


37. 


-2. 


38. 5. 


39. 0. 


40. -7. 



41. 8. 42. -2. 43. 5. 44.-1. 45. ^- . 
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46. 


2 
3- 


47. 3. 


48. 7. 


49. 4. 50. -2. 


51. 


4. 


52. -5. 


53. 


0. 54. 


7. 


55. 


-2. 


56. -2, 


57. 


5i. 58. 


6i. 


59. 


-3i 


60. -5. 


61. 1. 


62. 3. 


63. |. 


64. 


12. 


65. -1. 


66. 2. 


67. 4^. 


68. ?. 


69. 


4 
6* 


70. 3. 


71. 4. 


72. 12. 


73. 20. 


74. 


8. 


75. -5. 


76. 5. 


77. 10. 


78. 56. 


79. 


2. 


80. 31875. 


81. 4. 


82. 8. 


83. 6. 


84. 


1. 


85. 12. 


86. 9. 


87. 18. 


88. 3. 


89. 


7. 


90. 10. 


91. 2. 


92. 2. 


93. 5. 


94. 


9 
20' 


95. 4. 


- -i- 


97. a 


98. 5. 


99. 


-14. 


100. |. 


t 







Ex. XII. 

1. 20. 2. 700, 3. 75; 45. 4. 36; 16. 

6. 45; 27. 6. ^187.10*. 7. 13*. 3c?.; 7«. 9<f. 

8. £2. 5«. 9. MO. 10. 19*. 11. 65; 52. 

12. 55. 13. ;£2050. 14. ;£1000; £500; £300. 

15. £850. 16. £20; £80; £105. 17. 78; 72. 

18. y. 19. 7; 32. 20. 11; 24. 21. f| miles. 
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22. £325. 23. 47. 24. 64. 25. 63yarda. 

26. 4-54/y'. 27. 2-lOia'. 28. 616,V; e'49yV'. 

29. 3-38xV- 30- 71 6,^'. 31. 24 feet 32. 3 yds. 

33. 3; 1. 34. 55 and 45 miles an hour. 

35. 18 miles; 18 minutes. 36. £20; £2. 10#. 

37. 45; 46. 38. 3i miles an hoar. 39. 13 J miles. 

40. 775,?^. 41. 6i. 42. A'- ^3. 72. 

44. 7*. 6^. 45. £1. 46. £1. 2«. 6<1 

1760^^1^ ^ £400; £500. 

hip— a) "^ 

Ex. XIII. 
1. -^ 5. 2. 1;3. 3. 6; 4. 4. 3; 2-1. 

5. 6; 2. 6. 10; 5. 7. 1, 0; g, 0. 

8. 4, 0; 2i, 0. 9. 20, 0; 1, 0. 10. 4; 10. 

11. 1; 2; 3. 12. 2; 4; 5. 13. 5 ; 1 ; 2. 

14. 2; 3; 5. 15. |; |; 1. 16. 1; 1; 2. 

17. 3;2;1. 18. 4; 5; 1; 2. 19. 6; 3; 2; 0. 

20. 1; 2; 3; 4. 21. 4; 2; 1; ^. 

Ex. XIV. 
1. £250; £320. 2. ^. 3. 5. 4* 24* 

6. 8i; 1*. 6. j^. 7. 70; 50. 8. 45; 54. 
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9. 36. 10. 9; 12. 11. ^. 12. 21; 40. 

13. 2*. 6rf.;8rf. 14. 4 yds.; 5 yds. 16. 253. 

16. 90; 79. 17. 12 ft; 7 ft. 18. 7225. 

19. 4, 5; 18,19. 20. 11; 120 ft. 21. £^. 

22. 10 gal. ; 12 gal. 23. In proportion of 1 : 2. 

24. 6hr. 62^J^'; lOhr. 34t%'. 26. 4 miles an hour; 

8 miles an hour. 26. 670. 27. £540; ^360. 

28. £280; £360. 29. 50; 60. 30. 90 : 79. 

31. 60. 

Ex. XV. 

1. £-• 2. r. 3. a^o. 

5. a + 26. C. c-d, 7. — x""* 

I -.^ 2a— 6 

9. a-h+c, 10. — ^r— . 11. , , . 

2 a + 6 

12. £ — . 13. a-h. 14. a-vh. 15. ft. 

16. . 17. 7 Tv^. 18. 2a-6. 

2<j (a— 6)^ 

a^-ah + h^ {a-hf hc-\-ca^ah 

^^' 2(&-a) • '^"* a + ft • 2(a+ft+c)* 

d(2a-3f) lla 11a «« i_ 

30-&-3C 1 2 ah 

«^ &(a2-a6+l) «., r «« ft 

26- "w Aa-i-T. 1 -N- 27. a -ft. 28. — -. 

a(ft*+ft-l) a-1 



4. 


a«+&> 
a-ft- 


8. 


a2-ft2 


a-ft + c' 


aft 





268 ALGEBRA. 

2&- ^/?7^^ ' ^^ «• 31. a\ 32. a + 6. 

v\p-\-a) 

4a' 4-1 

33. a + 2d. 34. — — . 35. 2(<?-a-ft). 

•3er. 0;fl. 37. 6; 0. 38. 5!:+^. ?!z^^ 

a + 6 * a+6 

^o ^ g^ .^ acj\^d ad-bc 

41. —a; -6. 42. - — 3; — :t. 43. c: d, 

44. 1; 1. 46. £; t . 46. a: &. 

5(a + 26) lla--146 a4-2& a 5a, 2a 



6' 12' 3 



2 

61. ^^{I5bc-4ca + 4ab);&c. 



62. 



m + n « + ^ /+m 



Ex. XVl. 

1. 8; -2. 2. 16; 3. 3. 6; -2. 

4. 3; -2f 6. j; i. 6. 1; -|. 

7. 2. 8. 4; ^-s. 9. 5; -2. 

10. 10; -^. 11. 4; -2. 12. 1; 10. 
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13. 


8; 3. 


14. 


5;2i. 


16. 


6; IJ. 


16. 


10; 5 J. 


17. 


1; -9^ 


18. 


5 2 
6' "^3' 


19. 


3i; -6i, 


20. 


2? 

2, 7. 


21. 


5; -2. 


22. 


8i; -2. 


23. 


4; -48. 


24. 


3; 0. 


25. 


6; 4i. 


26. 


-3; -2. 


27. 


8; -IS. 


28. 


3; If. 


29. 


0; -IJ. 


30. 


10' ^' 


31. 


^7; --SJ. 


32. 


2 13 
3' "42- 


33. 


2i;0. 


34, 


3' ^• 


35. 


1- ^^ 
^' 13* 


36. 


-If; -3. 


37. 


2; -2t. 


38. 


3; -8. 


39. 


10; 7S. 


40. 


5; -li. 


41. 


4;2Jt. 


42. 


-1; -If 


43. 


20' ^• 


44. 


3; -1ft. 


45. 


4; 2. 


46. 


4; -6^3,. 


47. 


4;2JJ. 


48. 


-3; -2tt. 


49. 


1 103 
2' 148* 


60. 


^ -2it8. 


51. 


37; -2. 


62. 


3; -afc. 


53. 


i;4. 


54. 


3. -^ 
^' 2- 


65. 


4. 


b^. 


2?; -I. 


57. 


2; -7. 


68. 


3; 1. 


59. 


6; 2. 


60. 


2; -1. 


61. 


6; -8. 


62. 


6; -6. 


63. 


5; -2. 


64. 


4; -2ii 3 


; -^IJ. Q6. 


5; 


-2*. 


66. 


1; -9. 


67. 


4. 68. 


17. 


69. 11. 
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70. 


7. 


71. 8. 72. 


6. 




73. ±2. 


74. 


its. 


/«-& 
^^- ^^Va+6- 




76. 


±6. 


77. 


a 


78. ± s/2. 




79. 


*f^/3. 



80. 3; -1. 81. 5. 82. 1; -3tV 83. 2; -4|. 

84. ±2. 85. 2. 86. 4; 1. 87. 9. 

88. 32; -243. 89. 3 ; 2. 90. 1; ^. 

91. ,; 1 92. ?;^. 93. 0, ^ (*»+'»- 2/>) . 

'16 2 4 2Wj[? + njt?— 2mn 

94. 0; ^^ T -, 96. —a:b, 96, 3. 

97. 2. 98. 2. 99. S. 100. 4. 101. 3; Ij. 

102. 3; -3J. 103. ±2; -1. 104. 2; -1^. 

106. 3; -|. 106. 4. 107. 3; -1; 1±^.^ 

108. 0; 1; -9. 109. 6; 2; -4. 

HO. l;2;^-"-^. 



Ex. XVII. 

1. a?^-6^ + 8 = 0. 2. a7«-16a: + 63 = 0. 

3. 2ar*-174?+8 = 0. 4. 3;»*-304iC+ 400=0. 

6. a?* + 94?+14=0. 6. a?* + 9J7+8=0. 

7. 5a?2 + 8a?=4. 8. 5a?3+ 76a? +15 = 0. 
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9. ;c'-ar«+ 19a?- 12 = 0. 10. ar»-ar«-4ar + 12 = 0. 

11. aF«-l5a^+4« + 21 = 0. 12. 24d7^-38d?2+16z=0. 

13. af»-2a?5-a»=0. 14. 16«» + 76*'-ir=30. 

15. ir*-4ar'-4j?^ + 16d?=0. 16. a?*-7^'-«'+7^ = 0. 

17. ^-,-ka. la L^;2V2l 

a' 25 ' 5 • 

19. i — ; i — . 20. cj?"+&;c + a=0. 

21. a*a:*- 2a»(»?-&*+ 6a5*<J- 8a*c«= 0. 

Ex. XVIII. 

1. 9; 1. 2. 2; 1. 3. 2; 1. 4. 6; 0. 

5. 5; 1. 6. 7; -2. 7. 3; 1. 8. 2; -1. 

9. *6, «fc5; *6, dse. 10. 9, 8; 8, 9. 

11. 9, -3; 3, -9. 12. 4, -.|; 2, -12. 

13. 3, i; 1, 12. 14. 6, -^; 2, -15. 

15. 4, -1?; 1, -2t. 16. 4, 3; 3, 4. 

17. 2, 3; 3, 2. 18.. 5, -3; 3, -6. 

19. 7, -1; 1, -7. 20. 8, -6; 3, -4. 

21. 4, -3; 1, -^. 22. 6, -4; 2, -3. 

o 

23. 3, \i; 1, 2*. 24. 2, -j|; 1, g. 

25. 2, ItV; 1, -^. 26. 6, -6j -2, 6J. 
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27. 2,?; -7, -J. 28. 3, 1J;2, Ij. 

29. i3, 67; 7, -47. 30. 3, -Iff; -4, 8Jf 

31. 3, j|; 2, 31J. 32. 5, ±2; -6i, '^. 

33. 10, llf; 12, 9|. 34. 7, -13j|; 6, -29jf. 

35. ±7; ±1. 36. 2, 1; 1, 2. 

37. 5, 1; 1, 6. 38. 6, -2; 2, -5. 

39. 6, -2; 2, -6. 40. 3, 4; 2, ?. 

41. 1, -|; 2, -3. 42. 3, -2i; 1, -Ij. 

43. 4, -2; 3, -6. 44. 3, 2; 2; 3. 

46. 6, 1; 1, 5. 46. 3, 2; -2, -3. 

47. 1, i; -1,-2. 48. 1, 1}; 2, IJ. 

49. 1, 2; 2, 1. 60. 3, -1; 1, -3. 

61. 3, -2; 1,-|. 62. -1, IJ; 2, -iJ. 

63. 4,-3; 1, -IJ. 64. 1^, -1; 1, -IJ. 

65. sfc4; sfcl. 66. sfc3; sfc2. 

67. ±5, ±16; ±1, =F4i. 68. ±2, ±2f; ±4, «b2f. 

69. ±4, ±5; ±3, ±lj. 60. ±3, ±10j; t1, ±4. 

61. 4, 2; 2, 4. 62. 6, 5 (\/6-l); ^ -| (^/5+ 1^ 



63. 



2'^ /> -» 2 

Jr -|; I li^. 64. 10, -.82; \, 23*. 
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^^' ^' 3' ^' 3* ^^' ^' "^' ^' 2J. 

67. 2a, 2&, «-6; 2ft, -2ft, ft-a. 

68. - (j2a+c-^Ja-Acl | (>^a + c±Vc^); 

69. 3, 1, 10, 1; 1, 3, 1, 10. 70. *1; *!. 



71. * 



^' VS' ''' V^- 



72. *2, .18^1; ^3, .^^yi. 

73. rf=7, ±^3; ±2, «f3n/3. ' 



75. * 



76. *2. *-?L; =^3, i-iL. 

Vi63 Vies 

/T 11 

79. sfc3, sfc2; ±3, *2. 80. 5; 1. 

P. A. 18 
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31. 4, -3J; 2, -5J. 82. 3, 4j; 4, Ij. 

83. 9, 3; 3, 9. 84. ±3, ±2; ±2, ±3. 

86. 4, -1, ±^/5-l; 1, -4, ±/s/5 + l. 
86. 2, 1, -1, 2; 1, 2, 2, -1. 

87. ^^V^^^^N/y^-N/^^^;&0. 



88. ^-a ^ (aa+&2_c=0(aHc»-6")' 

Ex. XIX. 

1. 7orlJ. 2. 60; 12. 3. 729. 4. 16; 10. 

6. 18; 14. 6. 24; 1. 7. 9; 6. 8. 7; 3. 

9. 10; 11. 10. 3. 11. 26. 12. 23. 

13. 6 ft. 14. lift. 15. 6yd8.;ly.l. 16. 63. 

17. 4 yds.; 6 yds. 18. 3f hours; 2 J hours. 

19. 16 miles ; 4 mi. an hr. 20. 6 hrs. ; 10 hrs. 

21. 18 yds.; 14 yds. 22. £2, 23. £3.10*. 

24. £2] £% 10*. 26. 40*. 26. 16. 

27. \^d. a dozen. 28. lOe^. 29. 33^ per cent. 

30. 10 per cent 31. 4. 32. 4; 6. 33. 188. 

34. 4| miles an hour. 36. 4^ per cent 36. £90. 

Ex. XX. 

1. a+x. 2. 2^-1. 3. Za^-^x. 4. 4a? + y2. 

6. 6a2-2ft. 6. 12;r*-10iry». 7. l-2a?+«*. 

8. 2a^-Zx-{-\, 9. 2a*-3a*+4. 10. 2-4a«*+a^ar*. 

11. Za^-xy-2y\ 12. 4/r*+6a86-3&2. 
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13. 2a-l + 2a-i. 14. a^-»f1x^y'^-Zy'\ 
15. a^ -<!*&-! -26-2. 16. 3a:-2;i:V + y*- 
17. a2_2^. 18. 3a + 4?. 19. Sa^ + ^a?. 

20. d? + y. 21. 24. 22. 36. 23. 44. 

24. 81. 25. 78. 26. 87. 27. 9.3. 

28. 56. 29. 107. 30. 125. 31. 139. 

32. 114. 33. 17-9. 34. 245. 35. 2'82. 

36. 305. 37. 288. 38. 35'6. 39. 709. 

40. 6450. 41. 1806. 42. 6207. 

Ex. XXI. 

1. 9 : 10, 13 : 15, 4:5, 2 : 3. 

2. 11 : 12, 17 : 20, 13 : 18, 17 : 10. 

3. 61:70, 5:6, 4:7, 2:5. 

4. The first is greater. 5. 5 : 21. 6. 3 : 40. 
7. 6:a-2d. 8. o^-scy\%y\ 9. 4:13. 

10. 19 : 16* 11. 7. 12. 8. 13. 4. 

14. 12; 16. 15. 16; 18. 16. 12; 18. 17. 7. 
20. 15; 20. 21. 20; 32. 22. 8; 10. 

23. 15; 27. 24. 20; 24. 25. 7; 14. 

26. 8. 27. 4. 

Ex. XXII. 
1. 90. 2. 52i. 3. 17J. 4. 6j. 5. 4. 

6. ~. 7. 2; 0. 8. ?J^). 9. 51. 

lb— 2 
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10. 


4. 


15. 


8; 12; Id. 23. 


9 : 12 :: 15 : 20. 


24. 


2. 


26. 


3}; 5. 

Ex. XXIII. 


• 


1. 


8^ 
'6' 


2. 


15. 3. 4ff. 


4. 3:2. 


5. 


9. 


6. 


3i. 7. 9. 


8. 6. 9. 3. 


10. 


4acl 


11. 


1. 12. l + 2y. 


13. 3-2y + y», 


14. 


4 + 2y + 32^l 


15. 4« + 3^. 


16. 23-6^. 


18. 


72. 


19. 


96. 20. 19. 


21. 30 miles. 


22. 


12. 


23. 


12. 24. 15. 





Ex. XXIV. 

1. ^/a+•4^+47^. 2. 4/^+2^^ + 3^^^. 

3. ^^+3 4/5V-2v'^. 4. a?*+a?V + 2«M- 

5. a*6^+2a^*-3A'. 6. 4aM-3a^6*+4a^d^V. 

7. aV)'^ + Zdb-^(? - ^a'^V^cy 

8. Zxy'^z''^—4x''h/^z"^+a^z'^, 

9. 3flw?~4 + 5a-2a?-l - 6tf 6-^a?~iy-t 
10. Aai^y-^-2x^ifiz''^''Za^y'^z''i, 

n A a. 2^' ^ 19 t^ 7n/^. 12^ 

13. J£l--?-^+ "2^ 



4^;r.y ij^ ^^z 
^A 3n^ 4^ _^4^^ 
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16. 4. 16. 9. 17. 27. 18. 27. 19. 25. 

20. 32aW. 21. 9ar*. 22. 21&i?V^. 23. 4ajV««. 

24. i. 25. ~. 26. J. 27. \, 

O 12 4 5 

2401 6a^ 10a 8y^ 

32. ^. 33. ^^. 34. a^^il'^. 36. 1. 






36. Jy. 37. :!■. 38. 3. 39. ^^. 



M/ 



40. 12. 41. l^dWK 42. ? 

43. a;-VJ8-arVi^ + 16i>«. 

44. ;r^(4aj* + y*)(2ip*-3y*). 45. xyT^ •\- \ - sT^. 

Ex. XXV. 

1. 6^/2. 2. 4>/6. Z, 1 ,Jl. 4. 10 >/l(). 

6. 6a^/3a. 6. 8a^ tj6x. 7. 2 4^. 

8. 3 /J/5. 9. I2a!^s/2y. 10. Zxy^ J2x. 

11. 20^/2. 12. 2Sab^2a. 13. 60aV}*J'6a. 

14. bbaa^Jbax. 16. 50 4^3. 16. 16^72. 

17. 20^/2. 18. 0. 19. 7 VS 

20. 30is/5. 21. ^. 22. 0. 23. 6 ^15. 

24. 70^/3. 26. 210^6. 26. 47-6 x/6. 

27. 38 + 11 is/l6. 28. 126-10^30. 

29. 12 + 20 V3. 30. 23^/2-7^/T5. 
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31. 54 + 28 s/lO-5 >/l6 + 7 n/6. 

32. 16^/3 + 5^/6-12^/2-10. 
,, 75/v/2 8jyi0-4^_ 



34. 9W2^|3^5. 3. 6 + ^36 + ^6. 

36. 12-8 4^ + ^/36. 37. ^. 38. ^^ 

39. 3+ n/6. 40. 3 ^ 41. ^ 

,^ 29^/2-40 .« 19 + 9>/5 

42. —^^^2 . 43. g . 

,, 12+4^/H+3^/I0 + 5^/2 

44. g . 

8^/2+^/T0 



2 



45. 14 + 6 n/ 6. 46. 

4 + 5x/2 + n/30 ^^ 3 J3b + 4^/5 + 2^/6-14 : 

47. 2 . 48. -^ 37 

49. 14j. 50. 2f. 51. VlO-N/i. 

,- ,- 178-43 s/6 

62. 11 +5^6. 53. 16 + 11^2. 54. — . 

, ,^ 26-15x/3 + 3\^10 

55. 23 + 6 n/15. 56. ^3 . 

57. 4+n/3. 58. 6-n/6. 59. 2 + ^10. 

60. 2^/5-^/•2. 61. 5 + 2^/6. 62. 6-2 J 2. 

63. n/7-n/3. 64. ^Jd-Ju. 65. 3^/I0-2^/5. 
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66. 4^/3-3^/2. 67. >/2-l. 68. 2 + ^/2. 

69. ^^. 70. 7 + 4^/3. 71. ^. 
4/ o 

72. 4 + '^. 74. 2 + ^3: 

Ex. XXVI. 

1. 28; 61. 2. 62; 86. 3. 19; 40. 

4. -25; -41. 5. -11; -149. 

6. 81 ; 861. 7. 42 ; 316. 8. 307 ; 15860. 

9. 19; 149i. 10. 77; 2014J. 11. 37 ; 1843. 

12. 41; 1127. la -102; -782. 

14. -355; -16917J. 15. -90; -1662J. 

16. -11; -66. 17. 18J, 20, 2li, 23, 24^. 

18. 6,3, 1, -1. 19. 3i, 2, |, -i, -If. 

20. 0, -7i, -15i. 21. -J, IJ. 

22- I'A'-^' '^- 79. 24. 8. 

25. 6, 8, 11 26. -18. 27. 41. 28. 13. 

29. -2, 2, 6 30. 26. 31. 2, 3^, 5... 

32. 7, 4, 1 33. 8; -Ij. 

34. ?,2, 3i, 4i. 36. 220. 36. 5 (a + 6). 

37. 23J, 23f, 24 3a -2n. 

39. Af by an hour. 



280 ALGEBRA. 

Ex. XXVII. 
1. 384. 2. 486. 3. 810. 4. -640. 

6 - . 6. — . 7. 1024; 2040. 

^' 64 160 

8. 2916; 2188. 9. ^; IJfi- l^- 128' ^^" 

11. ^^'^^ih^ 12. |;2^. 13. 2550. 

g 
14. 11§|. 15. 218a 16. 2. 17. ^. 

18. 2A. 19. ^. 20. -jgg. 21. 5, 6i. 

11 

22. —2, 1, g, J. 

23. 3f|, Z\, 2i; 60, 100, 166| 

25. 8. 26. -. 

«^ , I 1 1 

27. 6. 28. 1, li 29. 1>3»9>27* 

30. 8, |,| 31. 49; 1. 34. |,i,^. 

36. 10 miles an hour. 

Ex. XXV^III. 

5 5 6 o 15 1? ? 

1- 9' il' 13' 17' 2r 6' 

2 212 .21 1^ 

^- 2,1,3 7' 4' 9' 3' 3 9' 21* 



5. 

7. 
11. 



ANSWERS. XXIX, XXX. 

3, 2i, If. 
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^' i> T«» H> IAj li» 1A:> 1A> jy- 



9, 4. 



4' 13 
8. 98, IS. 9. 10, 2^. 



10. 4, 9. 



3 ,s 4 8n/2 32 



^^ o» v^> Q» 



9 '27* 



Ex. XXIX. 



1. 330534; 1611425. 

3. 11111101; 120002. 

5. 6332205; 265323. 

7. 53341212; 554255112. 

9. 562767452. 

11. 3014; t2e. 

13. 5; 7. 14. 8. 

17. 5706. 18. «072. 

21. Z2et. 22. 3604. 



2. 163640; 86581. 

4. 17187. 

6. 75877 ; 44033. 

8. 2669^e76; 2^6744. 

10. 3405; 3^2. 

12. 2043; 120120. 

15. 8; 3. 16. 10. 

19. 20102. 20. 5732. 

23. 301102. 24. 3475. 



Ex. XXX. 

1. 32760; 95040. 3. Equal. 

5. 2520; 360. 6. 6720. 

8. 665280. 9. 10. 10. 8. 

13. 1680; 180; 76600; 75600; 3024. 

15. 24; 64. 16. 720. 

18. 15604; 9880. 20. 190. 

148 



22. 1485. 



23. 



[15. [33' 



4. 360. 
7. 24; 5040. 
11. 6. 12. 8. 
14. 210; 325. 
17. 3360; 1260. 
21. 495; 165. 

24. 280. 



282 ALGEBRA. 

Ex. XXXI. 

2. .{B^-7iBV+21a;V^-35aJV+36ir^*-21;ijV+'^-y^- 

3. fl^-f6fl*& + 16a*6*'«+20a»634.16a»6*+6fl*^+6P. 

5. l-6a?+16a^-20;c*4- 

6. 1 - 6a2+ 10a*- 10a«+ 6a8-aW 

7. a* + lOa^iP + 4Ca';u2 + goa^^c^ + SOaa^ + 32ic^. 

+ 1468jri5^+729y«. 
9. aW- 8ai*^ + 28ai2^ - 56ai<>^ + 70a8a;* 

- 56a«a;« + 28a*4J» —^aff 4- a?*. 

10. 32 - 240a? + 720aj8- lOSOar' + SlO;!?* -243a?6. 

11. 64a8-96a6fr+60a*&2-20a363 + ^^-^' + |^. 

4 8 64 

. 135^ 406a?* 243d?* 

12. 32-60^ + 45;.^— g-+-^--^. 

13. a;^-21a:«+ 1890?* -945a?* 

14. aP + 520?^+ 1248a?iy + 18304xiV + 

15. 64 - 960a +6000a2- 20000^3+ 

16. ar»-20a?i9y + 190a?V-ll*0a?^V + 

17. 6561 + 5832a + 2268a2 + 604a3+ 

18. 512-6912a?+41472«>-145152«8+ 

19. 1 -x-Za^- 13a?s-65aj* 

20. l-6aj8 + 6a?* + 4aj«+6a^ + 

«, o« ^r. , 135a« 136a3 405a* ^ 

21. 32-60a + -— 3^ -3524-^ 

^ ,- « a?' . a^ 5ar* 

22. 16-8x+2+2j + 76g + 
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23. l + Zat+9a^-^27a^-{-S\a*-h 

24. l-¥4a^+lGa}^+64afi+26ea^+ 

26. l-2a2+3a*-4a?+6a8+ 

26. l + 6a+24a2+80a*+240rt<+ 

27. l + 14aj2+112a?*+672a^+33€0jr8+...... 

28. a""2+6a"3a?+27a"*fl^+ 108a-'^aj'+406a-*;c* 

29. a"*- 8a-^a? + 40a-«a^- 1 60a-^a^ + 660a" V 

fi o -7 7^-8a2 66^-8a3 . 14.t?-iOa* 

30. a!-^-2a; ^a + 



3 27 9 

31. iC"6+3flw?-8+6a2^-io+ 10a3a?-i2+ I6a4;i.-i4^ ^ 

32. a-« + 6^a-8 + 24a;*a-i<> + 80;B«a-^ + 240afia'^* + 

33. ^* + 5^2/^+^^-V-|f^-V + |4|^-V^+... 
^, , x^ a? a^ 



„„ , as &(!» 112a» 660a!« 

35. i+-+_+-^_+-_ + 

36. 1-20.^-5^-1^+ il?^ + .., 



37. a-Tf + a^6 + 2a-*624. + ^ + 



38. a~6 - lOar^^a-^ + 70^a-» - 420iB«a-" + 2Z\^3^ar^ + 

^^- 81^^-^-^-32-^-12^^-2048--^ j" 

^- 4l^'^^^-36-+-8r-^-1944-^-i 

^, 32y6 6237 63 2618 

41. ;r.« • 42, — 



243 * • 2048 ' 8 ' 16626 ' 
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Ex. XXXII. 

1. 10. 2. 7a+4<J. 

3. (a?+12)(a^-ll); (a?+5)(«2-&r+25); 

4. (ar + 2)(2d7-l)(3d?2+l4d?+8). 

8. (i) 3; l\. (ii) 7, -6; 5, -7. 9. 974. 

10. '192. 11. 100. 12. a^ + 2a!>+62-ca, 

la (a?+y)(a;*-«V+^-<^+y*)5 (^-4)(«+3); 

a? (2^+3) (3a?- 1). 

4aj?(a*— fea?) 
14. a^-y''Aa?+y^{^''tf). 15. Jl,^ > 

16. ^-^+2-U^. 

17. (i) 2, -3. (ii)-5; ?j. (iii) ±3, 0; ±2, Ju. 

18. 8hr. 27i^t J^iD' 

19. ate-J-2a-i6i+a"^6^-2ai6-i + 3. 20. a; -. 

21. 4ai8-^ + |'. 22. a?-l. 23. ^' 



24. (i) li (ii) 4; 3; 2. (iii) i; -2. (iv) 7,2; 2,7. 

25. £37. 108. 26. 6a^-26aj« + 5a?=0. 

27. 1; a2&-i-i+flr«6i 28. 3-^/3. 29, 20. 
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31. a~* + a~V" + 6"*. 



32. (i) i; \, (ii) 4, -2; 2, -4. 33. £2,t>. 

37. ^55^. 38- 3. 7, 11, 



1 



39. (a"'6)=+», (a^-^ft^+S 40. 7531. 

•B^ + 3»C 4" 2 
41. 18^-6.^-2^-11. 42. 2^^5^Z3- 

43. (i) 4; 6; 8. (ii) 13; -4J. 44. a?^-3aM + a* 
45. 21, 24, 46. 67. 

47. (i)69. (»)|j(i)"-lj. (i") \' 

48. 126. 49. a8-16a^;i?+ll2a?:»"-448a^a:' + .... 

9 &4-1 9 1-1-9 

60. \. 51. ^. 52. a^^a^h^-hh^ 

63. 4+2 ^3. 64. --. 65. 6. 

56. 207, 297, 387. 67. Hh'y ^f. 

68. 2f , 3, 4, 6. 60. £60. 

61. 2aj2 + 3ii?y+2/*; 

(2;i^* + 3;i^ + 2/2) (2;iJJ - 6^ + 82r0 (6^ + «1^ - 42^- 

63. (1) 6, 10*. (2) -12. (3) ±2, ±-^; ±4, ^-^. 

64. 309. 66. ^^^;4+x/6. 66. 16,26. 

10 

67. 4a. 68. 866; 843640. 
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69. l-7a?+21ij2-35aj3 + 36a?* ; 

70. 3 J miles per hour. 71. -^^ — ^ — . 

72. l + 6a?+19^ + 44;i?3 + 49^+16^_41;i56_i26ic7^.8i;r8^ 

73. 5; 7. 74. 4 + 3 n/T. 
75. ;i:T+2ajT + 3a?* + 2a:T^+l. 76. 294 J. 

77. ±2, rfc-i^: =f3, ±4--. 78. 109892. 

>/3 >/3 

79. 2346. 

80. a^- \2a^x + QOc^a^ - 160aV + 240aV - 192flu;6 + 64a^. 

81. a?+l ; (2a?-l)(;p+4)(;r'+l). 82. 2. 

83. 3 ; 51. 

84. (i) 8; 12; 16. (ii)±l, ±^; ±2, ±^. 

^^* ^3 9 81 243 

x^ 3a?* ^afi Zbafi 
^^' ^"2"*"T""'l6"*"i28 

87. 495ai«ft8. 88. 3^597. 89. 358. 

90. 816000; 489600. 91. (i) 4,0. (ii) 9, ±8\/2; 7, =fcN/2. 

95. 2a?*+7^+3. 96. «i4-2«ii + l ; a'^^^-a^ft""*. 

98. 196; 4^; 4^. 99. 3. 100. 40235 ; 7. 

101. 9. 102. ^tT— A. 

9:r— 4^ 
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103. (4?-2y)(;r2+2a^ + 4y«); a«(a-6)*(a+&)«; 
7(a + 6)(a-5). 104. -6; 6; -2. 

105- -r^- 106. 6ft. 108. ii=^. 

109. Y 1^ ; 29 \/3. 110. n/II + ^/7. 

111. a;5+12;B2-43;i? + 30. 112. £1% 10*. 

113. 60; 30; 12. 114. , ^ ^ . 

115. 24. 116. -3i, 3J, 10. 117. 68}J;67i. 

lia l-6^ + 16a?2-20;ir3+15a?*-6;c5+a:<». 

119. 2aj2 - 3a? + 1. 120. 35052 ; 6000. 

121. (1)0. (2)5^^. (3) ^"^"^ 



a ' ^ ' 2(a?-l)^(;c+2)' 
122. (1) 2, -?. (2) -&, 6-2a. 123. (i) 1, 7. (2) 2. 

124. ?(^-l);V6-V3. 125. ^Z^, 

126. ari + 5 + f + ^ + ^ + 127. 9; 11. 

2 4 o io 

128. 235757. 129. 6J. 130. ;gl00. 

131. x'^-px + q. 132. 5<w?(a-^)(a'— aa?+^«). 

133. aJ«+\/3.ii:^ + 2aJ« + >/3.^+;i;* + N/3.a?' + 2;c2+N/3.^+l. 

134. .r-3. 

,,- _ 7^ . / 2(a»5' + cV~yc«) 

iv/lS + l 37-20 \^ 



137. 4. 138. 



v/2 ' 13 
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139. xA . ft. 



3V 3 

140. l-4A + 10a;» -16aJ» + 19iC* ; 

a«-3a«6 + 6a*&'-7a'6» 

143. W_^. (n)^-^_.(m)--. 

144. 25a*-30flw?+9a;»; 1 8 (3 - 20?) (1- 2a?) (2 -3a?). 

146. xy-^-yx-^ ; 206. 

147. (i)l. (ii)a + 6. (iii)^^'. (iv) 4; 2§. 

148. l+4a? + 10a?' + 20a^+...; l-6a?+27a?»-108a?3+ 

149. £50; 180. 150. 12. 161. a5ay(aV-6V). 
162. ^li*?!^. 153. 2-3a + 4a«. 164. 91. 

l) • 

167. (i) *«; *-. (ii) ±3, =fc2; ±2, i3. 

160. 1260; 26740. 

161. (1) 5^ . (2) 7; 15. (3) 64; 729. (4) 4; 2. 

162. af+4yi + 16a?"V*. 163. ll^/3. 164. ||. 

165. "7= (>/23-VTi). 166. (1)25060. (2)1456. (3) 3^. 

167. 40. 168. 9ef. 169. 2. 

171. 5(a+5); 2. 173. a?(aj+2)(a;*-2a? + 3); 

(aj2+a?y+y2)(a?»-a?y+y^ 
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^7^- ^'fer- 176.(1)5,-11. (ii)13. 

(iii) 8, ±^; ±5, *-!=. 176. 21. 

V2 /s/2 

17a 3, 3^, 3A,3A. 179. -1706^. 

181. (a?+l7)(a:-ll); 8(a2+&2_^_^)(^j.^^ 

fa: + 2)* » 6 " 40^/3 4-2 

182- (tIsk/tT)- ^»3. *' + V-. 184. -^L. 

(i?) 2,^. 186. -35. 190. 6}^ min. past 2. 

191. a?-i + ^"^^* + a:"*y+y*. 192. -2. 194. 12. 

195. 40; 60. 196. 45; 54. 199. 20. 

200. ^10,000. 201. Icj?, 202. u^-a^-xy^+y^, 

203. ^1^. 204. (i) ±4. (n) 4, -2. (iii) 5, -12. 

(iv) 4 ; 2. 205. 12 ; 13. 206. £400. 

207. 3^-8««-3;.=0. 208. ?^; ^^^\ 

209. 2a^, 6a&2. 210. 40320; 10080. 

«,« , . 46^ . lOa^ 

212. l-4a?--Y=- + -s-. 213. a-h-c, 

214. iJJ-yl 216. a^^-h'^. 216. 2a72+d7=16; 

iB2-2a?=l. 217. 100. 218. 3TVmin. 

24^^ 
219. 8. 220. ISyrs. 221. a(^,_y)(^3_4y) » 

D. A. 19 
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m ^. m g+f-| + ^. 224. (^+*iaU.«)«. 

226. {i)\;Z (ii)4,2. (iii) li. 226. 36 gal. 

227. 9. 228. 1046J. 229. (i) ('^j *> 

232. l-.y+2^-;y+^*-y^. 233. (^-l)*(a?-2)*(a?-3)*. 

I- ««. 14 + s/6. /^ 1 

234. 2{j2-l)c. 236. — X5— Wa-g- 

236. 1003. 237. 25,15,9. 

238. (1) a + 6 + c; ^ — * 3— » 

^^3\\/3"V'^^ ' 2 6 ' 2 3 

239. 180; 3024. 

240. l-3a+6a«-10a8+15a* ; 

l-15a+136a«-945a3+5670a* 



241 -^±M±I, 242. 54n/3; -2 n^. 

ayz 

243. 7 + n/3;1. 244.6. 246. (^a+ 6 + ^^:1^ j-g— 
246. 6667; 7. 247. 13 years. 

260. (1) "2-- (2> ^'-S::r' ^' -S^- 
(3) a;&; -ir^-^^-^' 
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I. 
1. 9. 2. x-l) (a?-l)(a7«-2)(a:»-2^+l). 

6. 6-61; -44721. 6. ar+i^^+y-\ 7. J5-J2. 

8. ^,4, 7i 9. 280. 10. 21301 ; 121. 

11. 32-60a:+46;»» 12. 16 J miles. 

II. 
1. 68. 2. 8aP + 36a5+42a*-9a»-21a?+9a-l. 

3. a?2-3. 4. (a2+9&2)(a + 3&)(a-3ft); 

^(3^-4)(2^-3). 5. ^^. 

6. (i) 7; 10; 9. (ii) 2, -|; 1,-3. 

7. (i) 3, -|. (ii) 19, -27}. 8. 2a^-Za+4. 9. ;i?-ipi 

2a? (ic* - 4^V + 16t/*) 
10. 28; 20; 62. 11. =^ -t-^^-Moy; 



(a:+y)2 



2 1 2 



13. 11,2,3 ; ^, ^, =. 16. 1260. 

III. 
2. 0. 3. c^+¥-\-c^-Sabc', 

2b^c^'\-2cW+2a^-a^-¥-d^. 4. (a?-y)(«+y); 
(a?+y)(a:«-a;2^ + y2); (a;2+y2)S; (if+o)(a:+6). 

5. ^ + 1. 6.(i)2(^. (ii)5^±^. 

a^— &3 >" -^ 2.mnxy 

19—2 
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(3) ifc6, ±2; *5, t2 ^2. 10. £600; £300. 11. 226. 

IV. 

1. 4a+95-14c. 2. 7«-6y. 

7. a)^-(2)i-(3)l- 8- ^-^^- 2^~3ay4.i/^ - 

10. (1)4. (2)^. (3) -|. (4) 12; 14. 
12. (1)3; -y. (2) 4, -6; 2, 12. 
(3) ±3, ±|n/^; =»=1, =f4n/^2. 

V. 

2. a«-a6+2&2; _i. 3. {a^+xy-y^ia^-a^y-y^' 
4. aj8-a?+l; -2y3. 5. a + 1. 

JL.^-Z^zi. 7. (i)12. (ii)3. (iii)9;8. 

a?+y» l~2a 

8; (i) 5, -1. Cii) 15. (iii) =»=8, i -^; ±5, t^. 
9. 21. 11- arV- 
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VI. 

1. 6, 7f 9}, 10|; 12f. 2. 6, 2. 3. Less. 
4. 6118}. 6. 20. 7. £10,000. 

VII. 

3. (1) 9, -g. (2) 12, -8, 2iN/85. 
(3) a?=^-^ ±5 N/a2+2a6-36*; 

y=^^ T- ^/a^+2a6-362: or dj=y=0, or a + 6. 

4. 10. 6. £5. 9. 15, 21. 
10. 8}f min. past 3. 11. 35, 53. 

VIII. 

1. l;a;«;0;8. 2. a?* + 2a^-2a^a?-a*; 

(a-&)(aj*-aa:+a2). 

3. a?+3. 4. (a^-l)(iB3-4y2). 

a?(l+3^+2^ + a?^ _ (a?4-y)(a?'4-aiy+y *) 
l + 4;r+3a:'*+2^ ' y 

6. 0?+ -1. 7. 6; 9. 

8.0)12. (2)^. (3)1. (4)^;g-^. 
9. jeS; £1. 10. -. 
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IX. 

1. <1) ir*+fljV+y*- (^) xJx-vyJy^-zJz-Z'J^. 

2. (1) 3«5+4rV-12fl!y«-16y'. (2) 2a^-a««+- - j. 

4. (1) 12. (2) ^. (3) a, 0. (4) 3; 2. 

5. 4(d?+l)(a?+2). 

6. (X) Ac^b^dr^e-K (2) a?+4-8ari. (3)ajy + l+|. 

a 40. 10. (i-^)(i-«^(i-^. 

X. 

1. aj2_3^=ig. 

Q K 25 

2. (1) |; -|. (2) *1. *4; *4, *1. (3) 27, ^. 

4, A, £, ^ ; 121. 

*• 31' 19' 15 * 

6. (1) Zm^'^. (2) ^^ X g^a-'i (3) 12870a?;i:«. 

7. 22680. 8. 29 and 3; or 8 and 8. 
9. W^0121 ; 074. 10. 90. 
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of Glasgow. 8vo. 14;. 

" The fruits of that exhaustive research and that ripe andwell'digested 
scholarship wkich its author' brought to bear upon everything that he 
underte^ an vieibk throughot^/'-^l^AU. Mall Gazbtte. 
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Potts, Alex. W., M.A.— HINTS towards latin 

PROSE COMPOSITION. By Alex. W. Potts, M.A., late 
Fellow of St. John's Coll^;e, Cambridge ; Assistant Master in 
Rugby School ; and Head Master of the Fettes CoU^^e, Edinburgh. 
New Edition, enlarged. Extra fbap. 8vo. doth. 3;. 

Roby.— A GRAMMAR OF THE LATIN LANGUAGE, from 
Plauttts to Suetonius. By H. J. Roby, M. A., late FeUow of St 
John's College, Cambridge. In Two Parts. Second Edition. 
Part I. containing : — Book I. Sounds. Book II. Inflexions. 
Book III. Word-formation. App^dices. Crown 8vo. %s, 6d, 
Part II. — Syntax, Prepositions, &c. Crown 8vo. lOr. 6d, 
** Marked by the clear and practised insight of a master in his art, A 

hook that would do honour to any country,^* — ATHENiEUM. 

Rust.— FIRST STEPS TO LATIN PROSE COMPOSITION. 
By the Rev. G. Rust, M.A. of Pembroke College, Oxford, 
Master of the Lower School, King's College, London. New 
Edition. i8mo. is. 6d, 

SalluSt.— CAII SALLUSTII CRISPI CATILINA ET JUGUR- 

THA. For Use in Schools. With copious Notes. By C. 

Merivalb, B.D. New Edition, carefully revised and enlarged. 

Fcap. 9vo. 4J. td. Or separately, 2s, 6d. each. 

" A very good edition^ to which the Editor hex not only brought scholar ' 

ship but independent judgment and historicctl criticism** — Spectator. 

Tacitus.— THE HISTORY OF TACITUS TRANSLATED 
INTO ENGLISH. By A. J. Church, M.A., and W. J. 
Brobribb, M.A. With Notes and a Map. New and Cheaper 
Edition. Crown 8vo. dr. 
**A scholarly and faithjul translation,** — Spectator. 

TACITUS, THE AGRICOLA AND GERMANIA OF. A Revised 

Text, English Notes, and Maps. By A. J. Church, M.A., 

and W. J. Brodribb, M.A. New Edition. Fcap. 8vo. 3;. 6^. 

Or separately, 2s, each. 

'' A model of careful editings bang at once compact^ complete^ and 

correct^ as well as neatly printed and el^ant in style,** — Athxnaum. 

TACITUS. —THE ANNALS. Translated, with Notes and Maps, by 
A. J. Church and W. J. Brodribb. Crown 8vo. ^s. 6d. 

THE AGRICOLA AND GERMANIA. Translated into English 
by A. J. Church, M.A., and W. J. Brodribb, M.A. With 
Maps and Notes. Extra fcap. 8vo. 2s. 6d, 
"At once readable and exact; may be perused with pleeuure by all^ and 

consulted with advantage by the classical student,*' — ATHENiEUM. 

TheophrastUS. — THE CHARACTERS OF THEO- 
PHRASTUS. An English Translation from a Revised Text 
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With Introduction and Notes. By R, C. Jebb, M.A., Public 

Orator in the University of Cambridge, and Professor of Greek in 

the University of Glasgow. Extra fcap. 8vo. dr. 6d, 

" A very handy and scholarly edition of a work which till now has 

been beset with hindrances and difficulties^ hut which Mr, Jehb*s critical 

skill and judgment have at length placed within the grasp and compre* 

hension of ordinary readers.** — Saturday Review. 

Thring.— Works by the Rev. E. THRING, M.A., Head Master 
of Uppingham SchooL 

A LATIN GRADUAL. A First Latin Construing Book for 
Beginners. New Edition, enlarged, with Coloured Sentence Maps. 
Fcap. 8vo. 2s, 6d. 

A MANUAL OF MOOD CONSTRUCTIONS. Fcap. 8vo. is.6d. 
A CONSTRUING BOOK. Fcap. 8vo. 2s, 6d. 

Thucydides.— THE SICILIAN EXPEDITION. Being Books 
VL and VII. of Thucydides, with Notes. New Editipn, revised 
and enlarged, with Map. By the Rev. Percival Frost, M.A., 
late Fellow of St John's College, Cambridge. Fcap. 8vo. Ss. 
** The notes are excdlent of thnr kind. Mr, Frost sddom passes 
aver a difficulty, and what he says is always to the point.** — Edu- 
cational Times. 

Virgil.— THE WORKS OF VIRGIL RENDERED INTO 

ENGLISH PROSE, with Notes, Introductions, Running Analysis, 

and an Index, by James Lonsdale, M.A. and Samuel Lee, 

M. A. Second Edition. Globe 8vo. 3j. td. ; gilt edges, 4J. 6</. 

" A more complete edition of Virgil in English it is scarcely possible to 

conceive than the scholarly work before us.** — Globe. 

Wright.— Works by J. WRIGHT, M.A.,;late Head Master of 

Sutton Coldfidd SchooL 
HELLENIC A ; OR, A HISTORY OF GREECE IN GREEK, as 

related by Diodorus and Thucydides ; being a First Greek Reading 

Book, wltii explanatory Notes, Critical and Historical Third 

Edition, with a Vocabulary. i2mo. 35. (id, 
"A good plan well executed,**— GvK^JiUM. 
A HELP TO LATIN GRAMMAR ; or. The Form and Use of Words 

in Latin, with Progressive Exercises. Crown 8vo. 4J. 6d. 
THE SEVEN KINGS OF ROME. An Easy Narrative, abridged 

from the First Book of Livy by the omission of Difficult Passages ; 

being a First Latin Reading Book, with Grammatical Notes 

Fifth Edition. Fcap. 8vo. y. With Vocabulary,- 31. 6d. 
" Tlie Notes are abundant, explicit, and full of such grammatical and 
other information as boys rehire,** — Athen-«um. 
FIRST LATIN STEPS; OR, AN INTRODUCTION BY A 

SERIES OF EXAMPLES TO THE STUDY OF THE 

LATIN LANGUAGE. Crown 8vo. Sj. 

ATTIC PRIMER. Arranged for tUe Use of Beginners.' Extra fcap. 
8vo. 4J. 6d. 
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Airy. — Works by Sir G. B. AIRY, K.C.B^ Astronomer Royal :— 
ELEMENTARY TREATISE ON PARTIAL DIFFERENTIAL 
EQUATIONS. Designed for the Use of Students in the Univer- 
sities. With Diagrams. New Edition. Crown 8vo. cloth. 

ON THE ALGEBRAICAL AND NUMERICAL THEORY OF 
ERRORS OF OBSERVATIONS AND THE COMBINA- 
TION OF OBSERVATIONS. New edition, revised. Crown 
8vo. cloth. 6j. dd, 

UNDULATORY THEORY OF OPTICS. Designed for the Use of 

Students in the University. New Edition. Crown 8vo. cloth. 

ON SOUND AND ATMOSPHERIC VIBRATIONS. With the 
Mathematical Elements of Music Designed for the Use of Students 
of the University. Second Edition, Revised and Enlarged. 
Crown Svo. 91. 

A TREATISE OF MAGNETISM. Designed for the nse of 
Students in the University. Crown 8va 91. 6df. 

Airy (Osmund). —A TREATISE ON GEOMETRICAL 

OPTICS. Adapted for the use of the Higher Classes in Schools. 

By Osmund Airy, B.A., one of the Mathematical Masters in 

Wellington College. Extra fcap. Svo. 31. td. 

" Carefully and lucidly written^ and rendered as Hmple as possiMe by 

the use in all eases of the most elementary form of investigaHon,** — 

ATHENiEUM. 

Bayma.— <rHE elements of molecular mecha- 
nics. By JosKPH Batma, S.J., Professor of Philosophy, 
Stonyhurst College. Demy Svo. doth. lOf. 6d, 

Beasley.— AN elementary treatise on plane 

TRIGONOMETRY. With Examples. By R. D. Bbaslby, 
M.A., Head Master of Grantham Grammar SchooL Fourth 
Edition, revised and enlarged. Crown Svo. doth. 3J. 6d, ' 

Blackburn (Hugh).— elements OF PLANE 

TRIGONOMETRY, for the use of the Junior Class of Mathematics 
in the University of Glasgow. By Hugh Blackburn, M.An 
Professor of MaUiematics in the University of Glasgow. Glohe 
Svo. IS, 6d, 

Boole. — Works by G. BOOLE, D.C.L., F.R.S., late ProfeMor of 
Mathematics in the Queen's University, Ireland. 
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Boole — continued, 

A TREATISE ON DIFFERENTIAL EQUATIONS. New and 
Revised Edition. Edited by I. Todhuntbr. Crown 8to. doth. 
14;. 

^ A treatise ineomparahly superior to any ether elementary hook on 
the same subject vnth which we are acquainted,*^ — Philosophical 
Magazine. 

A TREATISE ON DIFFERENTIAL EQUATIONS. Supple- 
mentary Volume. Edited by I. Todhuntbr. Crown 8vo. dotii. 
&r. fid. 
This volume contains ail that Professor Boole wrote for the purpose of 

enlarging his treatise on Differential Equations, 

THE CALCULUS OF FINITE DIFFERENCES. Crown 8vo. 
doth. loj. 6d, New Edition, revised by J. F. Moulton. 
** As an original book by one of the first mathematicians of the 
agey it is out of all comparison with the mere second-hand compilations 
which have hitherto been atone accessible to the student/* — Philosophical 
Magazine. 

Brook -Smith (J.)— arithmetic IN THEORY AND 
PRACTICE. By J. Brook-Smith, M.A, LL.B., St John's 
College, Cambridge; Barrister-at-Law ; one of the Masters of 
Chdtenham College. New Edition, revised. Complete, Crown 
8vo. 4J. (id. Part I. 31. dd, 
" A valuable Manual of Arithmetic of ike Scientific kind. The best 

we have seen,** — Litera&y Churchman. *M« essemially practical 

bookj providing very definite hdp to candidates for almost every kind 

of competitive examination** — British Quarterly. 

Cambridge Senate-House Problems and Riders, 

WITH SOLUTIONS :— 

184&-1851.— RIDERS. By Jamkson. Svo. doth. yj. 6</. 

1857. — PROBLEMS AND RIDERS. By Campion ax^d 
Walton. 8to. doth. &r. dd. 

1864.— PROBLEMS AND RIDERS. By Walton and Wil- 
kinson. 8vo. doth. lOf. dd. 

CAMBRIDGE COURSE OF ELEMENTARY NATURAL 
PHILOSOPHY, for the Degree of B. A, Originally compiled by 
J. C. Snowball, M.A., kite Fellow of St John's College. 
Fifth Edition, revised and enlarged, and adapted for the Middle- 
Class Examinations by Thomas Lund, B.D., Late Fellow and 
Lectnrer of St John's College, Editor of Wood's Algebra, &€. 
Crown 8v«. doth. 5/. 

Candler.— HELP TO arithmetic Designed for the use of 
SdKMls. By H. Candlkr, M.A., Mathematical Master of 
Uppingham SdiooL Extra fcap. 8yo. 2s, 6d, 
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Cheyne.— Works by C. H. H. CHEYNE, M.A., F.R.A.S. 

AN ELEMENTARY TREATISE ON THE PLANETARY 

THEORY. With a CoUection of Problems. Second Edition. 

Crown 8vo. doth. df. 6^. 

THE EARTH'S MOTION OF ROTATION. Crown 8yo. 

Childc— THE SINGULAR PROPERTIES OF THE ELLIP- 
SOID AND ASSOCIATED SURFACES OF THE Nth 
DEGREE. By the Rev. G. F.« Childb, M.A., Author of 
** Ray Surfaces,'^ " Related Caustics,*' &c. 8va lox. 6^ 

Christie.— A collection of elementary test- 
questions IN PURE AND MIXED MATHEMATICS ; 
with Answers and Appendices on Synthetic Division, and on the 
' Solution of Numerical Equations by Homer's Method. By James 
R. Christie, F.R.S., late First Mathematical Master at the 
Royal Military Academy, Woolwich. Crown 8vo. cloth. 8f. td, 

Cuthbertson— EUCLIDIAN geometry. By Francis 
CUTHBERTSON, M.A., LL.D., late Fellow of Corpus Christi 
College, Cambridge ; and Head Mathematical Master of the City 
of London School. Extra fcap. 8vo. 4^. (id, 

Dalton. — Works by the Rev. T. Dalton, M.A., Assistiuit 
Mtjiter of Eton College. 

RULES AND EXAMPLES IN ARITHMETIC. New Kdifion. 
i8mo. doth. 2^. 6^ Answers to the Examples are appended. 

RULES AND EXAMPLES IN ALGEBRA. Part I. i8mo. 2j. 
This work is prepared on the same plan as the Arithmetic. 

Day .— PROPERTIES OF CONIC SECTIONS PROVED 
GEOMETRICALLY. Part I., THE ELLIPSE, with 
Problems. By the Rev. H. G. Day, M.A., Head Master of 
Sedburgh Grammar SchooL Crown 8vo. 31. 6^. 

DodgSOn.— AN ELEMENTARY TREATISE ON DETER- 
MINANTS, with their Application to Simultaneous Linear 
Equations and Algebraical Geometry. By Charles L. Dodgson, 
M.A., Student and Mathematical Lecturer of Christ Church, 
Oxford. Small 4to. cloth. I ox. 6^. 
" A valuable addition to the treatises we possess on Modem Algebra.** 

— Educational Times. 

Drew. — GEOMETRICAL TREATISE ON CONIC SEC- 
TIONS. By W. H. Drew, M. A., St. John's Coll^:e, Cambridge. 
Fifth Edition, enlarged. Crown 8vo. doth. $s. 

SOLUTIONS TO THE PROBLEMS IN DREW'S CONIC 
SBCTIONS. Crown 8vo. doth. 4^. 6d. 
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Edgar (J. H.) and Pritchard (G. S.)— note-book on 

PRACTICAL solid OR DESCRIPTIVE GEOMETRY. 
Containing Problems with help for Solutions. By J. H. Edgar, 
M.A., Lecturer on Mechaniod Drawing at the Royal School of 
Mines, and G. S. Pritchard, late Master for Descriptive 
Geometry, Royal Military Academy, Woolwich Third Edition, 
revised and enlaiged. Globe 8vo. y, 

Ferrers.— AN elementary treatise on trilinear 

CO-ORDINATES, the Method of Reciprocal Polars, and the 
Theory of Projectors, By the Rev. N. M. Ferrers, M. A., Fellow 
and Tutor of GonviUe and Caius College^ Cambridge. Third 
Edition, revised. Crown 8vo. df. 6</. 

Frost.— Works by PERCIVAL FROST, M.A., formerly Fellow 
of St John's College^ Cambridge; Mathematical Lecturer of 
King's Collie. 

AN ELEMENTARY TREATISE ON CURVE TRACING. By 
Percival Frost, M.A. 8vo. I2J. 

THE FIRST THREE SECTIONS OF NEWTON'S PRINCIPIA. 
With Notes and Illustrations. Also a collection of Problems, 
principally intended as Examples of Newton's Methods. By 
Percival Frost, M.A. Second Edition. 8vo. cloth. lOf. td, 

SOLID GEOMETRY. A New Edition, revised and enlarged, ot 
the Treatise by Frost and Wolstsnholme. In 2 Vols. Vol. 
I. 8vo. i6x. 

Godfray.— Works by HUGH GODFRAY, M.A., Mathematical 

Lecturer at Pembroke College, Cambridge. 
A TREATISE ON ASTRONOMY, for the Use of CoUcges and 

Schools. New Edition. 8vo. doth. I2J. 6^. 

AN ELEMENTARY TREATISE ON THE LUNAR THEORY, 
with a Brief Sketch of the Problem up to die time of Newton. 
Second Edition, revised. Crown 8vo. cloth. 5^. 6^. 

Hemming.— AN elementary treatise on the 

DIFFERENTIAL AND INTEGRAL CALCULUS, for the 
Use of Colleges and Schools. By G. W. Hemming, M.A., 
Fellow of St John's College, Cambridge. Second Edition, with 
Corrections and Additions. 8vo. cloth. 91. 

Jackson.— GEOMETRICAL CONIC SECTIONS. An Elemen- 
tary Treatise in which the Conic Sections are defined as the Plane 
Sections of a Cone, and treated by the Method of Projection. 
By T. Stuart Jackson, M. A., late Fellow of GonviUe and Caius 
College, Cambridge. 4^. 6^. 

Jellet (John H.>— a treatise on the theory of 

FRICTION. By John H. Jellet, B.D., Senior Fellow of 
Trinity College, Dublin ; President of the Royal Irish Academy. 
8vo. 8j. 6</. 
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Jones and Cheync— algebraical fiXERClSES. I^ 

greasively arranged. By the Rev. C. A. Jonbs, M. A., azkd C. H. 
Chxyns, M. a., F.R. a. S., Mathematical Masters of Westmmster 
School New Edition. i8mo. doth. 2s, 6d. 

Kelland and Tait. — introduction to quater- 
nions, with numerous examples. By P. Keliand, M.A., 
F.R.S., formerly Fellow of Queen's College, Cambridge; and 
P. G. Tait, M.A., formerly Fellow of St Peter's College, Cam- 
bridge^ Professors in the department of Mathematics in the 
University of Edinburgh. Crown 8vo. 7j. 6d, 

Kitchener. — a geometrical NOTE-BOOK, containing 
Eaqr Problems in Geometrical Drawing preparatory to the Study 
of Geometry. For the Use of Schools. By F. K Kitchenkr, 
M. A,, Mathematical Master at Rugby. New Edition. 4to. 2j. 

Morgan.— a collection of problems and exam- 
ples IN mathematics. With Answera. By H. A 
Morgan, M.A., Sadlerian and Mathematical Lectnrer of Jesos 
CoU^e, Cambridge. Crown 8vo. cloth, dr. 6d, 

Newton's PRINCIPIA. Edited by Professor Sir W. Thomsoh 
and Professor Blackburn. 4to. cloth. 31^. 6d, 
" Undoubtedly the finest ediHon of the text of the ' Principia ' which has 
hitherto appeared,'' — Educational Times. 

Parkinson.— Works by S. Parkinson, D.D., F.R.S., Tutor and 

Prselector of St John*s College, Cambridge. 
AN ELEMENTARY TREATISE ON MECHANICS. For the 

Use of the Junior Classes at the University and the Higher Classes 

in Schools. With a Collection of Examples. Fifth edition, revised. 

Crown 8vo. cloth. 91. 6d, 
A TREATISE ON OPTICS. Third Edition, revised and enhiged. 

Crown 8vo. cloth, los, 6d. 

Phear.— ELEMENTARY HYDROSTATICS. With Nnmcious 
Examples. By J. B. Phear, M.A., Fellow and late Ai»stant 
Tutor of Clare College, Cambridge. Fourth Edition. Czowo 
8vo. cloth. 5j. 6d. 

Pirie.— LESSONS ON RIGID DYNAMICS. By the Rev. G. 
PiRlE, M.A., Fellow and Tutor of Queen's College, Cambridge. 
Crown 8vo. 6s. 

Pratt.— A TREATISE ON ATTRACTIONS, LAPLACE'S 
FUNCTIONS, AND THE FIGURE OF THE EARTH. 
By John H. Pratt, M.A., Archdeacon of Calcutta, Author of 
** The Mathematical Principles of Mechanical Philosophy. '* Fourth 
Edition. Crown 8vo. doth. 6s. 6d. 

Puckle.— AN ELEMENTARY TREATISE ON CONIC SEC- 
TIONS AND ALGEBRAIC GEOMETRY. With Nnmerons 
Examples and Hints for their Solution ; especially designed for the 
Use of Beginners. By G. H. PucacLK, M.A. New Edition, 
revised and enlarged. Crown 8vo. doth. ys. 6d, 
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Rawlinson.— ELEMENTARY STATICS, by fhe Rev. Gsorgb 
Rawlinson, M. a. Edited bytfae Rev. Edward Stur6BS,M. A., 
of Exnmanud College^ Cambridge, and late Professor of the Applied 
Sciences, Elphinstone College, Bombay. Crown Svo. doth. 41.6^ 

Reynolds.— MODERN methods in elementary 

GEOMETRY. By E. M. Reynolds, M.A,, Mathematical 
Master in Clifton College. Crown Svo. y. 6d» 

Routh.— AN ELEMENTARY TREATISE ON THE DYNA- 
MICS OF THE SYSTEM OF RIGID BODIES. With 
Nnmerons Examples. By Edward John Routh, M.A., late 
Fellow and Assistant Tutor of St. Peter's College, Cambridge; 
Examiner in the University of London. Second E^tion, enlarged. 
Crown Svo. doth. 141. 

WORKS 
By the REV. BARNARD SMITH, M.A-, 

Rector of Glaston, Rutland, late Fellow and Senior Bursar 
of St. Peter's College, Cambridge. 
ARITHMETIC AND ALGEBRA, in their Principles and Appli- 
cation ; with numerous systematically arranged Examples taken 
from the Cambridge Examination Papers, with especial reference 
to the Ordinary Examination for the B.A. Degree. Thirteenth 
Edition, carefuUy revised. Crown Svo. doth. loj. 6d» 
** To all those whose nUnds are sufficiently developed to comprehend the 
simplest mathemcttical reasoning, and who have not yet thoroughly 
mcutered the principles of Arithmetic and Algebra, it is calculate to 
be of great advantage" — AxHENiEUM. ** Mr, Smith* s work is a most 
useful publication. The rules are stated with great clearness. The 
examfies are well selected, and worked out with just sufficient detail, 
without being encumbered by too minute explanations : and there prevails 
throughout it that fust proportion of theory and practice which is the 
crowninfT excellence of an elementary work,** — Dean Peacock. 
ARITHMETIC FOR SCHOOLS. New Edition. Crown Svo. 
doth. ' 4J. 6d. Adapted from the Author's work on " Arithmetic 
and Algebra." 
** Admirably adapted for instruction, combining just sufficient theory 
with a large and well-selected collection of exercises for prentice,** — 
Journal of Education. 
A KEY TO THE ARITHMETIC FOR SCHOOLS. Tenth 

Edition. Crown Svo. cloth. %s, 6d. 
EXERCISES IN ARITHMETIC. With Answers. Crown Svo. 
limp cloth. 2s. 6d, 
Or sold separately, Fart I. is. ; Part II. is, ; Answers, 6d, 
SCHOOL CLASS-BOOK OF ARITHMETIC. iSmo. doth. 3^. 

Or sold separately. Parts I. and II. lod. each; Part III. is, 
KEYS TO SCHOOL CLASS-BOOK OF ARITHMETIC. Com- 

flete in one volume, iSmo. doth, 6s. 6d.; or Parts I., II., and 
IL, 2x. 6d. each. 
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SHILLING BOOK OF ARITHMETIC FOR NATIONAL AND 
ELEMENTARY SCHOOLS. i8mo. doth. Or separately. 
Part I. 2d, 5 Part II. yl.\ Part III. Id. Answers, td 

THE SAME, with Answers complete. i8mo. cloth. \s, 6d. 
KEY TO SHILLING BOOK OF ARITHMETIC. iSmo. doth. 
4<r. (>d, 

EXAMINATION PAPERS IN ARITHMETIC. i8mo. doth. 
I J. 6d, The same, with Answers, i8mo. is, gd, 

KEY TO EXAMINATION PAPERS IN ARITHMETIC. 

i8mo. cloth. 4s, 6d, 

THE METRIC SYSTEM OF ARITHMETIC, ITS PRINCIPLES 

AND APPLICATION, with numerous Examples, written 

expressly for Standard V. in National Sdiools. FourUi Edition. 

i8mo. doth, sewed. $d. 
A CHART OF THE METRIC SYSTEM, on a Sheet, size 42 in. 

by 34 in. on Roller, is. 6^., mounted and yamished, price 3^. 6d. 

Fourth Edition. 
** We do not remember that ever we have seen teaching by a chart more 
happily carried out," —ScKOOL BOARD CHRONICLE. 

Also a Small Chart on a Card, price id, 
EASY LESSONS IN ARITHMETIC, combining Exercises in 

Reading, Writing, Spelling, and Dictation. Part I. for Standard 

I. in National Schools. Crown 8vo. gd. 
Diagrams for School-room walls in preparation. 
" JVe should strongly advise everyone to study carefully Mr, Barnard 
Smithes Lessons in Arithmetic^ Writing, and Spelling. A more excel- 
lent little work for a first introduction to knowledge cannot well be 
written. Mr, SmitKs larger Text-books on Arithmetic and Algebra are 
already most favourably known, and he has proved now that the difficulty 
of writing a text-book which begins ab ovo is really surmountable ; but we 
shall be much mistaken if this little book has not cost its author more 
thought and mental labour than any of his more elaborate text-books. 
The plan to combine arithmetical lessons with those in reading and spelling 
is perfectly novel, and it is worked out in accordance with the aims of our 
National Schools ; and we are convinced that its general introduction in 
all elementary schools throughout the country will produce great educa- 
twttcU advantages," — Westminster Review. 

EXAMINATION CARDS IN ARITHMETIC. (Dedicated to Lord 

Sandon). With Answers and Hints. 

Standards I. and II. in box, is. 6d, Standards III. IV. and V. in 

boxes, is, (>d, each. Standard VI. in Two Parts, in boxes, is, 6d, 

each. 

A and B pape s, of nearly the same diflSculty, are given so as to 

prevent copying, and the Colours of the A and B papers differ in each 

Standard, and from those of every other Standard, so that a master or 

mistress can see at a glance whether the children have the proper papers. 
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Snowball.— THE elements of plane and spheri- 
cal TRIGONOMETRY ; with the Constractioa and Use of 
Tables of Loeiarithms. By J. C. Snowball, M.A. Tenth Edition. 
Crown 8vo. doth. 1$, td, 

SYLLABUS OF PLANE GEOMETRY (corresponding to Eudid, 
Books I. — VI.) Prepared by the Assodation for the Improvement 
of Greometrical Teaching. Second Edition. Crown 8vo. is, 

Tait and Steele.— A » TREATISE ON dynamics of a 

PARTICLE. With numerous Examples. By Professor Tait and 
Mr. Steele. New Edition, enlarged. Crown 8vo. doth. lar. d^T. 
Tebay.— ELEMENTARY MENSURATION FOR SCHOOLS. 
With numerous Examples. By Septimus Tebay, B.A., Head 
l^aster of Queen Elizabeth's Grammar Sdiool, Rivington. Extra 
fcapb 8vo. 3^. 6</. 

WORKS 
By I. TODHUNTER, M.A., F.R.S-, 

Of St John's College, Cambridge. 

^^ Mr, TodhurUer is chiefly known to students oj Mathem(Uies as the 
author of a series of admirable mathematical text-books, which possess the 
rare qualities of being clear in style and absolutely free from mistakes^ 
typographical or other.^^—SKT\JKDKY Review. 

THE ELEMENTS OF EUCLID. %For the Use ot Colleges and 
Sdiools. New Edition. i8mo. doth. 3^. 6d, 

MENSURATION FOR BEGINNERS. With numerous Examples. 
New Edition. i8mo. doth. 2s, 6d, 

ALGEBRA FOR BEGINNERS. With numerous Examples. New 
Edition. i8mo. doth. 2s, 6d. 

KEY TO ALGEBRA FOR BEGINNERS. Crown 8m doth. 
6s. 6d. 

TRIGONOMETRY FOR BEGINNERS. Widi numerous Examples. 
New Edition. i8mo. doth. 2s, 6d. 

KEY TO TRIGONOMETRY FOR BEGINNERS. Crown 8vo. 
8x. 6d. 

MECHANICS FOR BEGINNERS. With numerous Examples. 
New Edition. i8mo. doth. 4J. 6d. 

ALGEBRA. For the Use of Colleges and Schools. Seventh Edition, 
containing two New Chapters and Three Hundred miscellaneous 
Examples. Crown 8vo. cloth. 7^. 6d, 

KEY TO ALGEBRA FOR THE USE OF COLLEGES AND 
SCHOOLS. Crown 8vo. loj. td, 

AN ELEMENTARY TREATISE ON THE THEORY OF 
EQUATIONS. Third Edition, revised. Crown 8va doth. 
Is, 6d. 
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Todhunter (I.) — tonUnutd. 

PLANE TRIGONOMETRY. For Schools and Colleges. Fifth 
Edition. Crown 8vo. cloth. 5^. 

KEY TO PLANE TRIGONOMETRY. Crown 8vo. xos. 6d. 

A TREATISE ON SPHERICAL TRIGONOMETRY. Third 
Edition, enlarged. Crown 8va doth. 4^. 6d, 

PLANE CO-ORDINATE GEOMETRY, as appUed to Ae Straight 
Line and the Conic Sections. With numerous Examples. Fifth 
Edition, revised and enlarged. Crown 8vo. doth. 7f. 6iL 

A TREATISE ON THE DIFFERENTIAL CALCULUS. With 
numerous Examples. Seventh Edition. Crown 8vo. doth. lOf. 6d. 

A TREATISE ON THE INTEGRAL CALCULUS AND ITS 
APPLICATIONS. With numerous Examples. Fourth Edition, 
revised and enlarged. Crown 8vo. doth. 10s. 6d, 

EXAMPLES OF ANALYTICAL GEOMETRY OF THREE 
DIMENSIONS. Third Edition, revised. Ciovm 8vo. doth. 4^. 

A TREATISE ON ANALYTICAL STATICS. With numerous 
Examples. Fourth Edition, revised and enlarged. Crown 8vo. 
doth. lOf. 6d, 

A HISTORY OF THE MATHEMATICAL THEORY OF 
PROBABILITY, from the time of Pascal to that of Laplace. 
8vo. i%s, 

RESEARCHES IN THE CALCULUS OF VARIATIONS, 
prindpaUy on the Theory of Discontinuous Solutions : an Essay 
to which the Adams Prize was awarded in the University of Cam- 
bridge in 187 1. 8vo. dr. 

A HISTORY OF THE MATHEMATICAL THEORIES OF 
ATTRACTION, AND THE FIGURE OF THE EARTH, 
from the time of Newton to that of Laplace. 2 vols. 8vo. 24s. 
** Suck histories are at present more valuable than origUud work, 
Tkey at once enable tke MatkematUian to make hitnsdf master of all tkai 
has been done on the subject^ and also give him a clue to the right method 
of dealing with the subject in Juture by showing him the paths by which 
advance has been made in the past , . . It is with unmingled scUisJaction 
that we see this branch adopted as his special subject by one whose cast oj 
mind and self culture have made him one of the most accurate^ as he cer- 
tainly is the mast learned^ of Catnbridge Mathematicians." — SATURDAY 
Review. 

AN ELEMENTARY TREATISE ON LAPLACE'S, LAME'S, 
AND BESSEL'S FUNCTIONS. Crown 8vo. lOf. 6d. 



Wilson (J. M.)— ELEMENTARY GEOMETRY. Books 
I. 11. III. Containing the Subjects of Eudid's first Four Books. 
New Edition, following the Syllabus of the Geometrical Associa- 
tion. By J. M. Wilson, M, A., lateFdlow of St John's Cd- 
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Wilson (J. VL,)-— continued. 

lege, Cambridge, and Mathematical Master of Rugby School. 
Extra fcap. 8vo. 3.1. dcU 

SOLID GEOMETRY AND CONIC. SECTIONS. With Appen- 
dices on Transversals and Harmonic Division. For the use of 
Schools. By J. M. Wilson, M. A. Second Edition. Extra fcap. 
8vo. 3J. td, 

Wilson (W. P.) — A TREATISE ON DYNAMICS. By 
W. P. Wilson, M. A., Fellow of St John's College, Cambridge, 
and Professor of Mathematics in Queen's College^ Belfieist. 8vo. 

" This treatise supplies a great edticational need" — Educational 
Times. 

Wolstenholme. — A BOOK OF mathematical 

PROBLEMS, on Subjects included in the Cambridge Course. 
By Joseph Wolstsnholme, Fellow of Christ's College, some- 
time Fellow of St John's Coll^;e, and lately Lecturer m Mathe- 
matics at Christ's College. Crown 8vo. doth. 8f. 6d, 

" judicious, symmetrical, and wdl arranged*'-- Guardian, 



SCIENCE. 

£L£M£NTARY CLASS-BOOKS. 

It is the intention of the Publishers to produce a com- 
plete series of Scientific Manuals, affording full and ac- 
curate elementary information, conveyed in clear and 
lucid English. The authors are well known as among 
the foremost men of their several departments ; and their 
names form a ready guarantee for the high character of the 
books. Subjoined is a list of those Manuals that have 
already appeared, with a short account of each. Others 
are in active preparation ; and the whole will constitute a 
standard series specially adapted to the requirements of be- 
ginners, whether for private study or for school instruction. 

ASTRONOMY, by the Astronomer Royal. 

POPULAR ASTRONOMY. With Illustratioiis. By SiR G. B. 

Airy, K.C.B., Astronomer Royal. New Edition. i8ino. 

doth. 4J. 6d, 

Six lectures, intended "49 explain to intelligent persons the principles 

on which the instruments of an Olstrvatory an constructed, taut the 
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Elementary Class- Books — omlimutL 

trinc^Ut OH wkick the tbsaroaiigms 9tade wiA Aae mstrummts art 
treaUdfor deiuctitm oj the dittancn omd we^^htr of the iotSet of the 
Solar Systan." 

ASTRONOMY. 

ELEMENTARY LESSONS IN ASTRONOMY. With 

Ccdonred Diagnun of tiie Spectra of the Son, Staxs, and 

Nebulae, and nnmennis Qhistzations. By J. Norman Locktbr, 

F.R.S. New Edition. i8mo. 5x. 6^. 

^ FuU^ cUar^ sound, and worthy of attention^ not only as a popular exfO' 

sition^ ha as a scientific * Index.* "^Athxsavu. ** The most fud- 

noting of dementary books on the Sciences** — ^NONCONFOKMIST. 

QUESTIONS ON LOCKYER'S ELEMENTARY LESSONS 
IN ASTRONOMY. For the Use of Schools. By John Fokbis- 
ROBBSTSON. iSma doth limp. ix. 6d, 

PHYSIOLOGY. 

LESSONS IN ELEMENTARY PHYSIOLOGY. With 
munerons IlliistzatioDs. By T. H. HnxLlT, F.R.S.y Profisssor 
of Natural History in the Royal School of Mines. New Edition. 
i8mo. doth. 41. 6d. 
** Pure gold throughout, ** — Guardian. " Unquestionably the clearest 

and most complete dementary treatise on this subiect that we possess in 

any language/' — Westminster Review. 

QUESTIONS ON HUXLEY'S PHYSIOLOGY FOR SCHOOLS. 
By T. Alcock, M.D. iSmo. is. 6d, 

BOTANY. 

LESSONS IN ELEMENTARY BOTANY. By D. Olivek, 
F.R.S., F.L.S., Professor of Botany in University College, London. 
With nearly Two Hundred Illustrations. New Edition. iSmo. 
doth. 4J. 6d. 

CHEMISTRY. 

LESSONS IN ELEMENTARY CHEMISTRY, INORGANIC 
AND ORGANIC. By Henry E. Roscob, F.RS., Professor of 
Chemistry in Owens CoU^e, Manchester. With nmneroiis Bins- 
trations and Chromo-Litho of the Solar Spectrum, and of the Al- 
kalies and Alkaline Earths. New Edition. *i8mo. doth. 4; . 6d. 
" As a standard general text-book it deserves to take a leading plc^e.** — 
Spectator. ** We unhesitatingly pronounce it the best of all our 
dementary treatises on Chemistry.** — Medical Times. 

A SERIES OF CHEMICAL PROBLEMS, prepared with Special 
Reference to the above, by T. E. Thorpe, Ph.D., Professor of 
Chemistry in the Yorkshire Collie of Science, Leeds. Adapted ibr 
the preparation of Students for the Government, Sdence^ and 
Sodety of Arts Examinations. With a Pre&ce by Pxofessor 
RoscoE. iSmo. \s. Key. is. 
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Elementary Class- Books — continued. 
POLITICAL ECONOMY. 

POLITICAL ECONOMY FOR BEGINNERS. By MnxiCBNT 

G. Fawcett. New Edition. i8mo. 2s, 6d. 
'< Clear^ compact^ and comprehensive,^*— -X^kelii News. " The rdaHom 
of capital and labour have never been more simply or more clearly 
expo$tndea."^CovTBMfovjiRY Rxvnw. 

LOGIC. 

ELEMENTARY LESSONS IN LOGIC ; Deductive nnd Indue- 
tive, witii copious Questions and Examples, and a Vocabulary of 
Logical Terms. By W, Stanley Jevons, M. A., Professor of Logic 
in University College London] New ^tion. i8mo. 31. 6d, 

*'* Nothing can be better for a school-book,** — Guardian. 

** A manual alike simple, interesting^ and scientific,** — Athenaum. 

PHYSICS. 

LESSONS IN ELEMENTARY PHYSICS*. By Balfour 
St]i;wart, F.R.S.y Professor of Natural Philosophy in Owens 
CoUeg^ Manchester. With numerous Illustrations and Chromo- 
liths of the Spectra of the Sun, Stars, and Nebulae. New Edition. 
i8ma 4^. 6d» 
" The beau-ideal of a scientific text'booki clear^ accurate, and thorou^,** 
Educational Times. 

PRACTICAL CHEMISTRY. 

THE OWENS COLLEGE JUNIOR COURSE OF PRAC- 
TICAL CHEMISTRY. By Francis Jones, Chemical Master 
in the Grammax School, Manchester. WiHi Preface try Professor 
^oscp^; With Illustrations. NeiY Edition. i8mo. 2s, &d. 

ANATOMY. 

LESSONS IN ELEMENTARY ANATOMY. By St. George 

MrvART, F.R.S., Lecturer in Comparative Anatomy at St Mary's 

HoqntaL With upwards of 400 Illustrations. i8mo. 6s, 6d, 

" It may be questioned whether any other work on Anatomy contains 

in like compass so proportionately great amass of information, ** — Lancet. 

** The work is excellent^ and should be in the hands of every student of 

human anatomyJ* — Medical Times. 

STEAM.— AN ELEMENTARY TREATISE. By John Perry, 

Bachelor of Engineering, Whitworth Scholar, etc., late Lecturer in 
Physics at CMon College. With numerous Woodcats and 
Numerical Examples and Exercises. i8mo. 4^. 6d, 

^^\TJu young engineer and those seeking for a comprehensive knowledge 
of the usCy power and economy of steam, could not have a more useful 
worky as it is very mtelligiblef well arranged, and practical throughout, " 
— Ironmonger. 
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MANUALS PPR STUDE^fTS. 

Flower (W. H*)^AN INT^ODUCtrON TO THE OSTE- 
OLOGY OF THE MAMMALIA. Being the substance of 
fhe Course of Lectures deliveittd at the Royal CoH^^ of Surgeons 
of England in 1870. By W. H. Flower, F.R.S., F.R.C.S., 
Hunterian Professor of Comparative'' Andtomy and Phjrsiology, 
With numerous Illustrations Globe 8vo. 7^. 6d, 

Hooker (Dr.)— the i students flora of the 

BRITISH ISLANDS. By J. D. Hooker, C.B., F.ILS., 
M.D., D.C.L., President of .fixe Royal , Society. Globe 8vo. 

*' Cannot fail to perfectly fulfil the purpose for which it is intended!* — 
Land and V^ ktys^—*^ Certainly ike fullest and most - accurate 
manual of the kind that has yet appeared,** — Pall Mall Gazette. 

Oliver (Professor).— first BOOK OF INDIAN BOTANY. 

By Daniel Oliver, F.R.S., F.L.S., Keeper of the Herbarium 

and Library of the Royal Gardens, Kew, and Professor of Botany 

in University College, London. With numerous Illustrations. 

Extra fcap. 8vo. 6s, 6d. 

" // contains a wdl-digested summary of all essential knowledge pertain^ 

ingto Indian botany^ wrought out in accordance with the best principles 

of scientific arrangement'*— hiAXsC^ Indian Mail. 

Other volumes of these Manuals will follow*. 



NATURE SERIES. 



THE SPECTROSCOPE AND ITS APPLICATIONS. By J. 

Norman Lockyer, F.R.S. With Coloured Plate and numerous 

illustrations. Second Edition. Crown 8vo. y, 6d, 
THE ORIGIN AND METAMORPHOSES OF INSECTS. By 

Sir John Lubbock, M. P. , F. R. S. With numerous lUostrations. 

Second Edition. Crown 8vo. 3J. 6d, 
" W/ can most cordially recommend it to young naturaUsts,** — Athx- 

SJEUM. 

THE BIRTH OF CHEMISTRY. By G. F. Rodwell, F.R. A.S., 

F.C.S., Science Master in Marlborough College. With numerous 

Illustrations. Crown 8vo. 3^. 6d. 
" JVe can cordially recommend it to all Students of Chemistry,**'^ 
Chemical I''fE\srs 
THE TRANSIT OF VENUS. By G. Forbes, M.A,, Professor of 

Natural Philosophy in the Andersonian University, Glasgow. 

Illustrated. Crown 8vo. 3J. 6d. 
THE COMMON FROG. By St. George Mivart, F.R.S., Lec^ 

turer m Comparative Anatomy at St MarVs Hospital With 

numerous Illustrations. Crown 8vo. y. 6d. 
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Nature Series— con^nt^d. 

POLARISATION OF LIGHT. Bf W. Spottiswoode, F.R.S. 
With many Illustrations. Second Edition, Crown 8vo. y, 6d. 

ON BRITISH WILD FLOWERS CONSIDERED IN RELA- 
TION TO INSECTS. By Sir John Lubbock, Bart., F.R.S. 
With numerous Illustrations. Second Edition. Crown 8vo. 4s. 6d, 

Other volumes to follow. 

Ball (R. S., A. M.)— EXPERIMENTAL MECHANICS. 
A Course of Lectures delivered at the Royal College of Science 
for Ireland. By R. S. Ball, A.M., Professor of Applied 
Mathematics and Mechanics in the Royal CoU^e of ScWce 
fbrlrdand. Royal 8vo. i6j. 

Blanford. — the rudiments of physical geo- 
graphy FOR the use of INDIAN SCHOOLS ; with a 
Glossary of Technical Terms emplpyed. .©y H. F, Blanpord, 
F.R.S. Filth edition, with Illustrations. , Globe &vo. 2j, 6d, 

Gordon. — an elementary book on heat. By 

J. E. H. Gordon, B.A., Gonville and Caius College, Cambridge. 
Crown 8vo. 2j. 

Huxley & Martin. — a COURSE OF PRACTICAL IN- 
STRUCTION IN ELEMENTARY BIOLOGY. By Professor 
Huxley, F.R.S., assisted.by H. N. Martin, M.B., D.Sc Crown 
8vo. 6s. 
" It is impossible for an intelligent youth, with this book in his hand, 
placing himself before any one of the organisms described, and carefully 
following the directions given^ to fail to verify each point to which his 
attention is directed.^' — ATHENiEUM. 

SCIENCE PRIMERS FOR ELEMENTARY 

SCHOOLS. 

Under the joint Editorship of Professors Huxley, Roscoe, and Bal- 
four Stewart. 
* * These Primers are extremely simple tmd attracHr/e, and thoroughly 
answer their purpose of just leading the young beginner up to the thresh- 
old of the long avenues in the Palace of Nature which these titles 
suggest.^* — Guardian. ** TTtey are wonderfully clear and lucid in 
their instruction^ simple in style, and admirable in plan,^^ — Educational 
Times. 

PRIMER OF CHEMISTRY. By H. E. Roscoe, Professor of 
Chemistry in Owens College, Manchester. With numerous Illus- 
trations. i8mo. IS, New Edition. 
"yi very model of perspicacity and accuracy, ^^ — Chemist and 

"OrTIC GIST 

PRIMER OF PHYSICS. By Balfour Stewart, Professor of 
Natural Philosophy in Owens College, Manchester. With 
numerous Illustrations. iSmo. u. New Edition. 
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PRIMER OF PHYSICAL GEOGRAPHY. By. ARCHXBiOJD 

Gbikib, F.R.S., Mnrchison-Professor of Geology and Mineralogy 

at Edinbtugh. With numerous Illustrations. New Edition. 

iSmo. IX. 

" Everyone of his lessons is marked by simpilidly, cUamess, and 

correctness. " — ATHENiEUM. 

PRIMER OF GEOLOGY. By Professor Geikie, F.R«S. With 
numerous Illustrations. New Edition. i8mo. cloth, is, 
**It is hardly possible for the dullest child to misunderstand the 
meaning of a clctssification of stones after Professor Geikiis explancUion.^^ 
— School Board Chronicle. 

PRIMER OF PHYSIOLOGY. By Michael Foster, M.D., 
F.R.S. With numerous Illustrations. New Edition. l8mo. ix. 
' 77te book seems to us to leave nothing to be desired as an elementary 
text-book." — Academy. i j 

PRIMER OF ASTRONOMY. By J. Norman Lockyer, F.R.S. 
With numerous Illustrations. New Edition. i8mo. is, 
" This is cUtogether one of the most likely attempts we have ever seen to 

bring astronomy down to ike capacity of the young child J*^ — School 

Board Chronicle. 

PRIMER OF BOTANY. By J. D. Hooker, C.B. F.R.a, Presi- 
dent of the Royal Society. With numerous Illustrations. New 
Edition. i8mo. \s, 
** To teachers the Primer will be of inestimable value, and not only 

because of the simplicity of the language and the clearness with which the 

subject matter is treated^ but also on account of its coming from, the highest 

authority and so furnishing positive information as to the most suitable 

methqds of teaching the science of botany, " — Nature. 

PRIMER OF LOGIC. By Professor Stanley Jevons, F.R.S. 
i8mQ. 15, 

In preparaHon: — 

INTRODUCTORY. By Professor Huxley, ^^c. df*c. 

MISCELLANEOUS. 

A^bbOtt.— A SHAKESPEARIAN GRAMMAR. An Attempt to 
illustrate some of the Differences between Elizabethan and Modern 
English. By the Rev. E. A. Abbott, M. A., Hedd Master of the 
City of London School. New Edition. Extra fcap. 8yo. 6^. 

** A criOccd inquiry, conducted with greajt sHU andksunt^ge, and 
with all the appliances of modem philology .... '*— PALL Mall 
Gazette. ** P'aluable not only as an aid to the critical study of 
Shakespeare, but cu tending to familiarize the reader with ElizabethaK 
English in general^'* — ^ATHSNiEUM. 

Barker.— FIRST LESSONS IN THE PRINCIPLiS OF 
COOKING. By Lady BiOiMR. New Edition. i«!iio.' is. 



MISCELLANEOUS. 



**An unpretending but invaluable little work .... The plan is 
admirable in its completeness and simplicity ; it is hardly possible that 
Mnyone who can read at all can fail to understand the practical lessons on 
bread and beef^ fish and vegetables, " — Spectator. 

Beriicrs.— FIRST lessons on health. By J.^Ber- 

NERS.' i8mo. 'is. Fourth Edition. 

Breymann. — Works by Hermann Breymann, PLt).^ ^l^te 
Lecturer dn French Language and Literature at Owens ColiegeV 
Manchester^and now Professor of Philology in the University of 
Munich. 

A FRENCH GRAMMAR BASED ON PHILOLOGICAL 

PRINCIPLES. Second Edition. Extra fcap. 8vo. 4J. 6e/. 

'*u4 ^oody sounds valuable philological grammar. The author 

presents' ike pupil by his method and by detail, with an enormous amount 

of information ctbout French not usually to be found in grammars ^ and 

the information is all of U of real practical value to the student who 

recMy wanU^-to know French well, and to understand its spirit,^*^ 

SGHOca^'BoAsay CHroniols. - 

FIRST FRENCH EXERCISE BOOK. Extra fcap. 8vo. ^. 6d. 

SECOKD'-FRENCH EXERCISE BOOK. Extra fcap. 8vo. 2i. 6a, 

Q|^14<!M:^p.pd.~HANDBOOK OF MORAL PHILOSOPHY. 

By the Rev. Henry Calderwood, LL.D., Professor of Moral 

Philosophy, University of Edinburgh. Fourth Edition. Crown 

8vo. 6j. 

" A compact and useful work .... will be an cusistanct. to many 

students outtide theauthor' s own C/mversity,"-^-GTJARDiAN, 

Delamott©.— A^EGINNER^S DRAWING BOOK. By P. H. 
Delamotte, F.S.A. Progressively arr^uoiged. New Edition, 
improved. Crown 8vo. 3J. €d. 
"A concise^ simple, and thoroughly prdOi^al work,'* — Guardian. 

Fawcett.— TALES IN POLITICAL ECONOMY. By Milli- 
cent Garrett Fawcett. Globe 8vo. 3J. 
' " The idea is a good one^ and it is quite woftderful what a mass of 
economic teaching "the dtcthir manages to compress into a small spact,** — 

ATHENiEUM. 

Goldsmith.— THE TRAVELLER, or a Prospect of Society; 
and THE DESERTED VILLAGE. By Oliver Goldsmith. 
With Notes Philological and Explanatory, by J. W. Hales, M.A. 
Crown 8vo. 6d, 

Hales.— LONGER ENGLISH POEMS, with Notes, PhUologjca 
and Explanatory, and an Introduction on the Teaching of EngUsb. 
Chiefly for use in Schools. Edited by J. W. Hales, M.A., 
Lecturer in English Literature And Classical Composition at King's 
College School Loxidony &c. && Tliizd Edition. Extra fcap. 
8vo. 4f • ddT. 
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** TJu notes are very full and good, and the booky edited by one of our 
most cultivated English scholar s^ is probably the best volume of selections 
ever mcuie for the use of English schools J^ — Professor Morley's First 
Sketch of English Literature, 

Hole.— A GENEALOGICAL STEMMA OF THE KINGS OF 
ENGLAND AND FRANCE. By the Rer. C. HoiA Od 
Sheet IX. 

JephsOU.— SHAKESPEARE'S "TEMPEST." With Glossarial 
and Explanatory Notes. By the Rev. J. M. Jkfhson. Second 
Edition. i8mo. is. 

Literature Primers. — Edited by John Richard Green. 

Author of "A Short History of the English People." 
ENGLISH GRAMMAR. By the Rev. R. Morris, LL.D.^ Presi- 

dent of the Philological Society. New Edition. i8mo. cloth. \s. 
**A work quite precious in its way, . . . An excellent £nglish 
Grammar for the lowest for m,^* — Educational Times. 
THE CHILDREN'S TREASURY OF ENGLISH SONG. 

Selected and arranged with Notes by Francis Turner Palgrave. 

In Two Parts. i8mo. is, each. 
ENGLISH LITERATURE. By the Rev. Stofford Brook^ IC A. 

New Edition. i8mo. is, 
" Unquestionably the best short sketch of English literature that has 
appeared. " — AXHENiEUM. 
GREEK ANTIQUITIES. L OLD GREEK LIFE. By the Rev. 

i. P. Mahaffy. i8mo. is, 
n preparation : — 

LATIN LITERATURE. Bythe Rev. Dr. Farrar, F.R.S. 
GREEK LITERATURE. By Professor Jebb, M. A. 
SHAKSPERE. By Professor Dowdkn. 
PHILOLOGY. By J. Peile, M.A. 
BIBLE PRIMER. By G. Grove, D.CL. 
CHAUCER. By F. J. Furnivall, M.A. 

Martin .—the poets hour : Poetry Selected and Arranged for 
Children. By Frances Martin. Second Edition. i8mo. 2f. 6</. 

spring-time with the POETS. Poetry selected by Frances 
Martin. Second Edition. i8mo. y, 6d, 

Masson (Gustave).— a compendious dictionary 

OF THE FRENCH LANGUAGE (French-English and English- 
French). Followed by a List of the Principal Diverging Deriva- 
tions, and preceded by Chronological and Historical Ts^les. By 
Gustave Masson, Assistant-Master and Librarian, Harrow 
SdiooL Second Edition. Square ludf-bpund, 6s, 
" By many cUgrees the most useful Dictionary that the studmt can 

obtain," — Educational Times. 

"A book which any student, whaler may be the de^ee of kit ad* 

vaneement in the language, would do weU to haue on the take close at 

hand while he is readtng.'^-SATVtiDAY Review. 
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Morris, — Works by the R*ev. I^ Morris, LL.D., Lecturer oa 
English Language and Literature in King's College SchooL 

HISTORICAL OUTLINES OF ENGLISH ACCIDENCE, 

comprising Chapters on the J^istory and Development of the 

Language^ and on Word-formation. Third Edition. Extra ficap. 

8vo. 6j. 

" // makes an era in the study of the English tonguey — SATURDAY 

Review. < ' A genuine and sound book, ''— ATHENi«UM. 

ELEMENTARY LESSONS IN HISTORICAL ENGLISH 
GRAMMAR, Containing Accidence and Word-formation. Second 
Edition. i8mo. 2J. dd, 

PRIMER OF ENGLISH GRAMMAR. i8mo. \s, 

Oliphant.— THE SOURCES OF STANDARD ENGLISH. 
By J. Kington Oliphant. Extra fcap. 8vo. 6j. 
'' To our mind, one of the ablest and most scholarly contributions 
to our standard English we have seen for many years,^* — School 
Board Chronicle. <' Comes nearer to a history of the English 
language than anything that we have seen since such a Hstory could be 
written without confusion and contradictions?'* — SATURDAY Review. 

Oppen. — FRENCH READER. For the Use of Colleges and 
Schools. Containing a graduated Selection from modem Authors 
in Prose and Verse ; and copious Notes, chiefly EtymologicaL By 
Edward A. Oppen. Fcap. 8vo. cloth. 4;. &/. 

Palgrave.— THE children's TREASURY OF ENGLISH 
SONG. Selected and Arranged with Notes by Francis Turner 
Palgrave. In Two Parts. i8mo. \s. each. 
'* WlaU indeed a treasure for intelligent children, it is also a work 

which many older folk imll be glad to haveJ'^SKTVKDKy Review, 

Pylodct.— NEW GUIDE TO GERMAN CONVERSATION: 
containing an Alphabetical list of nearly 800 Familiar Words 
foUowed by Exercises, Vocabulary of Words in frequent use, 
Familiar Phrases and Dialogues; a Sketch of German Literature, 
Idiomatic Expressions, &c. By L. Pylodet, i8mo. doth limp. 
2s. 6d. 

Reading Books. — Adapted to the English and Scotch Codes for 
1875. Bound in Cloth. 

PRIMER. i8mo. (48 pp.) 2d. 

BOOK I. for Standard I. i8mo. (96 pp.) 4^. 
„ IL „ n. i8mo. (144 PP-) 5^- 

„ III. „ in. i8mo. (160 pp.) 6d. 

„ IV. „ IV. i8mo. (176 pp.) &/. 

„ V, „ V. i8mo. (380 pp.) IS, 

„ VL „ VL Crown 8vo. (430 PP-) ^* 

Book VI. is fitted for '.higher Classes, and as an Introduction to 

English Literature. 
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" T%ey are iar above any others thai have appeared both in form 
and substance. . . . The editor of the present series has rightly seen 
that reading books must ^ aim chiefly at giving to the pupils the power 
of accurate^ and, if possible, apt and skilful expression;^ at cultivating 
in them a good literary taste, and at arousing a desire of further 
reading.^ This i> done by taking care to select the extracts from true 
English clcusicSf going up in Standard VI. course tf* Chaucer, Hooker, 
and Bacon, as well as Wordsworth, Macaulay, and Froude. .... 
This is quite on the i ight tracks and indicates iustly the ideal which we 
ought to set before us, '^—Guardian. 

Sonnenschein and Meiklejohn: — the £nglish 

METHOD OF TEACHING TO READ. By A. Sonnenschein 
and J. M. D. Mbiklbjohn, M. A. Fcap. 8to. 

COMPRISING : 

Thb Nursery Book, containing all the Two-Letter Words in 
the Language, id, (Also in Large Type on Sheets for 
School Walls. 5J.) - 
The First Course, consisting of Short Vowels with Single 

Consonants. 3^. ■ 
The Second Course, with Combinations and Brid£^ oon- 

sisting of Short Vowels with Double Consonants. 44. 
The Third and Fourth Courses,, copsisting of Long 
Vowels, and all the Double Vowels in the Language* M. 
** These are cuimirable books y because they are constructed on afrincipUf 
and that the simplest principle on which it is poisibU to learn to read 
English."—SFliCrATOti. 

Taylor.— WORDS and PLACES ; or. Etymological Ulus- 
trations of History, Ethnology, and Geography. By the Rev. 
Isaac Taylor, M.A. Third and cheaper Edition, revised and 
compressed. With Maps. Globe Syo, 6s, 

Already been adopted by ntanyieetchers, and prescribed as a-Uxi^book in 
the CanAridge H^Her Examinations for Women, 

Thring. — Works by Edward Thring, M.A., Head Master of 

Uppingham. 

THE ELEMENTS OF GRAMMAR TAUGHT IN ENGLISH, 
with Questions. Fourth Edition. i8mo. 2s, 

THE CHILD'S GRAMMAR. Being the Substance of ."The 
Elements of Grammar taught in English," adapted for the Use of 
Junior Classes. A New Edition. i8mo. \s. 

SCHOOL SONGS. A CoUection ox Songs for Schools. With the 
Music arranged for four Voices. Edited by the Rev. E. Th&xng 
and H. Riccius. FoUa 7^. 6</. 

Trench < Archbishop). •^Woiks by R. C Trench, D.D., 
Archbishop of Dublin. 
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HOUSEHOLD BOOK OF ENGLISH POETRY. Selected and 

. Arranged, with Notes. Extra fcap. 8vo. 5^. 6^. Second Edition. 

** The Archbishop has conferred in this delightful volume an import" 

ant gift on the whole English-speaking population of the world,** — Pall 

Mall Gazette. 

ON THE STUDY OF WORDS. Lectures addressed (originaUy) 
to "the Pupils at the Diocesan Training School, Windiester. 
Fifteenth Edition, revised. Fcap. 8vd. 4r. 6d, 

ENGLISH, PAST. AND PRESENT. Ninth Edition, revised 
and improved. Fcap. 8vo. ^s, 

A SELECT GLOSSARY OF ENGLISH WORDS, used formerly 
in Senses Different from their Present. Fourth Editiofi, enlarged. 
Tcap. 8vo. 4J. 6d. 

Vaughan.(C. M.)— A shilling book of words 

FROM THE POETS. By C. M. Vaughan. l8mo. doth. 

Whitney. — Works by William D, Whitney, Professor of San- 
skrit and Instructor in Modem Languages in Yale College ; first 
President of the American Philological Association, and hon. 
member of the TLoyal Asiatic Society of Great Britiairi and Ireland ; 
and Correspondent of the Berlin Academy of Sciences. 

A COMPENDIOUS GERlVtAK^ GRAMMAlt Crown 8vo. dr. 

A GERMAN READER IN PROSE AND VERSE, with Notes and 
Vocabulary. Crown 8vo. p, 6d. 

Yongc (Charlotte M.)— the abridged BOoic of 

GOLDEN DEEDS. A Reading Book for Schools and General 
Readers. By the Author of "The Heir of Reddyffe," l8mo, 
cloth, is. 
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Freeman (Edward A.)— old -ENGLISH history. 

By Edward A. Frbemast, D.C.L., late Fellow of Trinity 
College, Oxford. With Five Coloured Maps. Fourdi Edition. 
Extra fcap. 8vo. half-bound. 6s. 

**I have^ I hope,** the author says^ ** shown that it is perfectly easy to 
teach children^ from the veryfirst, to distinguish true history alike from 
legend and from wilful invention, and cUso to understand the nature of 
historical authorities and to weigh one statement against another. I have 
throughout striven to connect the history of England with the general 
history of civUized Europe^ and I have especially tried to make the 
book serve as an incentive to a more accurate study of historical 
geographf.*^ In the present edition the- whole has been carefitUy revised, 
and such improvements as si^ested themselves have been introduced, 
*' The -book indeed is frill of imtruttion and interest to students of aU 
0§igp emd he must be a wdl4nfortned man indeed who will not rise from 
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Us perusal with clearer and more accurate ideas of a too much needed 
portion of English History,** — Spectator. 

Green.— A short history of the English people. 

By John Richard Green. With Coloured Maps, Genealogical 
Tables, and Chronological Annals. Crown 8vo. &-. 6d. 
Thirty-seventh Thousand. 
" Stands alone as the onfi general history of the country ^ for the sake of 

which all others J if young and old are wise, will be speedily and surely set 

aside, " — Academy. 

Historical Course for Schools. — Edited by Edward 

A. Freeman, D.CL., late FeUow of Trinity College, Oxford. 
The object of the present series is to put forth clear and correct views 
of history in simple language, and in the smallest space and cheapest 
form in which it could be done. It is meant in the first place for 
Schools ; but it is often found that a book for schools proves useful 
for other readers as well, and it is hoped that this may be the case 
with the little books the first instalment of which is now given to 
the world, 
I. GENERAL SKETCH OF EUROPEAN HISTORY. By 
Edward A. Freeman, D.CL. Fourth Edition. i8mo. doth. 
y,6d, 
*^/t supplies the great want of a good foundation for historical teach- 
ing. The scheme is an excellent one, and this instalment hof been 
executed in a way that promises much for the volumes that are yet to 
appear y — Educational Times. 

ll HISTORY OF ENGLAND. By Edith Thompson. Fifth 
Edition. i8mo. 2s, 6d, 
** Freedom from prejudice, simplicity of style, and accuracy of statement, 
are the characteristics oj this little volume. It is a trustworthy text'book 
and likely to be generally serviceable in schools," — Pall Mall Gazette. 
'' Upon the whole, this manual is the best sketch of English history for the 
use of young people we have yet met with** — ATHENiEUM. 
IIL HISTORY OF SCOTLAND. By Margaret Macarthur. 
Second Edition. i8mo. 2s, 
" An excellent summary, unimpeachable as to facts^ and putting them in 
the clearest and most impartial light* attainable, " — Guardian. ** Afiss 
Macarthur has performed her task with admirable care, clearness, and 
fulness, and we have now for the first time a really good School History 
of Scotland,** — Educational Times. 

IV. HISTORY OF ITALY. By the Rev. W. Hunt, M.A. i8mo. 

'' // possesses the same solid merit as its predecessors .... the same 
scrupulous care about fidelity in details, , , , Itis distinguished, too, by 
information on art, architecture, and social politics, in which the writer's 
grasp is seen by the firmness and clearness of his touch, '*— tEducatignal 
Times. 

V. HISTORY OF GERMANY. By J. SiME, M.A. 181DO. y. 
" A remarkably clear and impressiue History of Germany. 2ts great 
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Historical Course for Schools — €onHnuech 

events are wisely kept as central figures, and the smaller events are carefully 
kept, not only subordinate and subservient, but most skilfully woven into 
the texture of the historical tapestry presented to the ^e,^* — Standard, 

VI. HISTORY OF AMERICA. By John A. Doyle. With Maps. 
181110. 4f. 6d. 
** Mr, Doyle hcts performed his task with admirable care, fulness^ and 
clearness, and for the first time we have for schools an accurate and inter-, 
esting history of America, from the earliest to the present time*'^ 
Standard. 
The following will shortly be issued : — 

FRANCE. By Charlotte M. Yonge. 
GREECE. By J, Annan Bryce, B.A. 
History Primers — Edited by John Richard Green. Author 
of "A Short History of the English People.** 

ROME. By the Rev. M. Cire^hton, M.A., Fellow and Tutor of 
Merton College^ Oxfofd. With Eleven Maps. i8mo. \s, 
*' The Author has been curiomly successful in telling in an intelli' 
gent way the story of Rome from first to last," — School Board 
Chronicle. 

GREECE. By C. A. Fyffe, M.A., Fellow and late Tutor of Uni- 
versity CoU^e, Oxford. With Five Maps. iSmO. i^. 
" }Ve give our unqualified praise to this little manual," — School- 
master. 

EUROPE Al^ HISTORY. By E. A. Freeman, D.C.L., LL.D. 
With Maps. i8mo. is. 
In preparation : — 

ENGLAND. By J. R. Green, M.A. 
FRANCE. By charlotte M. Yonge. 
GEOGRAPHY. By George Grove, D.C.L. 

Michelet.— A summary of modern history. Trans- 
lated frokn the French of M. Michelet, and continued to the Present 
Time, by M. C. M. Simpson. Globe 8vo. 4^. 6d, 
** We are glad to see one of the ablest and most useful summaries of 

European history fut into the hands of English readers. The tranS' 

lotion is excellent, —^TKST>AXD. 

Otte SCANDINAVIAN HISTORY. By E. C. Ott4. With 

Maps. Globe 8vo. dr. 
** A readable, well»arranged, complete, and accurate volume,^ — 
Literary Review. 

Yonge (Charlotte M.)— a parallel history of 

FRANCE AND ENGLAND : consisting of Outlines and Dates. 
By Charlotte M. Yonge, Author of "The Heir of Reddvffe, 
" Cameos, of English History,'' &c. &c. Oblong 4to. y, id, 
** We can imagine few more really advantageous courses of historical 
study for a young mtnd than going carefully and steadily through Miss 
Yongrs excellent Utile book." — Educational Times. 
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Yonge (Charlotte M.) — continued. 

CAMEOS FROM ENGLISH HISTORY. From RoUo to BdWard 

II. By the Author of "The Heir of Reddyffe." Extra fcap. 

8vo. Third Edition, enhfged. '^s, 

A -book fvr young people just bevond the demenstary histories of Engtand^ 

and able to enter in some degree into the real spirit of events, wnd to be 

struck with characters and scenes presented in some relief. " Instead of 

dry details, we have living pictures, faithful^ vividj jind stnJting," — 

Nonconformist. 

A Second Series of CAMEOS FROM ENGLISH HISTORY. 

The Wars in Francs, Third Edition. Extra fcap. 8vo. 5^. 
** Though mainly intended for youHg readers, tk^wUl, if we mistake 
not, be found very acceptable to those of nidre mature -years, and the 
life and reality imparted to the dry boms of iUstofy cannot fail to be 
attractive to readers of every agWk**^^]^^!^^ Buij;^ ... 
EUROPEAN HISTORY. Narrated in a.Series of Historical Selec- 

tions from the Best Authodties.. Edited, and arranged bj £. M. 

Sewell and C. M. Yongs. - Fii9t Series, 1003— '1x54. Third 

Edition. Crown 8vo. 6i^. Second Sedes, io3&-~i228. Crown 

8vo. 6s. Third Edition. 
** We know of scarcely anything which if.e^'lihdy to raise to a higher 
level the average sttmdard of£nglish.educcaiofi'*r^GVAU>ULS. 
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*«* For other Works by these .Authors, see Theological Catalogue. 

Abbott (Rev. E. A.)— BIBLE IeSSONS. Bf the Rev. 

E. A. Abbott, M.A., Headr Ma&ter of the City of London School 

• Second Edition. Grown Svo. 4s. 6d, 

M Ifisef stsggestivef'aml really prefound initiation into reUgimu thought.** 

— Guardian. << / think nobody could read them without being both the 

better ^for them himsdf, and beingalso able to see how this difficult duty of 

imparting a^sound rd^ious education may' be effected.^* — ^Bishop of St. 

David's at Abergwilly. 

Arnold.— A BIBLE-READING FOR SCHOOLS. The 
Great Prophecy of Israel's Restoration (Isaiah, Chapters 
40~*66). Arranged and Edited for. Young Learners. By Mat- 
thew Arnold, D.C.L., formerly Professor of Poetry in the 
University of Oxford, and Fellow of OrieL Fourth Edition. iSmo. 
doth. IS. 
** There can be no doubt that it will be found excellently calculated to 
further instruction in Biblical literature in any school into which it may 
be introduced; and we can safely say that whcUever school uses the book, 
it, will enabie its.pnpils to unoP'stand Isauth^ a great advantage cpm^ared 
with other establishments which do not avail thffnsehes of it,** — ^Times. 
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Arnold.— ISAIAH XL.— LXVI. With the Shorter Prophecies 
allied ^o it. Arranged and Edited with Notes by Matthew 
Arnold. Crown 8vo. 5J. 

Golden Treasury Psalter.— students' Edition. Being an 

Edition of "The Psalms Chronologically Arranged, by Four 
Friends," with briefer Notes. i8mo. 3/. 6^. 

Hard wick.— A history of the christian church. 

Middle Age. From Gregory the Great to 6ie Excommuiication 

of Luther. Edited by William Stubbs, M.A.., Regius Professor 

of Modem History in the University of Oxford. Willi Four Maps 

constructed for this work by A. Kkith Johnston. Fourth Edition. 

Crown 8yo. lor. 6^ 

For this edition Professor Stubbs has carefully revised both text and 

notes^ making such corrections of facts, dates^ and the like as the results 

of recent research warrant. The doctrincd^ historical, and generally 

speculative views of the late author have been preserved intact, *^ As a 

manual for the student of ecclesiastical history in the Middle Ages, we 

know no English work which can be compared to Mr, HardwicJ^s 

book, "—Guardian. 

A HISTORY OF THE CHRISTIAN CHURCH DURING THE 
REFORMATION. By Archdeacon Hardwick. Fourth 
Edition. * Edited by Professor Stubbs, Crown 8vo. lor. (>d, 

Maclear. — ^Works by the Rev. G. F. MACLEAR, D.D., Head 
Master of King's College SchooL 

A CLASS-BOOK OF OLD TESTAMENT HISTORY. Eighth 
Edition, with Four Maps. i8mo. doth. \s,td, 
"A careful and daborate though brief compendium oj all that modem 
research ^ done for the illustration of the Old Testament, We know 
of no work which contains so much important information in so small 
a compass,** —ivdTisH Quarterly Review. 

A CLASS-BOOK OF NEW TESTAMENT HISTORY, including 
the ConiieK«>n of the Old and New Testament. With Four Maps. 
Fifth E^on. l8mo. doth. ^,6d, 
**A singularly clear and orderly arrangement of the Sacred Story, 

His work is solidly and completely done.** — ATHENiEUM. 

A SHILLING BOOK OF OLD TESTAMENT HISTORY, 
for National and Elementary Schools. With Map. l8mo. 
cloth. New Edition. 

A SHILLING BOOK OF NEW TESTAMENT HISTORY, 
for National and Elementary Schools. With Map. i8mo. 
doth. New Edition. ' 
Tkesi works have been carefully abridged from the author's larger 

ptamsals. 
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Maclear — amiinued, 

CLASS-BOOK OF THE CATECHISM OF THE CHURCH OF 
ENGLAND. New and Cheaper Edition. i8mo. cloth, is, 6d, 
'*It is indeed the work of a scholar and divine^ and as sueh^ tAough 
extremely simple^ U is also extremely instructive. There are few clergy- 
men who would not find it useful in preparing candidates for Confir- 
mation ; and there are not a few who would find it useful to themsdves 
Arwi^."—LiTSRA&Y Churchman. 

A FIRST CLASS-BOOK OF THE CATECHISM OF THE 
CHURCH OF ENGLAND, with Scripture Proofc, for Junior 
Classes and Schools. iSmo. ^d. New Edition. 

A MANUAL OF INSTRUCTION FOR CONFIRMATION AND 
FIRST COMMUNION. With Prayers and Devotions. Royal 
32mo. cloth extra, red edges. 2J. 
^^ It is earnest y orthodox.^ and affectionate in tone. The form of sdf 

examination is particularly goodJ^^ — ^John Bull, 

THE ORDER OF CONFIRMATION, WITH PRAYERS AND 
DEVOTIONS. 32mo. dd, 

FIRST COMMUNION, WITH PRAYERS AND DEVOTIONS 
FOR THE NEWLY CONFIRMED. 32mo. 6^1 

Maurice.— THE LORD'S prayer, the creed, and 

THE COMMANDMENTS. A Manual for Parents and School- 
masters. To which is added the Order of the Scriptures. By the 
Rev. F. Denison Maurice, M.A. i8mo. doth limp, is, 

Procter.— A history of the book of. common 

PRAYER, with a Rationale of its Offices. By Francis Procter, 
M.A. Twelfth Edition, revised and enlarged. Crown 8vo. 
lor. td. 

Procter and Maclear.— an elementary intro- 

DUCTION TO THE BOOK OF COMMON PRAYER. 
Re-arranged and supplemented by an Explanation of the Morning 
and Evening Prayer and the Litany. By the Rev. F. Procter 
and the Rev. G. F. Maclear. New Edition. i8mo. 2x. 6^ 

Psalms of David Chronologically Arranged. By 

Four Friends. An Amended Version, with Historical 
Introduction and Explanatory Notes. Second and Cheaper 
Edition, with Additions and Corrections. Crown 8vo. %s, 6d, 
** One of the most instructive and valuable books that has been published 
for many years,** — Spectator. 

Ramsay.— THE CATECHISER'S MANUAL; or, the Church 
Catechism Illustrated and Explained, for die use of Clergymen, 
Schoolmasters, and Teachers. By the Rev. Arthur Ramsay, 
M.A. Second Edition. i8mo. is, 6d, 
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Simpson.— AN EPITOME OF THE HISTORY OF THE 
CHRISTIAN CHURCH, By William Simpson, M.A. 
Fifth Edition. Fcap. 8vo. 3/. dd, 

Swainson.— A handbook to butler'S analogy. By 

C. A. Swainson, D.D., Canon of Chichester. Crown 8vo. 
is, 6d, 

Trench.— SYNONYMS OF THE NEW TESTAMENT. By 
R. Chenevix Trench, D.D., Archbishop of Dublin. Eighth 
Edition, revised. Svo. 12s. 

WestCOtt.— Works by BROOKE JOSS WESTCOTT, B.D., 
Canon of Peterborough. 

A GENERAL SURVEV OF THE HISTORY OF THE 
CANON OF THE NEW TESTAMENT DURING THE 
FIRST FOUR CENTURIES. Fourth Edition. With Preface 
on " Supernatural Religion." Crown Svo. los, 6d. 

" Theological students^ and not they only, but the general public^ owe a 
deep debt of gratitude to Mr, Westcott for bringing this subject fairly 
before them in this candid and comprehensive essay, .... As a theo^ 
logical work it is at once perfectly Jair ctnd impartial, and imbued with 
a thoroughly religious spirit; and cu a manual it exhibits, in a lucid 
form and in a narrow compass, the results of extensive research and 
accurate thought. We cordially recofnmend it," — Saturday Review. 

INTRODUCTION TO THE STUDY OF THE FOUR GOSPELS. 

Fifth Edition. Crown Sva los, dd, 
, ** 7<7 learning and accuracy which commands respect and confidence, 
he unites what are not always to be found in union with these qualities^ the 
no less valuable faculties of lucid arrangement and graceful and fcLcile ex- 
pression," — London Quarterly Review. 

THE BIBLE IN THE CHURCH. A Popular Account of the 
Collection and Reception of the Holy Scriptures in the Christian 
Churches. New Edition. i8mo. doth. 4^. (id, 
^^ We would recommend every one who loves and studies the Bible to read 

and ponder this exquisite little book, Mr, . Westcotfs account of the 

* Canon* is true history in its highest sense,** — Literary Churchman. 

THE GOSPEL OF THE RESURRECTION. Thoughts on its 
Relation to Reason and History, New Edition. Crown Svo. 
6s, 

^A^ilson.— THE BIBLE STUDENT'S GUIDE to the more Correct 
Understanding of the English translation of the Old Testament, 
by reference to the Original Hebrew. By William Wilson, 
D,D., Canon of Winchester, late Fellow of Queen's College, 
Oxford. Second Edition, carefully Revised. 4to. doth. 25^. 
^* For all earnest students of the Old Testament Scriptures it is a 

most valuable Manual. Its arrangement is so simple that those who 

possess only their mother^tongue, if they will take a little pains , may 

employ it with great profit,** -—l^ovico^VO^Mi^, 
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Yongc (Charlotte M.)— scripture readings for 

SCHOOLS AND FAMILIES. By Charlotte M. Yonge, 
Author of •« The Heir of Redclyflfe." First Series. Genesis 
to Deuteronomy. Globe 8vo. u. (id. With Comments. Second 
Edition, y, 6ti. 

Second Series. From Joshua to Solomon. Extra fcap. 
Svo. If. 6d. With Comments, 3^. 6d. 

Third Series. The Kings and the Prophets. Extra fcap. 
8vo. Ij. 6rf. With Comments, 3^. 6d. 
Actual need has led the author to endeavour to prepare a reading hook con • 
venientjor study with children^ containing the very words ofiheBilde, with 
only a few expedient omissions^ and arranged in Lessons of such length as by 
experience she hcu found to suit with children's ordinary power of accurate 
attentive interest. The verse form hcts been retained, because of its con- 
venience for children reading in ckus^ and as more resembling their Bibles ; 
but the poetical portions have been given in their lines. When Psalms or 
portions from the Prophets illustrate or faU in with the narrative they are 
given in their chronological sequence* The Scripture portion^ with a very 
few notes explanatory of mere words^ is bound up apart, to be used by 
children, while the same is also supplied with a brief commeftt, the purpose 
of which is either to assist the teacher in explaining the lesson, or to be 
used by more advanced young people to whom it may not be possible to give 
access to the authorities whence it has been taken. Professor Huxley , at a 
meeting of the London School Board, particularly mentioned the selection 
made by Miss yonge as an example of how selections might be made from 
the Bible for School Reading, See Times, March ^0, 1871. 
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